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1. Introduction In the past twenty years, there has been tremendous attention to the study
of many-server queueing systems with customer abandonment due to its applications to telephone
contact centers and (more generally) customer contact centers; see, e.g., [B(2005)], [GKM(2003)],
[GMR(2002)], [G(2006)], and references therein. In this paper, we consider a multiclass many-
server queueing system, also known as multiclass G;/GI/N + GI model. In the system, there are
N parallel identical servers, and K classes of customers arrive with (possibly) time-dependent
differentiated arrival rates and customers from each class require i.i.d. service times, and have
1.1.d. patience times. The service times and the patience times of all customer classes are assumed
to be mutually independent with possibly differentiated distributions and are also independent of
the arrival process of each customer class. Customers are assumed to abandon from the system if

the time spent waiting in queue reaches their patience time. The service discipline here is global
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first-come-first-serve (global FCFS), that is, a server will serve the oldest customer waiting in queue
irrespective of its customer class at the moment when it becomes available, and non-idling, that is,
no server will idle whenever there is a customer of any class in queue. Such many-server systems
are typically studied under the so-called, many-server heavy-traffic regime, where the arrival rates
and the number of servers get large, while service and patience time distributions are fixed. When
the mean arrival rates and the number of servers grow proportionally (a law-of-large-numbers
scaling), the scaling limit of the system state descriptor, which represents the state of the system,
is described in terms of a set of so-called fluid model equations. To justify the solution to the fluid
model equations as the scaling limit of the system state descriptor, it is important to establish the
well-posedness of fluid model equations first, that is, to show that the fluid model equations admit
a unique solution.

In the single customer class setting, the system is simply the G,/GI/N + GI model that was
proposed in Whitt [WW(2006)] and later studied in Kang and Ramanan [KR(2010)] and then in
Wash-Zuiiiga [Z(2014)]. In those papers, the existence of solutions to the fluid model equations was
established indirectly by first showing a sequence of fluid scaled measure-valued state descriptors
for the G;/GI/N + G1 system is tight and then verifying any weak limit of the sequence satisfies
the fluid model equations. In Kang [Kang(2014)], under mild conditions on the arrival rate and the
service and patience time distributions, a direct proof of the existence and uniqueness of solutions
to the fluid model equations is established using two non-linear functional integral equations, one
of which is of the Volterra type. In the multiclass setting, the system operated under a fixed non-
preemptive priority policy instead of the global FCFS policy was considered in Atar, Kaspi and
Shimkin [AKS(2014)]. In that paper, the uniqueness of solutions to the fluid model equations was
proved using a certain Skorokhod map and the existence of solutions was also established in a
similar manner as in Kang and Ramanan [KR(2010)].

Motivated by Kang [Kang(2014)], in this paper, we focus on the (measure-valued) fluid model
equations (see Definition 1) as the fluid analog of the multiclass G;/GI/N + G1I model under the
global FCFS policy. Any solution (X, v, 77) to the fluid model equations comprises three components,
where X = (Xi, k € K), v= (v, k € K), and 5j = (7", k € K) (here K = {1,2,---, K} represents
the set of customer class indexes and K is the total number of different customer classes). For each
t >0 and k € K, X (t) represents the fluid analog of the total number of customers of class k in
the system at time ¢, Vf is the fluid analog of a measure-valued process at time ¢ that keeps track

of the age (the amount of time elapsed since the customer entered service) of customers of class
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k in service, ﬁf is the fluid analog of a measure-valued process at time ¢ that keeps track of the
times elapsed since entry into the system of all customers of class k (whether or not they have
entered service), and not only of customers of class k currently in the queue. This fluid model
equations is a natural extension of the fluid model equations for a single class G;/GI/N + GI
queue in Kang and Ramanan [KR(2010)], but the analysis of its well-posedness is more involved
than the analysis in Kang [Kang(2014)] for the single customer class setting not only due to the
coupling between the service dynamics and queue dynamics of each customer class, but also due
to the coupling across all customer classes. So the non-idling condition (see (2.10)) holds not at
each customer class level, but at the global level due to the global FCFS policy. Our first main
result is the well-posedness of the fluid model equations (see Theorem 3.1 and Theorem 3.2). We
explore the connection between Y ;4 X, the fluid analog of the total number of customers of all
classes in the system, and a functional map A of the Volterra type (see (3.31)) and establish that the
functional map A admits a unique fixed point. This enables us to derive the uniqueness of solutions
to the fluid model equations. On the other hand, one would expect that the unique fixed point of A
will naturally lead to a solution to the fluid model equations, hence gives us the existence result.
Unfortunately, such an argument is not straightforward. The main issue is that certain processes
defined from the unique fixed point of A do not readily have the monotonicity property needed
(see the discussion above Proposition 3). We overcome this issue and hence establish the existence
of solutions to the fluid model equations under an additional assumption on the initial data (see
Theorem 3.2). By using the well-posedness result established here, one can justify rigorously using
a similar argument as in Kang and Ramanan [KR(2010)] that the fluid model equations stated in
this paper is indeed the fluid limit of the multiclass G;/GI/N + GI model under the global FCFS
policy. Also when K = 1, that is, only one customer class present in the system, the proof of the
well-posedness result here provides an alternative approach to the results in Kang [Kang(2014)].
The second main result in this paper is the sensitivity analysis on the fluid model equations (see
Theorem 4.3). We would like to know how the unique solution to the fluid model equations reacts
to small perturbations on the input data to the fluid model equations, which includes the arrival
rates of customers of all classes and the initial state of the system. For this, we establish a local
Lipschitz property on the functional map A (see Proposition 5). This property gives us insight on
the impact of small perturbations on the input data to 3 <4 X«, the fluid analog of the total number
of customers of all classes in the system, which, in turn, on the unique solution to the fluid model

equations.
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The two main results established in this paper can potentially be used to establish well-posedness
of fluid model equations for many-server networks with multiclass G,;/GI/N + GI queues as
building blocks. For example, in Kang and Pang [KP(2024)], a fluid model for a non-Markovian
many-server queueing network with customer abandonment and Markov routing is considered. In
that network model, there are a fixed number of service stations, each of which has either finitely or
infinitely many parallel servers, a single queue and its own designated customer class. Customers
enter the system at a service station, and receive service immediately if there is a free server at
the station, and join the queue at the station otherwise. Upon service completion, a customer is
immediately routed to one of the service stations or leaves the system following a Markovian routing
mechanism, independent of other customers. Customers can be out of patience and leave the system
(without reentry) when they are waiting in the queue before receiving service. Externally arrived
and internally routed customers at each service station are served in the non-idling, First-Come-
First-Serve (FCFS) discipline. Thus, each service station behaves like a G,/G1/N + G I queue with
two customer classes under the global FCFES policy. We believe that our results here can be used to
give an alternative proof of the well-posedness of fluid model in Kang and Pang [KP(2024)] under

a different set of assumptions on the arrival processes and service and patience time distributions.

1.1. Notation and Terminology The following notation will be used throughout the paper.
N is the set of strictly positive integers, R is set of real numbers, R, is the set of non-negative real
numbers. For a,b € R, a V b denotes the maximum of a and b, a A b the minimum of a and b
and the short-hand a* is used for a v 0. Given a set B, 1l 5 denotes the indicator function of the set
B (that is, llg(x) =1 if x € B and 1l g(x) = 0 otherwise). The constant functions f =1 and f =0
will be represented by the symbols 1 and 0, respectively. Given a non-decreasing, right continuous

function f having left limits on R,, f~! denotes the inverse function of f in the sense that

fH(y) =inf{x > 0: f(x) >y}, (1.1)

with the convention that infimum over an empty set is co. The space of Radon measures on a Polish
space E, endowed with the Borel o-algebra, is denoted by M(E), while Mg(E) is the subspace of
finite non-negative measures in M(E). The symbol §, will be used to denote the measure with unit
mass at the point x and, with some abuse of notation, we will also use 0 to denote the identically
zero Radon measure on E. When E is an interval, say [0, H), for notational conciseness, we will

often write Mg[0, H) instead of Mg ([0, H)). We say a measure u is continuous at x if and only if
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u({x}) =0 and u is continuous on R, if y is continuous at each x € R,. For any Borel measurable
function f: [0, H) — R that is integrable with respect to & € M[0, H), we often use the short-hand

notation
(f.6) = / F ) d).
[0.H)

Let Zy(R,) be the set of non-decreasing, right continuous functions f having left limits on R, with
f(0)=0. Let C(R,) be the set of continuous functions on R, C,(R,) be the subset of C(R,) of

functions that are bounded, C|a, b] be the set of continuous functions on [a, b].

2. Fluid Model Equations In this section we state fluid model equations as a fluid analog of
the multiclass G,/GI/N + GI queues and prove some properties of three key auxiliary processes
stated in the definition of the fluid model equations.

For a probability cumulative distribution function G on R with density g, the right end of the
support H of g is defined as H = sup{x € R; : g(x) > 0}, then the hazard rate function 4 on R,
is defined as h(x) = g(x)/G(x) with the convention that 0/0 is interpreted as 0 when x > H if
H < oo, where G (x) = 1 — G(x). For each k € K, let G, with density g; and G; with density g;
denote the probability cumulative distribution of the patience times and the probability cumulative
distribution of the service times of customers of class k, respectively, and H 2 and H,sC denote the
right ends of the supports of g, and g;, respectively.

Define the following space of feasible input data for the fluid model equations

S (e,x,v,1) € Io(R)X XRE x M M [0, HY) X Texc Mp [0, HY) - @1
)= . .

1= YheacvE) =1 = Bpegexil™s [Zregexc = 117 < Tpeqe(Lmg)

DerINITION 1. (Fluid Model Equations) The cadlag function (X, v,7) defined on R, such that
for each 1 € Ry, X (1) = (X (1), k € K) e RE, ¥, = (v}, k € K) € Miege Mp [0, HS), and 77, = (77, k €
K) € HiexeMp [0, Hy) is said to solve the fluid model equations associated with (E,X(0),v0,7) €
So and the hazard rate functions 7} = g; / GZ and hy = g7/ G$, k € K, if and only if for every € R,
and k € K,

/ (B, 7%y ds < oo, / (hS,v5y du < oo, (2.2)
0

and the following relations are satisfied: for every f € C,(R,),

Gi(x+1) _ )
/[O’HA f(x) Vi (dx) = / flx+t)—— G 0(a’x)+/ ft=)Gi(t—s5)dLi(s), (2.3)
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Zk(;):<1,vf>—<1,vo>+/ (h3, V5 du; (2.4)
0
—k GZ()C+[) —k t . _
[ swrt@= [ paen=ESal@os [ fe-9Gia-dEi: @)
[0.HY) [0.Hy) G (x) 0
04 (1) =Xk (1) — (LV5); (2.6)
_ t Zkeﬂ(ak(w) _ ) —k  — 1
Ri(r) = /0 /0 W (B o)™ (@) dF (Fu)™ () | dw. @.7)

where Flo(x) = 75[0,x], Fop (1) = Lpege Fo(x);

@mhff@mlzémw; (2.8)
keK
X () =X (0)+Ex(2) - /0 (B3, V8 du — Ry (1); (2.9)

and the global non-idling condition

=) (V= [l—zikm

kekK keK

+

(2.10)

From the definition of the fluid model equations, we obtain the following two additional balance

equations: from (2.6) and (2.10),

D 0=

keK

and from (2.4), (2.6) and (2.9), for each k € K,

ka(t)—ll : @2.11)

keK

04 (0) +E(t) = 0 (1) + Ly (1) + Ri(2). (2.12)

RemMARK 1. Note that (2.3) and (2.5) are required to be satisfied only for bounded continuous
functions in Definition 1. But by using a standard approximation argument, namely representing

indicators of finite open intervals in R, as monotone limits of continuous functions with compact
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support and appealing to the monotone class theorem, it follows that both equations in fact hold
for any bounded measurable or nonnegative measurable f. In particular, these equations hold with
f=hy in(2.3) and f =k in (2.5). The latter fact is used several times in this paper.

We first state a simple result on the action of time-shifts on solutions to the fluid equations. For

this, we need the following notation: for any 7 € R,

gt vl

EN2EG+)-E(, T"=T(+)-L(), X"=X@+), =7,

E

RY=Ra+)-Ro,  7=7,. 0" =00+

LEMMA 1. Suppose the cadlag function (X,v,7) defined on R, and taking values in RX x
Miexe MFE[0, Hy) X TieqcMp [0, HY) solves the fluid equations associated with (E,X(0),v0,7) €
So, then (}[’],V[t],ﬁ[t]) solves the fluid equations associated with (E[I],Y(I),V,,ﬁ,) € 8o, where
Z[t],ﬁm,am are the corresponding processes that satisfy (2.4), (2.6), (2.7), (2.8) with V[t], ﬁm
and Y[I] in place of v, 17 and X.

Proof Fix 1 €R,. It is easy to see that (X, 71!, 7l1) satisfies (2.2), (2.4), (2.6), 2.7), (2.8),
(2.9) and (2.10) by a rewriting of those fluid equations and an application of change of variables.

For the rest of the fluid equations, fix s € R, and k € K. For each f € C,(R,),

/ £ T (o) = / £V (dv)
[0,H?) [0,H?)

GS(x+1+5s) &

_ k
_ /[O’Hz) f(x+t+s)—(_;i(x) 7 (d)

+/ sf(r+s—u)G;(Hs—u)de(u). (2.13)
0
On the other hand,
G s _ i
/ f(x+s)Mvg”‘(dx)+ / F(s—u)GS (s —u)dLy " () 2.14)
[0,H}) Gy (x) 0

G_i(x +5)

:/[O,H,i)f(x+S) e Vf(dx)+/0“f(s_M)Gi(s—u)dzk(tﬂt).
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C_;S(s+~) ) . Gi(s+-)

Since the function f(s + )Gs—() C»(R4), it follows from (2.3) for v; with f(s+ .)(_;5—()
U

in place of f(-) that the first term on the right-hand side of (2.14) satisfies

Gi (x+s) _,
/[O,Hi) f(x+s) —Gi = v, (dx)

Gi(x+t+s) G_i(x+t) &

:‘/[o,H;)f(x+t+S) G_s( P (_?s( ) Vo (dx)

/f(t—u+s) g(f(__ ))Gs(t u) dLy (u)

:/ f(x+t+s)u_ (a’x)+/ f(t—u+s)Gs(t—u+s)dL (u).
[0.1) Gi(x) 0 ¢

Applying a change of variables on the second term on the right-hand side of (2.14), we have that
N _ _ t+s _ _
/ fls—u)Gy(s—u)dL(t+u) =/ fls+t—u)Gy(s+t—u)dLi(u).
0 t

Adding the above two displays together and comparing the sum with (2.13) and (2.14), we see that
(Y[l]im ,ﬁ[t]) satisfies (2.3). A similar argument shows that (Y[l],Vm ,ﬁm) satisfies (2.5). O

We now define a function y(-) on R, as

x(1) = (F)~!

Zék(t)), tER,. (2.15)

keXK
For each time ¢ € R,, the quantity )y (¢) can be interpreted as the fluid analog of the waiting time of
the oldest customer among all classes of customers in queue at time ¢. We establish a basic property
of Y (-).

LEMMA 2. Suppose that E(-) is absolutely continuous with a.e. derivative A(-) =
(A1(2), ..., Ak (")), then for each 0 < s <t, (1) < x(5) + (¢ — 5).

Proof By using Lemma 1, without loss of generality, we may assume s = 0, that is, we show

that y (1) < x(0) +¢ for each ¢ > 0. For this, by (2.15), it is sufficient to show that

Z 0, (1) <F,(x(0) +1) for each ¢ > 0.
ke
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Consider the function

(1) = F(x(0) +1) — Z 0,(1), teR,.

keK

(2.16)

Note that f(0) = Fo(x(0)) — Zkeq(ék(O) > 0 by (2.15) and the definition of (F)~! in (1.1) with

Fo defined in (2.7) in place of f. Since E(-) is assumed to be absolutely continuous, then X (-) and
hence Zke?{ék(') and ) ;e Ly () are also absolutely continuous by (2.9), (2.7), (2.11) and (2.12).

In particular, by using the same argument as in the proof of Theorem 3.5 of [KaR(2011)] (cf. the

proof of (3.12) of [KaR(2011)]) using the global non-idling condition (2.10), the a.e derivative

(Zke‘}(z)/ (+) of (Zkeq(z) (+) satisfies for a.e. t € Ry,

, Skexc Ak (1) if Yren Xi(t) <1,
(sz) (t): Zke?{zk(t)/\ZkeW<hia7;(> if Zke?{yk(t)zl’

keK .
Srerc(hy 1) if 3peq Xu(t) > 1.

On the other hand, by the definition of F,in (2.7), (2.5) and Remark 1,

G’ (x+1) _,

F@O+0= Y 70,70 +1] = Z/ Hogon (0= 5T @)

+Z/ G (1 — 5) A (s) ds.

kekK keK

keXK

Thus F,(}(0) +1), as a function of 7, is absolutely continuous with a.e derivative

(2.17)

(Foe©+n) == /0 S e+ Y T - Y / G- ds 218)

kex ¢ 10x(0)] G} (x) kek kek
S -y / W, (x)dF (x),
kek kegc ¥ 10X (0)+7]

where the last equality follows from (2.5) with f = 1{03(0)+1 1), for each k € K. Then f in (2.16) is

also absolutely continuous by its definition.

We now show that f has the following property: for each ¢ > 0,

f(t) <0 implies f'(¢) > 0.

(2.19)



Weining Kang: Multiclass Many-Server Queues with Global FCFS Discipline
10 Article submitted to Mathematics of Operations Research

To prove this property, fix ¢ > 0 such that f(¢) <0, then

> 04(1) 2 Fi((0) +1) > 0. (2.20)

keK

Thus, by (2.11), Spexe Xe () = Ser O () + 1> 1. Thus, (Syene X ) (1) = (Zien O] (1) and
(Zke?{ Zk) (1) = Zkew(hiifj) by (2.17). Using (2.9), (2.20), an application of change of variables
and (2.18), we have that

_Y _ Sker Ok (1)
ZXk (t)=Z(ﬂk(t)—<hs,‘k> / n,((F,)” Y(u))dF, ((F,) (u)))
keK keK
_ 0+ e
< Z (/lk(l) —(hy, V) - / hZ((Ff)‘l(u))de((Fz)‘l(u)))
keK 0
=Y [a hs, 7% K (x)dF.
kij(( k(1) = k;(< o " (x)dF, (x)
== > 7+ (FGro) +0))
keK
and then

OESRURM

keXK

> x|

keXK

(f,()—((()) +t))' - (Z ék), (1) = (E(;?(O) +t>)

keXK

It follows that f’(7) > >, keg((hiiu) > 0. Thus, we proved the property (2.19). For each ¢ > 0, if
f(#) <0, then since f(0) >0, let T =sup{u <t: f(u) >0}, then 0 < 7 <t by the continuity of f.
Then f(7) =0 and f(u) <O for all u € (7,t]. It follows that f(¢) = f(1) +th f'(s)ds = f(7) =0,
which is a contradiction. Thus, for all > 0, f(¢) > 0, that is, Y ;cq Q) (f) < F;((0) +1). O

We close this section by showing that for each k € K, L (-) in Definition 1 is non-decreasing.

LEMMA 3. Suppose that E(:) is absolutely continuous with a.e. derivative A(-) =
(A41(5), ...,k (")), then for each k € K, L(-) in Definition 1 is non-decreasing and hence is

absolutely continuous on R,.

Proof Fix ke K and 0 <s <t <oo. Let h =t—s. It follows from Lemma 2 that y (s +u) <
X (s)+uforeachu € [0, h].Since y (s+h) < x(s)+h, thenﬁ]s‘+h()_((s+h),)_((s)+h] > (. On the other
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hand, by Lemma 1, (Y[S] , v, 7151) solves the fluid equations associated with (E[s] L X(5),75,77,) €

[s].k

n o satisfies (2.5) with A, 105 (s)+41 (*)s ﬁ/s‘ and E,[:] in place of ¢,

So. Then, by Remark 1, 7*,, =7

f, ﬁg and E, respectively. Combining this with (2.8), we have that

m, Oc(s+h), x(s) +h] 2.21)

=775 410, X () + ] =775, [0, X (s + )]
G"(x+h) _
= / 110.7(s)+h) (X + ) —=— 775 (dx)
[0.Hy) G (x)
h
+ /; Lj07(s)+h) (h = )Gl (h—u) Ak (s +u) du— Qi (s+h)
G_Z (x+h) _, b _ _
= / 110,505 (x)? N (dx) + / Gy (h—u)Ai(s+u)du—Q;(s+h)
[0.H}) G} (x) 0
G, (x+h) -G (x)
G ()

=0 (s) - / 10,35 (x) 7% (dx)
[0,H])

h
+(Ex(s+h)—E(s)) —/0 G',;(h—u)zk(s+u) du—ak(s+h).

For each u € [0, k], since ﬁ1§+u = ﬁb[,s]’k also satisfies (2.5) with u, 105 (s)+u) () 2} (+), ﬁls‘ and E,ES] in

place of ¢, f, ﬁg and Ey, respectively, we have that

/[ 1{0.5(s 4] (X) ) (X)T75, (dx)

Mﬁf(dx}+/ug2(u —w)Ak(s+w)dw
0

1105 (s)+u) (X + 1)

0,H?)
/[o,Hp 51 (x)
/[o,H,:>

S o) 4 / g T ) .
0

10> X)——
[0.37(s)] (X) R
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From this, (2.7) and an application of a change of variables, we can see that
Ri(s+h) —Ri(s) (2.22)
h
= / / 1035101 (X)) ()77, (dx) du
0 J[0H])
" k
< / / Lj0,3 (s () i (X)7754,, () du
0 J[0H])
h

gr(x+u)_ h u . _
:/0 (/[O’HZ)1[0,)?(s)](X)]z—;lr€Tnls‘(dx))du+‘/0 (/0 g (u—w)Ax(s+w)dw|du

Gl (x+h) -Gl (x) _, b _
:/ 10.3(5)] (%) = 15 (dx) +/ Gl (h—u)Ar(s+u)du,
[0.Hy) G (x) 0

where the last equality follows from the change of order of integration. Using (2.12), we have that

Ei(s+h) =Ex(s) = (Qi(s+h) = 0r(5)) + (L (s +h) = L (s)) + (R (s + h) = R (s)).

Combining this with (2.21) and (2.22) yield that
0< 75, Co(s+h),x(s) +h] < Li(s+h) - Li(s).

Thus, Li(-) is non-decreasing on R,. Since Y ,cq L () is absolutely continuous and is non-

decreasing on R, then Ly is also absolutely continuous on R;,. O

3. Well-posedness of Solutions to the Fluid Model Equations In this section we estab-
lish the existence and uniqueness of solutions to the fluid model equations associated with
(E, X(0),0,7,) € Sp in Definition 1 under the following assumption.

ASSUMPTION 1. The arrival process E = (El e EK) is absolutely continuous with a.e. deriva-
tive A(-) = (A1(+), ..., Ak (")), for each k € K, ﬁg({x}) =0 for all x e Ry, the hazard rate functions
{I,, k € K} of the patience time distributions {G’,, k € K} are a.e. locally bounded and the
densities {g;, k € K} of the service time distributions {G}, k € K} satisfy that for each k € K,

there is an integer qy > 1 such that for each S > 0,

s
/ g (s+h)—g.(s)|ds—0ash]O. (3.23)
0
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Moreover, if hz is unbounded on [0, H,’{) for some k € K, it is assumed that

}(0):(?0)_1 ka(O)—ll )<oo. (3.24)

keK

RemMARK 2. Since the hazard rate function of any distribution is only locally integrable and
never integrable over its support, then when we assume that the hazard rate functions {h’, k € K}
are a.e. locally bounded in Assumption 1, we implicitly assume that H} = oo for all k € K. The
condition (3.23) on the service time densities {g;, k € K7} is not too restrictive. For example, if
{g}, k € K} are right continuous, then they satisfies (3.23) with g4 = 1, by a simple application of
dominated convergence theorem. The condition (3.24) is assumed so that the hazard rate functions
{h, k € K} are bounded on y'(0) +¢ for each r € R,.

Fix (E, X(0), Vo, 7o) € Sp that satisfies Assumption 1. Suppose that (X,¥,7) is a solution to the
fluid model equations associated with (E,y(O),Vo,ﬁo).

It follows from (2.11) and Lemma 2 that, for each t e R,

(R)_l PBACE

keK
Note that by (2.9), for each t e R,

IRACESWACOEDINCESY /Ot<hi,vf,>du— 2, Re(0).

keK keK keK keK kekK

+

<x(0)+1. (3.25)

For each k € K and t € R,, by (2.3), Remark 1, an application of changing the order of integration
and an application of integration by parts, and (2.12),

! s =k _ ! gi(x-'-u)—k ! ! K _ T
/O(h,vu)du—/o (‘/[O,Hz)—é}i(x) Vo(dx))du+/0 /0 g (u—w)dLi(w)du

_ Gi(x+t)—G;‘<(x)_k t .
- /[O,H;) Gi(x) v (dx) +/0 Li(u)g,(t—u)du

_ / G+ - Gy () v (dx)
[0.H) Gi(x)

+ /0 (01(0) + Ey () Oy (u) — Ry () g (1 — w)du.
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From the above two displays, we can see that for each t e R,

PRACEDRACTINACED WY Gilx :_;?(;)Gi(x) 5 ()
S k

keK keK keK keK
- [ @O+ Ecw)gic-wds (3.26)
kex 0
+ 3 [ @+ Rt -wdu= Y, Reto.
kek 0 keK

Let &(-) be the function on R, defined by the input data (E, X (0), vo,7,) as

co) - Zyk(0)+sz(f) ) Z /[OHS) G (x+1)—G3(x) 7 (dv)

kek ke kek G (x)
- [ @O+ Erwngic-wan (3.27)
kex V0
= Y X0 - Y X0 - WANGL0+ Y. [ Gir-wdEiw)
keK keK kexc 0
= / Gt ) -G VA ().
kex 7 10-Hy) Gi(x)

Then £(-) € C(R.), where recall that C(R.) denotes the space of real-valued continuous functions
on R,. By (2.7) and an application of integration by parts on the left-hand side of the display below,
foreach k e K andtr € R,,

Ri(1) - /0 Ri(u)g} (t—u)du (3.28)

r Skex Ok (w) - —k =
_ / G (t—u) / W ()™ W) dFS (F) ™ )| du
0 0

Now, for each k € K and ¢, x € R, define

Ak ) = F (F)! (- 11 AT (R0 +1))

[x—1]*AF, (Y (0)+1) — —k — (3.29)
Bt (1,x) = fo t R ((Fp)~ (w)dF, ((F) ™' (u)).
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Then (3.26), (3.27), (3.28), (2.8), (2.11), (3.29) and (3.25) and Lemma 2 with s = 0 together imply
that forr e R,

ka(t):f(mz/Oték(u)g,i(t—u)du

keK kekK

r_ Srex Qk(u) — ko~
- [ G-l [ W (F)™ 0)dFy(F) (w) | d

ke 0

=£(0)+ ) /Otg‘]i(t —u)A¥ (u, PRAG

keXK keK

- Z /Otc‘i(t—u)Bk (u Zik(u)

ke ke

du

du.

We can see that Y, .4 X« (-) is a solution to the following integral equation:

NMOEHGEDY /0 Gy (t—u)B  (u, f(w))du+ ) /O s (t—w) A (u, f(u))du.  (3.30)

keK keK

Let A be the following functional map defined on C(R,) by

A(x)(t)if(t)—Z/o Gi(r—u)Bk(u,x(u))du+Z/O g‘,i(t—u)Ak(u,x(u))du, (3.31)

keXK keXK

where &(+) is given by (3.27). Then Y, X (+) is a fixed point of the functional map A, that is,

ka:A ka .

kekK kekK

Thus, the existence and uniqueness of solutions to the fluid model equations is linked to the well-
posedness of the integral equation (3.30), i.e., the existence and uniqueness of the integral equation

(3.30), or equivalently, to the existence and uniqueness of fixed points of the functional map A.

3.1. Well-posedness of the integral equation (3.30). In this subsection, we establish that
the integral equation (3.30) admits a unique continuous solution x(-) on R,. To do this, we first

establish some properties of AF and B¥, k € K, defined in (3.29).
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LEMMA 4. Suppose that Assumption 1 holds. For each k € K, the functions A* and B* satisfy
the following properties:

1. for eacht €R,, A*(t,x) and B*(t,x) are continuous in x € R,,

2. foreacht e R, and x,y e Ry, |A*(z,x) — AX(t,y)| < |x —y],

3. for each t € Ry and each x,y € Ry, |B*(t,x) — B*(1,y)| < C,r’klx — y|, where Ctr’k =

SUP( < <T(0)+ h;(u) < oo,

Proof For each k € K and t € R,, since, by Assumption 1, E is absolutely continuous and
7o({x}) =0 for all x € R,, then functions ff (-) and hence F,(-) are continuous, and then for each

x eR,,

Fo((F)™ e AFs (RO +1) =x A (7(0) +0). (3.32)

Note that Ak(t,x) is increasing as a function of x € R, by its definition. Then, for each x,y € R,

(without loss of generality, assume that x > y),

| A (2,x) - A* (1, )]
:Ak(t’x) _Ak(t’y)

< 3 (F (F) ! (e - 1" AR +0)) - F ((F) 7 Iy - 11* AF(R() +0)) )

kekK
= ()™ (= 1P AR +0)) ) = Fo (Fo™ by = 11F AFu((0) +1)
= [x= 11 AF,(R(0) +) = [y = 11* AF,(F(0) +1)

<[x=11"=[y-1]"<x—-y.

This establishes property (2) and also shows that A* (¢, x) is continuous in x.
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Next, note that BX(z,x) is increasing as a function of x € R, by its definition. For each k € K,

each t € R, and each x,y € Ry (without loss of generality, assume that x > y),

|BX(t,x) — B*(t,y)| = B¥ (t,x) - B* (1, y)

[x=1]*AF; (X (0)+1) — o —
. / ) W ((F) ™ () dE (F)™ ()
[y—11*AF(x (0)+1)

<k (ff ((E)—l ([x — 1" AF,(x(0) + t)))
F(F07 (=117 AT G0 +0) )
= R (A (1,x) — A*(1,y))

<Cr*(x-y).

This establishes property (3) and also shows that BX(z,x) is continuous in x. Since both A*(z,x)

and B¥(t,x) are continuous in x, this establishes property (1). O

LEMMA 5.  Suppose that Assumption 1 holds. The functional map A in (3.31) is a mapping from
C(R,) into C(R,).

Proof Fix x(+) € C(R,). We show that A(x)(-) € C(R;). Note that £(-) € C(R,) and it is also
clear that for each k € K, fot Gi(t — u)B*(u, x(u))du as a function of ¢ is in C(R,). Thus, we just
need to show that for each k € K, /Ol g (- u) A* (u,x(u))du as a function of ¢ is in C(R,). Fix
t € R, and k € K. We first show that fot g (- u) A* (u, x (1)) du as a function of ¢ is right continuous

at ¢. To show this, foreachO < h < 1,

t+h t
’/ g;(r+h—u)A’<(u,x(u))du—/ g5 (t—u)A* (u, x(u))du (3.33)
0 0

t

t+h
/ g (t+h—u)A* (u,x(u))du — / g (t+h—u)A* (u,x(u))du
0 0

<

t

/tg,i(tm—u)Ak(u,x(u))du—/ g3 (¢t —u) AX (u, x(u))du
0 0

+

t+h t
s/ g;(zm—u)A"(u,x(u))dw/ g5 (t+h—u) — g} (t —u)| A* (u, x(w))du.
t 0
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By property (2) of Lemma 4 with y = 0, we have that A* (1, x(u)) < |x(u)| for each u € R, since
A¥(u,0) =0, then foreach 0 < h < 1,

t+h t+h
/ gi(t+h—u)Ak(u,x(u))du < sup |x(u)|/ g (t+h—u)du
t t

O<u<t+h

< sup |x(u)|G(h).

O<u<t+h

For the second term at the right-hand side of (3.33), by using Holder’s inequality,

/Ot|g,i(t+h—u)—g;(z—u)|A’<(u,x(u))du (3.34)
t 1/qx t
< /0 |g,i(t+h—u)—gi(t—u)|qk du) ! (/0 AR (u, x(u))P*du

t 1/qxk
/0 |g2(t+h—u)—gi(t—u)|qkdu) sup |x(u)|t1/pk

O<u<t

1/pk

IA

IA

! 1/qx
/ |8 (u+ ) = g ()™ du) sup () |eV/Px,
0

O<u<t

where 1/py +1/qr =1 (when gy = 1, then py is understood as oo and 1/py = 0). It follows that, for
eachO< h<1,

t+h t
’/ gi(t+h—u)Ak(u,x(u))du—/ g;i(t—u)Ak(u,x(u))du
0 0

(3.35)

< sup |x(u)]
O<u<t+h

t 1/qx
G;(h)+(/ g5 (u+h) - g} (w)|™ du) k|
0

Then by using (3.23) and taking the limits on both sides of (3.35) as & | 0, we have that

t+h t
V g;(mh—u)Ak(u,x(u))du—/ g5 (t —u) A (u, x(u))du| — 0as h | 0,
0 0
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which shows that fot g (t- u) A¥ (u, x (1)) du as a function of ¢ is right continuous at #. We next show
that /()[gi(t — u)A¥ (u, x(u))du as a function of ¢ is left continuous at ¢ if > 0. For this, suppose
that r > 0. ForeachO< h <t,

t—h t
‘/ g,sc(t—h—u)Ak(u,x(u))du—/ gi(t—u)Ak(u,x(u))du
0 0

<

t—h 1=h
/ gi(l—h—u)Ak(u,x(u))du—/ g;i(t—u)Ak(u,x(u))du
0 0

+

t—h t
/ gi(t—u)Ak(u,x(u))du—/ g‘,i(t—u)Ak(u,x(u))du
0 0

t t—h
S/ gi(t—u)Ak(u,x(u))du+/ |g,sc(t—h—u)—gi(t—u)|Ak(u,x(u))du,
t—h 0

where

/Ihg‘,i(t—u)Ak(u,x(u))duS sup |x(u)| _thg‘,i(t—u)dus sup |x(u)|Gy (h),

O<u<t t 0<u<t

and

t—h
/0 |g2(t —h—u)—g.(t- u)| AX(u,x(u))du
t=h 1/qk —h 1/pk

t—h 1/qx
/0 |g,s<(t—h—u)—g‘,‘c(t—u)|qk a’u) sup |x(u)|t1/pk

0<u<t

IA

IA

d 1/qk
/ |gi(u+h)—g,s<(u)|qk du) sup |X(u)|t1/pk.
0

O<u<t
It follows that, for each 0 < h < ¢,

t—h t
‘ / g3 (t—h—u)A* (u,x(u))du - / g5 (t —u) AX (u, x(u))du (3.36)
0 0

< sup |x(u)l
0<u<t

t 1/qk
G3(h) + (/0 g5 (u+h) — g5 (u)|™ du) tl/pk] .
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Then by using (3.23) and taking the limits on both sides of (3.36) as & | 0, we have that
t—h t
‘/ g (t—h- u) A* (u, x(u))du — / g (t— u)A* (u, x(u))du| —>0as h | 0,
0 0

which shows that /Ot g (t— u) A% (u,x(u))du as a function of ¢ is also left continuous at ¢ if # > 0.
Thus, for each k € K, /01 g (1- u)A* (u,x(u))du as a function of ¢ is continuous on R, and then A

is a mapping from C(R;) into C(R;). O

PROPOSITION 1.  Suppose that Assumption 1 holds. Then there exists an interval [0,0'], o’ >0

such that the equation (3.30) admits a unique continuous solution x(-) on [0, o”’].

Proof Motivated by Miller and Sell [MS(1968)], we first establish the existence of a solution
to (3.30) on [0, 8) for some B > 0 by applying Schauder-Tychonoff Fixed Point Theorem. Recall
that by Lemma 5, A is a mapping from C(R.) into C(R).

Fix B> 0 and let a > 0, define a subset H [0, 8] of C[0, 8] as

H[O0.8] = {X(') €Cl[0.B]: sup |x(1) -&(r)| < a}-

0<1<p
It is clear that the continuous function & restricted on [0, 8] is in H [0, 8], so H [0, 8] # 0. For each
x(-) € H[0,B] and each z € [0, B], |x(?)| < |£(¢)| +a. Let

Mg = sup [£(1)|+a.
0<1<p

Then supy., g |x(#)| < M for each x(-) € H[0, B]. Property (2) of Lemma 4 with y =0 implies
that A%(t,x(1)) < |x(1)] < M, for all t € [0,B]. Also property (3) of Lemma 4 with y =0
implies that B* (¢, x(1)) < Ctr’k|x(t)| < C;’k|x(t)|, where recall C/** = SUP) <y <7(0)+ 1 () and C;’k =
SUPg <<y (0)+p My (). Note that by the definition of A in (3.31), for each x(-) € H[0, 5] and each
t€[0,8],

|A(x)(t)—g(z)|gZ/O G‘;(t—u)Bk(u,x(u))dmZ/O g (t —u) A* (u, x () du

ke keK
t t
< ZC[:,’kMg/ G_i(t—u)du+ZM§/ gy (t—u)du
keK 0 keK 0

t
= Z C/';’kMé:/ Gy (u)du+ Z M:G; (1).

keK 0 keK
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Now choose a € (0, 8) such that

Z C;’kMg /t Gi(u)du + Z MG (t) <aforallt€[0,a].
keX 0 keX
Consider H [0, a], the restriction of H [0, 8] on [0, @]. Note that H [0, a] is a nonempty bounded
convex subset of the Banach space C[0, a] and A maps H [0, a] to itself.
We now show that the operator A on H [0, a] is compact. Since A maps H [0, a] to itself, the set
of images A(H [0, a]) = {A(x) : x(-) € H[O, @]} is bounded. Thus, by the Arzela—Ascoli Theorem,
it suffices to show that A(H [0, @]) is equi-continuous. For each ¢ € [0, «], x(-) € H[0, a] and any

e>0,heRsuchthatr+he[0,a],

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

IAX)(1+h) = Ax) ()] < |E(E+h) - (1) (3.37
t+h t
~sS h— k , du — ~S (4 k , d
+k;(/0 G (¢ +h —u) B* (u, x(u))du /0 G (1 — ) B (u, x () du
+Z /t+hg5(t+h—u)Ak(u x(u))du—/lgs (t —u) A% (u, x (u))dul .
kex /0 ‘ ’ v ¢ ,

Note that by using (3.35) when & > 0 and (3.36) when & < 0 and using the fact that ¢,z + h € [0, ],

t+h t
Z/ g}i(t+h—u)Ak(u,x(u))du—/ gi(t—u)Ak(u,x(u))du (3.38)
kexc 10 0
t 1/qx
< sup [x(u)| ZGi(W“Z( /O |gz(u+|h|>—gi<u)|‘“du) a””k]

keK keK

< Mg

t 1/qx
S GihD+ Y ol (/O 63 -+ 1) = g )| du) ] |

keK keK
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Similarly, for each k € K, since B* (u,x(u)) < C;,’kMg for each r € [0,a] and x(-) € H[O, a], we

have that, when 4 > 0,

t+h t
'/ G (t+h—u)B* (u,x(u))du - / G5 (t — u) B (u, x (u)du
0 0

t+h t

s/ G~,§(z+h—u)B’<(u,x(u))du+/ (G3(t+h—u)—Gi(t —u)B* (u,x(u))du
t t+h

SCE"Mg/ Gy (t+h— u)du+/ (G (t+h—u)- Gs(t—u))du)

SC/;’ka h+// gk(t—u+v)dvdu)

s C/?kM§ /o (G (t+v)— Gi(v))dv) < 2C/§’kMgh;

and when 4 <0,

t+h t
'/ G_i(t+h—u)Bk(u,x(u))du—/ Gi(t—u))Bk(u,x(u)du
0 0

t t+h
< /z+h G (- u) B* (u, x(u))du +/O (Gi(t—u)-G(t+h— u))B* (u, x(u))du
t t+h
< C;i.’kMé: / Gi(t—u)du+/ (Gi(t—u)—Gi(t+h—u))du)
t+h h ) 0
< C';’kMg —h+/0 /0 g‘,i(t+h—u+v)dvdu)

—h
< Ct —h+/O (G;;(t+h+v)—Gi(V))dV) < 2G5 Me(=h).

Then it follows that

V G 1+ — u) B (u, x () dut — / G- ) B () < 25 Ml
0 0
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Combining this with (3.37) and (3.38), we have that for each 7 € [0,a] and & € R such that
t+hel0,a],

|Ax) (2 +h) = Ax) ()] < [€(t+h) - ()] +2C,§’kM§|h| +M; Z Gy (|nl)
keXK

t 1/qi
+M§Za1/1’k (‘/0 |g‘,i(u+|h|)—g]i(u)|qkdu) .

keK

By the uniform continuity of ¢ on [0, @] and (3.23), for the given & > 0, there is a § > 0 (independent
of x(+) € H[0, a]) such that |[A(x)(t+h) — A(x)()| < & for any ¢, t+ h € [0, @] whenever |h| < 6.
This establishes the equi-continuity we need and hence A on H [0, @] is compact.

We next show that the operator A on H [0, a] is continuous. Let {x,(:),n > 1} be a sequence in
H [0, a] that converges uniformly to x(-) € H [0, @] as n — co. We need to show that A(x,) — A(x)
uniformly on [0, @] as n — oo. Since we have proved that the set {A(x,),n > 1} is equi-continuous, It
suffices to show that for each 7 € [0, a], A(x,) () — A(x)(t) as n — oo. For this, notice that for each
keI andu € [0,1], A% (u,x,(u)) = A% (u,x(u)) and B* (u, x,,(u)) = B* (u,x(u)) as n — co due to
property (1) of Lemma 4. Since g; ( — u) A* (u, x, (1)) < g, (t—u)M; and G_f((t —u) B*(u, x, (1)) <
Gi(t - u)C/';’kMg for each u € [0,¢] and all n > 1, then by the dominate convergence theorem, we
have that A(x,)(7) — A(x)(¢) as n — oo. This establishes the continuity of A.

Since we have established that the operator A on H [0, @] is compact, continuous and maps
H 0, a] to itself, thus by Schauder-Tychonoff Fixed Point Theorem [SMN(1975)], A has a fixed
point in H [0, «], that is, there exists a function x(-) € H[0, ] such that A(x)(:) =x(:) on [0, @]
and then x(-) is a solution to (3.30) on [0, «].

At last, we show that there is @’ € (0, @) such that x(-) is the only solution to (3.30) on [0, a'].
Consider two solutions x;(-) and x»(-) to (3.30) on [0, «a]. Property (2) of Lemma 4 implies
that |A* (u, x1 (1)) — A* (u, x2(u))| < |x1 (1) — x2(u)| for each u € [0, a]. Moreover, property (3) of

Lemma 4 implies that for each u € [0, a],
|B* (1,1 (1)) = B (u, x2.()) | < Cp* ey (u) = x2 ().

So for each t € [0, ],
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ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

MORAGIEDY / G (0 = ) | B (u,x1 (1)) = B* (1,22 (1)) |

kex ¥ 0

e 3 [ et 14t G ) - 44 o)l

keK 0
Z/ g (t —u)|x1 (1) —x2(u)|du.

kex ¥ 0

< Z C;’kA G_i(t—u)lxl(u) —x(u)|du +

keXK

Choose o’ € (0,@) to be such that };cq C/Z,’k foa’ Gi(u)du + 2kex Gy (') < 1. Then for each

te[0,a],

1 (1) —x2(2)| < sup |xy(u) —x2(u)]

O<u<a’

Z C;;,k/()a G_i(u)du+z Gi(a)]|.

kekK keK

Thus, the above display implies that sup., <, |x1(#) — x2(u)| =0, that is, x1(-) = x2(-) on [0,a'].
This shows that the solution to (3.30) is unique on [0,a’]. O

We now extend the unique solution to (3.30) from [0, a’] to R;.

PROPOSITION 2. Suppose that Assumption 1 holds. Then the equation (3.30) admits a unique

continuous solution x(-) on R,.

Proof From Proposition 1, the equation (3.30) admits a unique continuous solution x(-) on

[0,a’]. Consider the following integral equation as the time-shifted version of (3.30):

f(z):é(z)—Z/ G;(r—u)Bk(um',f(u))dmZ/ g (t—u) A (u+ o, f(u))du,

keK 0 keK 0
(3.39)

where
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ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

E)=&(d +1) - Z /a G (' +1—u)B* (u,x(u))du + Z /a gl (@’ +1—u)A* (u,x(u))du.

kexc ¥ 0 kexc 0

It is clear that £(@’ +1) — Y jex /Oa (_}fc (o +t —u)B¥(u,x(u))du as a function of ¢ is continuous
in t € R,. To show that g? (¢) is continuous in ¢t € R, it suffices to show that for each k € K,
foa gra' +1- u)A*(u,x(u))du as a function of ¢ is continuous in ¢ € R,. For this, fix k € K and

t € R,. Let 4 € R be such that t + 4 > 0. We then have that if 4 > 0,

’

‘/a g,s((a'+t+h—u)Ak(u,x(u))du—/a gi(a'+t—u)Ak(u,x(u))du
0 0

/ 1/qx

S(/ |g,s€(a’+t+h—u)—g,i(a/’+t—u)|””du) sup |x(u)|(a')1/”’<
0 O<u<a’
o'+t 1/qk
= (/ gy (u+h) —gi(u)lqkdu) sup |x(u)|(a)"/P*
t O<u<a’
a’+t 1/qk
< (/ gy (u+h) —gi(u)lq"du) sup |x(u)|(a))"/P*;
0 0<u<a’
and if 2 <0 (when ¢ > 0),

’

‘/a gi(o/+t+h—u)Ak(u,x(u))du—/a gi(o/+t—u)Ak(u,x(u))du
0 0

a 1/qk
< (/ lgs (& +t+h—u)—gi(a' +1- u)|f1kdu) sup |x(u)|(a)!/P
0

O<u<a’

o' +t+h 1/qx
- ( / 13 (u— ) —g,i(u>|4kdu) sup  x(u)| ()17
I+

h O<u<a’
1/qk

< (/ gy (= h) —gi(u)l‘”du) sup |x(u)|() /7%,
0

O<u<a’
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Taking the limits on both sides of the above two displays and applying (3.23), we have that as 4 — 0,

’ a/

/“ g‘,i(a/'+t+h—u)Ak(u,x(u))du—/ g‘,i(a/+t—u)Ak(u,x(u))du —0.
0 0

It follows that, for each k € K, /Oa/ g(a +1- u) A% (u,x(u))du as a function of ¢ is continuous in
t € R, and then the function £(-) € C(R,). For each k € K, note that the functions A*(a’ +-,-) and
BX(a’ +-,-) also satisfy the properties stated in Lemma 4. Then by following the same argument
as in the proof of Proposition 1 with &(-) replaced by £(-) and A¥(-,-) and B*(,-) replaced by
A¥(a/ +-,-) and B*(a’ + -,-) respectively, there exists an interval [0,5'], 6" > O such that the
equation (3.39) admits a unique continuous solution £(-) on [0, &’]. Then we can extend the solution
x(+) from [0,0”] to [0,0” + 5] as follows:
x(1) if0<t<da,

x(t) =

X(t-a') ifad<t<ad+d.

Note that

20 =£0) =6@)- Y, [ Gi@’ - 0B ) du

kek 0
+z/“ g/sc(a'—u)Ak(u,x(u))du:x(a’),
kex 0

So the extension of x(-) defined above is the unique continuous solution to the equation (3.30) on
[0,0” + &’]. By applying a simple contradiction argument, it is clear that the maximal interval on
which the equation (3.30) admits a unique continuous solution has to be R,. This completes the

proof of the proposition. 0O

3.2. Uniqueness of Solutions to the Fluid Model Equations.

THEOREM 3.1.  Suppose that Assumption 1 holds. Then, given (E,X(0),v0,7,) € So, There is
at most one continuous solution (X,v,7) to the fluid model equations as in Definition I associated
with (E, X (0),70,7)-

Proof Suppose that (Yl, v, 7" and (Yz, ¥2,77%) are two solutions to the fluid model equations

as in Definition 1 associated with (E, X (0), o, 7,) € So. By (2.5), it is obvious that 7' =777 and then
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ftl = ftz for each € R, and ¥ (0) = ¥>(0). We simply denote them as F, for each ¢ € R, and x(0).
By the discussion right after Remark 2, we see that ;g Y,ICC) and ;e Yi(-) are two solutions
to (3.30). It follows from Proposition 2 that ;g Y,lc(-) = Dkek Yi(-), which in turn implies that
0'()=0°(-) by (2.8) and then R (-) = R(-) by (2.7). It follows that T' (-) = L_(-) by (2.12) and

then 7' =72 by (2.3) and X (-) = X (-) by (2.9). Thus, (X ,7',7") = (X",7%,7%). O

3.3. Existence of Solutions to the Fluid Model Equations. In this section, we establish
the existence of solutions to the fluid model equation from the unique continuous solution x(-)
to the equation (3.30) ensured by Proposition 2 under an additional assumption on the input data

(E, Y(O),Vo,ﬁo) € Sp and the service time densities {g}, k € K} of the service time distributions

{GS, ke K}.

ASSUMPTION 2.  The service time densities {g;, k € K} are right continuous on their supports
and are absolutely continuous on [0, 8] for some & > 0, and one of the following two conditions

holds:

M_ (dx) >0 llteR
0.H) Gi(x) Vo (dx for a +

(B) For each k € K, h} (x) >0 for each x € [0, H}).

(A) There exists k € K such that /[

Now, for each (E, X (0),vo,7,) € Sp that satisfies Assumptions 1 and 2, let x(-) be the unique
continuous solution to the equation (3.30) associated with (E, X(0), vo,7,) ensured by Proposition
2. Now we construct (X, 7,7) from the unique continuous solution x(-) to the equation (3.30). For
each k € K, define ﬁk [0, x] from the data (Ey, ﬁg) using the right-hand side of (2.5) with f =19 ],
x € [0,H}). For each t € R, and k € K, define 0. (1), Re(t), Li (1) by

0 (1) = A*(1,x(1)), (3.40)
Ry (1) i/[Bk(u,x(u))du, (3.41)
0

Li(t) = 01 (0) + Ex (1) = Q1 (1) = Ri (1) (3.42)
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At last, for each k € K, define ¥* from the data (Zki’g) as follows: for each x € [0, H,i),

_ G:(y+1) _ _
P01 [ 1o (D= @) + L) (3.43)
[0.H5) GL(y)
t
—Gi(x)zk(t—x/\t) - Zk(s)gi(t—s)ds.
t—xNt
At last, for each r € R,, define
Xi(1) = 0 (1) +(1,7y), (3.44)

where (1, Vf) =y*[0,H 1) using (3.43). The main result of this section is the following existence of

solutions to the fluid model equations.

THEOREM 3.2.  Suppose that Assumptions 1 and 2 hold. Given (E,X(0),v0.,7,) € So, then
(X, v,7) constructed from the unique continuous solution x(-) to the equation (3.30) is a continuous

solution to the fluid model equations associated with (E, Y(O),Vo,ﬁo) on R,.

Note that for each k € K, L; defined by (3.42) may not be non-decreasing automatically and
then v* defined by (3.43) may not be a nonnegative measure. If we can show that Ly, k € K, is
non-decreasing and that x(r) — 1 < F,()¢(0) + ) for each ¢ € R,, then the following proposition
shows that (X, 7,7) constructed from the unique continuous solution x(-) to the equation (3.30) is

a continuous solution to the fluid model equations.

PROPOSITION 3.  Suppose that Assumption 1 holds. Given (E,X(0),v,7,) € So, if for each
k € K, Ly defined in (3.42) is non-decreasing on R, and x(t) — 1 < F;(x(0) +1) for each t € R,
then (X,v,7) constructed from the unique continuous solution x(-) to the equation (3.30) is a

continuous solution to the fluid model equations associated with (E, X (0), Vo, 7).

Proof Suppose that for each k € K, Ly defined in (3.42) is non-decreasing on R, and x(¢) — 1 <
F,(%(0) +1) for each t € R,. Then, for each k € K, using a simple integration by parts to the last
term of the right-hand side of (3.43),

—k Gi(y+1) _ t . _
% [0,x]=/ 1[O,x](y+t)T vo(dy)+/ Liox) (2 = 5)G(t = s5)dLi(5).
[0.H3) G (y) 0
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Thus, ¥* defined by (3.43) is a nonnegative measure and then satisfies (2.3) as discussed in Remark
1. We show that (X,v,7) constructed from the unique continuous solution x(-) to the equation
(3.30) with its associated processes @, R, L given in (3.40)—(3.42) is a continuous solution to the
fluid model equations. It is clear that the constructed processes satisfy (2.3), (2.5), (2.6).

To show that (2.4) holds, note from the construction of A , Remark 1, changing the order of

integration and an application of integration by parts that, for each r € R, and k € K,

! . _ G;;(x+t)—G2(x)_ rops s _
/0<h’vu>du_'/[0,H-,j) G_i(x) vo(dx)+'/0 /0 gy (s —u)dLi(u)ds

G (x+1) -G (x) _ o _
_[OH) k Gi(x) . Vo(dx)+/0' Gy (t—u)dLi(u)

G -G =
<[ e b+ [ Lwgi- i< e
[0.H}) 0

G (x)
and
Gi(x+1) _, ‘L -
1,v > 0 WVO(dX)-F./O (G (t—s5))dLi(s)
G 3 .
i /[0 Hy) %%{(a’” () - /0 Li(u)g; (t—u)du. (3.46)

Adding the above two displays yields that for each k € K,
t —_—
[ b .55 = Ty Lo,
0

Thus, (2.4) holds by arranging terms in the above display. By the construction of ﬁk , we also have

that for each k € K,

_ G (x+1)-G7(x) _ r_ .
/(hz,nﬁ)du—/OHz) k G;(x) k no(dx)+/0 E(u)g) (t —u) du < co.

Then it is clear that (2.2) holds. From (2.4) and the constructions of L; and X, it is easy to see
that (2.9) holds. We next show that (2.10) holds. From the construction of @k and the assumption
that x(¢) — 1 < F,(3(0) +1) for each r € R, we see that for each ¢ € R,

20 =Y F (F) (e - 11%) ) = F (F) ™ (e = 11°) ) = [x(0) — 11",

keK keK
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This and the construction of X together imply that for each r € R,

D Xe= D 0k + Y AT =[x() - 117+ Y (L¥)), (3.47)

keK keK keK keK

The construction of L and (3.45) together imply that for each r € R,

> /0 g =Y /[OHS) Gi(“é?(;)Gi(x) V() + Y / Tt —u) du
Mk k

kek kek kex ¥0
G3 t)-G3
:Z/ "(H_s) "(x)v’(;(dx)
kexc  10:Hp) G (x)
+ 3 [ @0+ Ee) ~0u) ~ Rl (1) d
keK 0

Since we have shown that (2.9) holds, this and the above display together imply that for each r € Ry,

D X =) X0+ ) Ex(- ) /[ - Gils :-;?(;)Gi(x) Vo (dx)
i k

keXK keK keK keXk
_Z/ (04 (0) + E(u))g} (t —u)du
kex v0
* Z / (Qk () + Ry (u)) g} (1 —u)du — Z R, (1).
kex ¥ 0 e

Recall the definition of ¢ in (3.27), the constructions of @ and R, we then have that for each 7 € R,,

Zik(r):g(mZ/o g;(r—u)Ak(r,x(u))du—Z/ G (t—u)B* (1,x(u)) du.

keX =7 kek 0
Since x(-) is the unique solution to (3.30), then for each ¢ € R,, the above display implies that
S vexc X (1) =x(1). Then, (3.47) implies that for each 7 € R,

x(t) = [x(0) = 17+ > (L),

keK
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So for each 1 € R, such that ¥, .4 X (1) =x(¢) > 1, the above display implies that 3" csc(1, Vf) =1.
Otherwise, when Y4 X (1) = x(f) < 1, the above display implies that Y. X (1) = x(f) =
2rexc(l, Vf ). Thus, we have that (2.10) holds. It follows that (2.11) holds as well. Combining
this with the fact that Y, .4 X4 (t) = x(¢), the constructions of 0 and R and the assumption that
x(t) =1 < F;(}(0) +1) for each r € R,, we have that (2.7), (2.8) hold. Then the constructed (X, v, 7)
with its associated processes is a solution to the fluid model equations. Note that, under Assumption
1, the constructed (X, v, 77) with its associated processes are all continuous on R,. O

In the rest of this section, we prove that L; is non-decreasing for each k € % and that x(¢) — 1 <

F,(x(0) +1) for each r € R, under Assumption 2. For this, let
Pt =(F)! ([x(t) A AT ((0) + t)) for cach 7 € R,. (3.48)

Then %(0) = ¥(0) and ¥(7) < ¥(0) +1 for each ¢ € R,. The main idea to show that L, k € K, is
non-decreasing on R is to show that there exists an interval [0,7] such that y(r+u) < v(¢) +u
forall 0 <t <t+u <T.From this, a similar argument as in Lemma 3 can be used to show that Zk,
k € K, is non-decreasing on [0,7]. Then a standard extension argument can be used to show that
Ly, k € K, is non-decreasing on R,.

We first show that there exists an interval [0, 7] such that x(f) — 1 < F;(}(0) +¢) forall0 <7 < T.
This result also plays very important role in showing the non-decreasing property of L; for each

keK.

LEMMA 6. Suppose that Assumption 1 holds, the service time densities {g;, k € K} are

right continuous and )i /[ hy (%) Vg(dx) > 0. Then there exists T > 0 such that x(t) — 1 <

0.H3)
F,(x(0)+1) forall0<t <T.

Proof Note thatx(-) is the unique continuous fixed point of A, a simple application of integration

by parts yields that
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ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

x(r):g(z)—Z/o G;(t—u)Bk(u,x(u))dHZ/ g3(1 —u) A* (u,x(u))du

kek kex ¥ 0
_ _ t k , ; ls _ Ak ’ u . ’ J )d
£(1) ;;</0 B (u, x (1)) u+l;(/0 (1 u)( (u x(u))+/0 B*(w, x(w))dw | du

=£() - ), / "B (0 du+ g(0),

ke 0

where

g(1) = Z/ g (t—u) (Ak(u,x(u))+/0 Bk(w,x(w))dw) du.

kex V0
Consider the process % (-) defined as

w0 =£0- Y, [ B+

keK 0

where

g(l‘)iZ/ g (t—u) (Ak(u,1+F,,,()7(0)+u)) (3.49)

ke 0

+ /O BX(w, 1+ F,,(x(0) +w))dw | du.

Note that the difference between g(¢) and g(¢) is that x(u) in the definition of g(7) is replaced by
1+ F,(x(0) +u). By the definition of A¥ and B* in (3.29), for each k € K and u € R,,

Af(u, x(u)) < A%(u, 1+ F,(x (0) +u)), (3.50)
B*(u,x(u)) < B¥(u, 1+ F,(x(0) +u)).
It follows that for each r € R, g(¢) > g(¢) and then %(¢) > x(¢) and ¥(0) = £(0) = x(0). Now,

consider the continuous function ~ on R, defined by

h(t) = F,(x(0) +1) + 1 —%(1), teR,.
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Note that for each k € K and u € R,, by the definition of A¥ and B¥ in (3.29), (2.5) and the fact that
H,C =00, k € K due to Remark 2,

A¥(u, 1+ F, ((0) + 1)) = Foy (7(0) +1)

G (x+u) _ “ _
:/Kl[o,)?(on(x)%n'é(dXH/o G/ (u—s5)Ak(s)ds

and

B (u, 14 F (7(0) +10)) = /R 11030y (), (00T ()
g (x+u) “ -
= /R+ 110.7(0)] (x)lz_;zT 77’5 (dx) +A g (u—s)Ak(s)ds.

Note that A% (u, 1+ F,()¢(0) +u)) as a function of u is absolutely continuous with a.e. derivative

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

0 - gr(x+u) _ — “o -
A RO ) == [ Horio) (05T @0+ 240 - [ - uts1ds

It follows that for each k € K and u € R,

%Ak(u, 14+ F,((0) +u) +B*(u, 1+ F, (3 (0) + 1)) = Ay (). (3.51)

By an application of change of variables to the right-hand side of (3.49),

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

HOEDY /Olg;(u) (Ak(t—u,1+F,_u()_((0)+t—u))+/ot_u BY(w,1+F,,(x(0) +w))dw | du.

keK
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By using (3.51), it follows that g is absolutely continuous with a.e. derivative g’(¢) given by

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

g (=) g (H)A(0,1+Fo(x(0)+0)

keK
+Z/ g5 (u) (—Ak(t—u 1+ F (0 (0)+1—u) + B (t —u, 1 + F,_y ((0) + 1 —u)) | d
keK
=3 G000+ Y / &3 (1 — )
keK kekK
=Y 000+ Y / g4t~ ) s () dut.
keK keK

It follows from the a.e. derivative of F;((0) +¢) in (2.18), the expression of £ in (3.27) and the

a.e. derivative g’ of g above that / is absolutely continuous and its a.e. derivative /4’(¢) is given by

, gk(x+t)_ _
W (1) = ( /;< / ozon G109 0(dX)+I;</1k(l) ;( / AL s)/lk(S)ds)
(ZQk(mgk(t) D+ ) / gi(t =)y (u)du
ke keK keK
g lx+1) Sk k o
o) /OHS e <dx>) * 3B () =5 0
_ gk(xﬂ)_kd (Bk B gh(x+1)_,
];(./OHS G (x) (X)Jr,;( (8,x(2)) [0,%(0)] (_}2() 7o (d)

—'/0 gZ(t—u)jk(u)du).
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For each k € K and ¢t € R, by the definition of Bk (t,x) in (3.29), (2.5), Remark 1 and the definition
of y(¢) in (3.48), we have that

. x(t)=11"AF; (x(0)+1) . | —k — |
B (1.x(1)) = /0 1 (F) ™ ) dF (F)™ () (3.52)

"
=/R L0, ¢(n)) (x) P (x)dF, (x)

=1p0>n (/R [0,7(1)—1] (%) G(,( )) (cl)c)+/0 g,i(t—s)ﬁk(s)ds)

t
+1p(n<n) / gz (t—s)Ax(s)ds.
t=x (1)

We now show that there exists 7 > 0 such that 4’(z) > 0 for all # € [0, T'] by considering the following

two mutually exclusive cases:

X+t
Case 1: ¥ (0) = 0. Then for each k € K, f[o Z(0)] gg(r( )) g
k

Assumption 1. Also in this case, by the definition of y(#) in (3.48), y(¢) <t for all r € R,. Then, by
(3.52), BX(1,x(1)) = [ im g~ (t — u)Ax (u)du for each k € K. Thus, it follows that

§(dx) = 0 since 775 ({0}) = 0 by

k - M—k dx) — " — W ()d
];((B (1,x(1)) 0x01 GL) 1o (dx) /O g (1 —u) Ak (u)du
= Z (/ gi(t—u)zk(u)du—/ gi(t—u)zk(u)du)

kex \W1-X (0
=% (1)
:_Z/ ¢ (1 —u) A (u)du
keK
—0ast|0.

By the assumed right continuity of g, kK € K, and an application of Fatou’s Lemma, we have that
0< Z / hi (x) vy (dx) < hmlnf Z / gk F+e) Vh (dx). (3.53)
kek ’ 0.1y G (x) .

Thus, it follows that there exists 7' > 0 such that 4’(¢) > 0 for all t € [0, T].
Case 2: x(0) > 0. Since y(7) < x(0) +1¢ for each 7 > 0, then limsup,_,, ¥ (¢) < x(0). We claim
that liminf, o ¥ (7) > x(0). Suppose that the claim is not true, then liminf,_,o ¥(¢) < x(0). Then
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there existad € (0, x(0)) and a sequence {f,,n € N} suchthatt, — Oasn — coand y(z,) < x(0)-96

for each n € N. Then for each n € N,
F;, (x(0) = 8) > [x(ta) = 11" AF;, (3 (0) +1,).

By using the fact that [x(0) — 1]* = Fo((0)) and using the continuity of x(-), the continuity of
F,(x) as a function of ¢ for each x € R, and the continuity of F,(}(0) +1) as a function of 7, we

have that
Fo(x(0) = 6) > [x(0) = 1]* AFo(x(0)) = [x(0) - 1]*.

It follows that

¥(0) =52 (Fo)™ (Fow(0) - 6)) = (Fo)™ (x(0) - 11) = %(0),

which is a contradiction. Thus, we proved that liminf,_, ¥ (¢) > ¥ (0) and then lim,_,o ¥ (¢) = x(0).
By (3.52), ﬁg ({x(0)}) =0 and the right continuity of /] (since g} is assumed to be right continuous)
for each k € K, the local boundedness of 4, k € K in Assumption 1 and an application of the

dominated convergence theorem, we get that for each k € K,

, g (x) _,
lim B (¢, x(¢)) = 2K 7k (dx)
110 w0y Gy (x)
and then
Px+t t _
Z BX(1,x(1)) - @ﬁg(dx) —/ g (t—u)Ax(u)du| —0ast]O0.
ppe x©] Gi(x) 0

By using (3.53), it follows that there exists 7 > 0 such that 4’(¢) > 0O for all ¢ € [0, T]. Thus, in both
cases, we yield that there exists T > 0 such that 4’(¢) > O for all ¢ € [0,T], which in turn implies
that for all r € [0, T'],

Fi(x(0)+1)+1=%(1) > Fo(x(0)) + 1 —%(0) = [x(0) = 1]T+ 1 —x(0) > 0,

then F,(x}(0)+1) >%(1)—1>x(t)—1forallr€ [0,T]. O
It follows from Lemma 6 that F,(y(0) +1) > [x(¢) — 1]* for all ¢ € [0,T]. By (3.48), for each
t€[0,T],
%)= (F,)™" ([x(t) = 1]*) and then () < x(0) +1. (3.54)
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Also it follows from (3.29) and Lemma 6 that for each k € K and t € [0,T],
AR, x () = F ((F)™ (Ix(0) - 119) = F, (2(1),
B (tx(n) = [ (F) ™ ) dFy (F)™ ) = [ oy M@ (x).

We now define a time shifted version of the functional map of A along with the time shifted
. - = —k
auxiliary processes x, E, F, AX, B, F, k € K. For each t € [0,T], let

(3.55)

xl1] =x(t+-), E[l] =E(t+-) - E(t) and ﬁm =Ny

By Lemma 1, for each k € K, ﬁm’k satisfies (2.5) with ﬁf and E,[:] in place of ﬁg and E. For each
keKand u, x e Ry, let

M =001 =T (0.4 and B (1) = Y F ),
keK
and then

—=l11.k —=k =l =
F,”  (x)=F,,(x)and F, (x) = Fry,(x).
For each k e K,t € [0,T] and u € R,, let
11k, x) = A% (¢ + u, x) and B"F (u,x) = B¥(1 + u, x). (3.56)

It follows from (3.55) that for each 7 € [0, 7] and u € R, such that # +u € [0, T],
=Lk (=l -
A G, x ) = B (FD T (16 o - 177) (3.57)

and

[x (w)-17*

B (i, () = / H(FED " onaF, M (FED ). (38)
For each ¢ € [0,T] , let £l be the function on R, defined as

1w =30~ Y 006w+ Y [ 61 -5dE )

keK keK

Gyx+t+u)-Gy(x+1) _,
_Z/om 5o V& (dx) (3.59)
keK

- LG w- Y / (83 (+1~5) — g} (t = ) Li(5)ds,

keK keK
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and let A"l be the time-shifted functional map of A by ¢ defined on C(R,) as

0w =eMw =Y, [* G- B vy o)y (3.60)
ke
+Z/ gk(u v)A k(v y(v))dv.
keK

LEMMA 7. Foreacht € [0,T], x'1(-) is the unique fixed point of A"l in (3.60).

Proof Fix t € [0,T]. Since x(:) be the unique continuous solution to the equation (3.30)
associated with (E, Y(O),Vo,ﬁo), we have from (3.31), (3.56) and an application of change of

variables that for each h e R,,

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

x(t+h)=&(t+h) - Z/ G (t+h—u)B* (u, x () du (3.61

keK

t+h
+Z/O g (¢ + h— u) A (u,x(u)) du

keK
11 (p) - Z/ G (h—u) BU¥ (u, x ! (u))du+Z/ g8 (h—u) A, (e, x 1 (1)) du

keK keK

where

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

J(h)y = g(t+h) - Z/ G (t+h—u)B*(u, x(u))du+Z/ g5 (1 +h—u)A* (u,x(u))du.

keK keXK
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Using the fact that x(-) is the unique continuous solution to the equation (3.30), we have that for

each h e Ry,

f[’](h):f(t)—Z/O G_i(t—u)Bk(u,x(u))du+Z/0 gi(l—u)Ak(u,x(u))du

keK keK

+(§(r+h)—§(t))—2/ (Gt +h—1) = G (t — ) B (u, x (u))du

keK 0

+Z/O (gh(t+h—u)—gy(t—u) A" (u,x(u))du

keK

=x(0)+ (E(t+ )~ £(D)+ Y / (854 h 1) = g} (1 1)) A* () )

kex ¥ 0

_ Z /I(Gi(t+ h—u) -G (t —u)B* (u,x(u))du.
0

keK

Using the definition £ in (3.27) and applications of change of variables and integration by parts, we

can see that

h
E(+h) &)=~ Z@k(O)(Gi(t+h) -G (1) + Z/ G_‘,i(h—u)df,[:](u)

kek kexc 0

n Z /0 (Gi(t+h—u) -G} (t—u))dEy(u)

keK
~ Z/ Gi(x+t+_h)—Gi(x+t) 7]5 )
kex ¥ [0-Hp) G (%)
_ h — —[¢
- Y GOGa+n -G+ Y, [ Gih-waE W
keK kex V0
- Y EWG - Y [ (gt h-u) - gt -u) Ex(w)d
keK kek 0
~ Z/ Gi(x+t+_h) -G (x+1) Vlg(dx).
keK [O’H}i) Gi(x)
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By another application of integration by parts and (3.41), we have that

Z/O (GS(t+h—u) = G(1 — ) B (u, x(u))du

keK

== YRG0 = Y [ (el h=) =gt —u) Ruwrd

keK keK

Combining the above three displays and the definition of Ly in (3.42), we have that for each & € R,

h
() =x(1) = Y 0L O)(G}(t+h) - G(D) + Y / G2 (h - w)dEY ()

kex kegc 0
- D Ed(DG}(h) - Z/ (5(t+h—u)— g (t—u))Ex (u)du
keXK kexc?0
_Z/ Gk(X+t+_h)—Gk(x+t) V’(j(dx)
kex ¢ 10.H;) Gi(x)
+Z/ (g} (1+h—u)—gj(t—u)) A (u, x () du
keK 0

+Zﬁk(t)G;(h)+Z/0 (g3 (t+h—u)— g (r—u)Re(u)du

keXK keXK

J— — — h — — [
=x(1)+ Y (-04(0) = Ex() + Re(1) Gy (W) + Y / Gy (h—u)dEy ()

keXK kex ?0
—Z/ Gk(x+t+_h)—Gk(x+t) Vg(dx)
kg < [0:Hy) G (x)
= /0 (g4 (t+h—1) - g} (t =) (@4 (0) + Ex () - Oy (1) = Ry (1) du
keK B . i
:x(t)—ZQk(z)G;(h)+Z/ G (h—u)dEy (u)
ke kexc?0
—Z/ ch(x+t+_h)—Gi(x+t) Vlg(dx)
kex ¥ [0-Hp) G}i(x)
- VLG =Y, [ (g h-w - gi(t- )L du
kek kek ¥ 0

Comparing this with (3.59), we see that £[!l = [/, This and (3.61) together imply that for each
heR,,
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h h
xm(h):g[f](h)—Z/ Gi(h—u)B[t]’k(u,x[t](u))du+Z/ g5 (h—u) AU (u, x (u)) du.

kex ¥ 0 kegc 0

Thus, x["(-) is a fixed point of Al*l. The uniqueness of fixed points of Al follows exactly the same

argument as for the uniqueness of fixed points of A in Proposition 2. O

COROLLARY 1. Suppose that Assumption 1 holds, the service time densities {g;, k € K} are
right continuous on their supports and are absolutely continuous on [0,9] for some 6 >0, and
suppose that Y cx f[o A 3 (x) VS(dx) > 0. Then there exists T € (0,T) such that for each 0 < t <

Tk

t+u<T, p(t+u) < y(t) +u.

Proof Note that gi, k € K, are absolutely continuous on [0, §] for some § > 0, without loss of
generality, we may assume that g7, k € K, are absolutely continuous on [0,7]. For each 7 € [0,T],
by Lemma 7, x11(-) = x(r +-) is a fixed point of Al*) restricted on [0,T —1].

Foreachr € [0,T], k € K and u € R,, Define

AUk, yy = FIM ((ft[f])_1 ([y 1T AT (o) + ”))) (3.62)

and

W (FY L ) dFe (FEH L w)). (3.63)

) L=11*AFy ) (P (1))
B (u,y) = /

Since, by Lemma 1, for each k € K, ﬁ[t]’k satisfies (2.5) with ﬁf and E,[;] in place of ﬁg and Ey, then
it can be checked readily that A% and Bl1*| k € K, also satisfy the three properties of Lemma 4
with C% = SUPg<y < 7 (r)+u 1} (V) in place of C, *_ Consider the following functional map A"l analog

to Ain (3.31):
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1 (y) ) = £ () = / Gy (u— )BT (5, y(s))ds + ) / g} (= 5) A1V (s, y(5))ds

keK keXK
)= 3 [ By
keK
& g3 (u—s) ( 1k (s, y(s)) + E’[t]’k(w,y(w))dw) ds
,;(/ k It

where £ is given in (3.59). Note that for each k € K and x € R,, ﬁf ({x}) =0 due to the fact that
7k 7o ({x}) =0 for each k € K and x € R4, the absolute continuity of E for each k € K, the definition
of 7 nt and Remark 1. Also note that for each k € X, E! k Vis absolutely continuous with a.e. derivative
/l (-) = A(t+-) and ¥ (¢) < x(0)+1. Thus, 77,, Em and y(7) also satisfies Assumption 1. It follows
from Proposition 2 that Al has a unique continuous fixed point ! on R,. Consider the process

[71(.) defined as

M) == Y [ B 51 (9)ds+ g1,

keK

where

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

w=y [ gk<u—s>( W 1B 0+ + [ BT 1+ B o) +waw) ds

keK

Then z[" (1) > "1 (u) for each u € R,.. Consider the continuous function 4"l on R, defined by

Wy =F (v +uw)+1-21 ), ueR,.
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By using exactly the same argument as in the proof of Lemma 6, we have that fb[f] (v(t)+u),as a

function of u, is absolutely continuous with a.e derivative

gk(x+u)_[t
F, dx A 3.64
(A (o) +0) ;;(/x@ S ()k;(kw) (3.64)
—Z/ gk(u—s)/lk (s)ds,
keK

and that g!"l is absolutely continuous with a.e. derivative (g{’)’(u) given by

() ()= gL A*(0,1+F (1) + ). / g1 (u=-9)1; (s)ds

kekK keK

= 2 el () (7 o))+ 3 / g -9 (9)ds

=Y gt e+ Y. [ et s)as

keK kekK
=Y w0+ Y, M- s
keK keK

where the last equality follows from the definition of Q in (3.40) and the expression of §(z) in
(3.54). For each k € K, since g; is absolutely continuous on [0, 7], g; has a.e. derivative (g;)’ that
is Lebesgue integrable. From the definition £l in (3.59), we see that £!/] is absolute continuous

with a.e. derivative given by

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

€0 =- Y, Bu0giw+ Y, 1w - Y [ g9 was

keXK keK keK
B gk(x+t+u) _ .
];(/OHA Gs( ) O(dX) I;(Lk(t)gk(u) ];(/ (gk) (t+u S)Lk(u)ds
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Combining the above three displays, we see that 2] is also absolute continuous with a.e. derivative

) (u) = Z/ S Sk g+ ) Tatr)gt (0

keK OHA G (x) keK

+Z/ (gk) (t+u—s)Lk(s)ds

keK

. 5 gp(x+u) _ ‘o, —1]
+Z BUME (51 (1)) - ) k_r—n([)t],k(dx)_/ gr(u—s)A; (s)ds|.
Pt 0.e1 G (x) 0

Moreover, for each k € K and u e R,

1 (o0, 511 (1))

51 ()= 11" ATy (o)) i
:/0 1 (B ) d P (FY 1 (w))
- /R 10,511y (G () F ™ (x)

+

gZ(X'*‘ )_[; /M —[1]
=1..1 Lo o1 ()1 (X)) —=——T77 dx) + (u—s5)A, (s)ds
U () >u) (/R+ 10,7171 (u)=u] (X) e “(dx) ; gr(u—s)A; (s)

u

—=[t]

+ 11 (uy<uy / g (u—s5)A; (s)ds,
=1t (u)

where
el () = (FUY (51 ) = 11 AT (0(0) +u) < () +c.

By considering the two mutually exclusive cases of y(#) =0 and y(z) > 0 using exactly the same

argument as the one after (3.52) in the proof of Lemma 6, we have that as u | 0,

Z(E[t]’k(u,i[t](u))— (—M)_[’ Kdx) - / gk(u—s)/lk (s)ds)—>0

ek 05 G (x)

By the assumed right continuity of g7, kK € K and an application of Fatou’s Lemma, we have that

0<Z/ hy (x)V (dx)<11m1nf2/ gk((x;:(t;—u) Ve (dx).

kek 0.4,
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By the definition Ly, k €K, in (3.42), Ly is continuous with Zk(O) =0 for each k£ € K. This and
the fact that for each k € K, g; is absolutely continuous on [0,T] with a.e. Lebesgue integrable

derivative (g;)" imply that

ZLk(t)gk(u)+ / (&) (t+u—s)Li(s)ds —0ast,ul0.
keK

keK

Thus, there exists T € (0, T] such that (hm) (u)>0forall 0<t<t+u<T. Since by (3.54) and
(3.59),

B0) =Fy' (1) +1-21(0) = F, (2(0)) + 1= £11(0) = [x(r) = 1]* + 1 = x(1) 20,
it follows that for each ¢ € [0,7) and each u € [0,T — 1],
o) +u) = 2 (u) =12 5 (u) — 1 and hence Fo (¢(1) +u) = [ (u) - 1]*.
Note that for ¢ € [0,T), by (3.54), ¥(t) < ¥ (0) +1, then it follows that
51 11 < F (p(0) +u) < FO(F(0) 414 u). (3.65)

Then by the definitions of ALk and BUK in (3.62) and (3.63), respectively and the definitions of
Allk and BULK in (3.56), we have that for each ¢ € [0,T) and each u € [0,T —1],

=l

1 (u, 510 ) =, (FLD T (151w = 11 AT G0 +14.0)) ) = A (a, 51 ()

and

511 () =11* ATy | (R(0)+1+u) ;
BV (u, 517 (u)) = / 1 (FY ) dF (F 1 ()

= B (u, 51 (w)).
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For each 7 € [0, T'), combining the above two displays with the fact that 7!/ is the unique fixed point
of Al we have that for each u € [0,T —¢],

() = R (51T) ) = £ ) = / Gy~ 5) B (5,51 (s))ds

keK
+Z/ gk(u—s)A k(sy (s))ds
keK
~e0- ) [ Gt B 51 (9)as
keXK
+Z/ gl (u—s) Al (5, 510 (5))ds.
keK

Then 7! is a fixed point of A"l on [0,7 —¢]. Since AlYl admits a unique fixed point by Lemma
7, then x[1 = 511 on [0,7 —¢]. Thus, by (3.65), for each ¢ € [0,T) and each u € [0,T — 1],
Fu ()Z(t) +u) > [x!1(u) — 1]* and then

- = - =l - -
B+ u) = Fro)™ (x4 = 117) = ()7 (16 ) - 117) < o0+
This completes the proof of this lemma. O

COROLLARY 2. Suppose that Assumptions 1 holds, the service time densities {g;, k € K} are
right continuous on their supports and are absolutely continuous on [0,8] for some § > 0, and
suppose that ), cx /[0 HY hy (x) 7]6 (dx) > 0. Then for T given in Corollary I and k € K, Ly is

T

non-decreasing on [0,T].

Proof By Corollary 1, foreach 0 <t <t+u <T, y(t+u) < ¥(t) +u. By following the same
argument as in Lemma 3, for each k € K, we can show that Ly (r+u) > Li(¢) for each 0 < ¢ <
t+u <T. This implies that L is non-decreasing on [0, 7] for each k € K. O

Now we extend the result of Corollary 2 from [0, 7] to R,.

PROPOSITION 4. Suppose that Assumptions 1 and 2 hold. Then Ly, is non-decreasing on R, for
each k e K and x(t) — 1 < F;(x(0) +1) for all t € R,.

Proof  First suppose that Condition A in Assumption 2 holds. Then H; = oo since otherwise,

for all 1 > H? cfAG k)_kd 0, which dicts Condition A. It foll
or all 1 > Hy, Yiex f[o,H;) Gs—() (dx) = 0, which contradicts Condition t follows
from Condition A that f 0.H2) Iy (%) Vg k(dx) > 0. It follows from Corollary 2, Lemma 6 and
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Proposition 3 that the triple (X,7,7) constructed from x(-) is a continuous solution to the fluid
model equations associated with (E,Y(O),Vo,ﬁo) restricted on [0,7]. In particular, v, satisfies

(2.3) for each 7 € [0, T]. By Remark 1, we have that for each ¢ € [0, 7],

Z/ K (x) VF (dx) = Z/O g"(x+t)"‘(dx)+2/ gy (t—5)dLi(s).

S
kek excdomy Grx) kek

Then Condition A and the fact that L, is non-decreasing on [0, 7] for each k € K together imply
that 3 cqc f[o A hy (x) 7§(dx) > (. By Lemma 7, xT1 is the unique fixed point of ATl where
Tk

M =x(D)- Y, 06w+ Y, [ G- (5

keK keK
—Z/ Gs(x+T+u) G? (x+T) g(dx)
keX 0,Hy) Gs(x)
N AGIHAOESS / (63 (T +u—s5) - g (T =) Li(s)ds
keK keK
—x(1)- Y 0uNGiw+ Y [ Gtw-oaE )
keK keK
~ Grlx+u)-Gy(x) _,
I;(/O G_‘]‘{(x) v (dx).

Note that Al7! can be viewed as a functional map defined from the initial data (Em ,X(T), Vi)
in the same way as the functional map A in 3.31 defined from (E, X (0), vo, 1o)- Then by applying
Lemma 6 and Corollary 2 to Al 7] with initial data (fm Y(T) v7,n7) and using (3.54), there exists
T’ > 0 such that for each k € K, L K deﬁned by (3. 42) with xI"1(-) in place of x(+) is non-decreasing
on [0,7"] and for each ¢ € [0,7"], x! (t) 1< F ()( 7] (0) +1), where

770 = F (2 00| = (FE (1) - 117) = ¢(T) <7(0) + T.

keXK

Note that for each k € K and r € [0,T], Ly (T +1) = Z,ET] (r) and

x(T+1)—1=x! (t)—1<F ()( "10) +1) < Fy,,(¢(0) + T +1).
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Then Ly is non-decreasing on [0,7 + 77] and x(¢r) — 1 < F,(x}(0) +¢) for all r € [0,T +7’]. By
applying a simple contradiction argument, it is clear that the maximal interval on which L; is
non-decreasing for each k € K and x(7) — 1 < F,(3¢(0) +¢) has to be [0, ).

/ 0.H) 3 (x) Vg(dx) > (0. By Eorollary 2,
there exists T > 0 such that Ly is non-decreasing on [0, T] for each k € K and x(¢) — 1 < F;(3¢(0) +1)
for all t € [0,T]. Otherwise, if ¥ cx /[Oﬂi) h; (x) vg(dx) = 0, by Condition B, ¥ ;cq(1, V() =0,
that is, Vg =0 for all k € K. By the definition of Sy in (2.1), Y ;cq X« (0) = 0. Since x(-) is the

Suppose Condition B in Assumption 2 holds. If }};cx f[

continuous solution to the equation (3.30), then

x(1) = Z /Otéi(t—u)dfk(u) - Z /Ol(_?i(t—u)Bk(u,x(u))du

keK keXK

+Z/0 g3 (1 —u) A (u,x(u))du.

keK

Since x(0) = Y X1 (0) =0, let T = inf{r > 0: x(r) = 1}. By the continuity of x(-), T > 0
and x(7) < 1 for all # € [0,T]. It follows that A*(¢,x(z)) = B*(¢,x(t)) =0 for all ¢ € [0,7] and
k € K, then x(¢) = Y eqc /Ot G3 (t —u)dE(u) and for each k € K, Li(t) = Ex(t) for all r € [0, T).
Thus Lj is non-decreasing on [0,7] and it is clear that x(z) — 1 <0 < F;()}(0) +¢) for all 7 €
[0,7]. Let [0,S) be the maximal interval on which L; is non-decreasing for all k € K and
x(1) =1 < F;(x(0) +1). If § < oo, it follows that 3, s me}:)
Dkek /[0’ ) hy (x) 7§(dx) > 0, then there exists S’ > 0 such that L is non-decreasing on [0, S +5']

3 (x) Vlg(dx) =0, since, otherwise, if

for all k € K and x(¢) — 1 < F,(x(0) +1) for all # € [0, S + S’]. This contradicts the maximality of
[0, S]. Since ) ;g -[[O,Hz) h; (x) vg(dx) =0, then there ejists S* > 0 such that Z,ES] (1) = E,ES] (¢) for
all t € [0,5*] and x!51(z) < 1 for all ¢ € [0, S*]. Thus, L, is non-decreasing on [0, S + §’] for all
k € K and x(f) — 1 < F,(3)(0) +1) for all ¢ € [0, S + S’], which again contradicts the maximality of
[0, S]. This shows that S=co. O

Proof of Theorem 3.2. The statement in Theorem 3.2 follows directly from Proposition 3, Lemmas

6 and 7, Corollaries 1 and 2 and Proposition 4. 0O

4. Sensitivity Analysis of the Fluid Model Equations This section is devoted to the sen-
sitivity analysis of the fluid model equations on perturbations of the input data. To be specific, for
eachn>0,let (E, X" (0), vy, ) be a sequence of input data in Sy and let (X",¥",7") be a solution

to the fluid model equations associated with the input data (En, YH(O), Vo, 710)-
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AsSUMPTION 3. We make the following set of assumptions on the sequence of input data
(En,yn(O),Vg,ﬁg), n>0. For each k € K, as n — o,

1. for each T >0, sup, o7 |E¢ () = Eq ()] =0,

2. X;(0) = X, (0),

3. Vg’k — Vg’k in total variation,

4. ﬁg’k — ﬁg’k in total variation.
In addition, the patience time densities {g), k € K} are absolutely continuous on [0,0) for some

0 € Ry U {0} and their hazard rate functions {h’, k € K} are assumed to be locally bounded and
. +
it is assumed that | Y cxc XZ(O) - l] < Dkek <1,ﬁ8’k> if h},_is not bounded for some k € K.

In this section, to ease the notation, for any two functions f! and f2 defined on R, let Af(-)
denote f'(-) — f%(-) and for any two measures n' and 5 on R,, let Ay denote ' — 5% and let |Az|
denote the total variation measure on R, of An. The main result of this section is the following

theorem.
THEOREM 4.3. Suppose that Assumption 3 holds. Then for each k € K andT € [0,6), asn — oo,
sup, o7 X5 (1) ~X (1) = 0, 7k — 5% and 7 — 7% weakly on [0,T].

We first establish a local Lipschitz property on the solutions to the fluid model equations relative

to the input data in Section 4.1, then the proof of Theorem 4.3 is given in Section 4.2.

4.1. A Local Lipschitz Property
ProPoOSITION 5.  Fori=1,2, let (Yi, v, ﬁi) be a solution to the fluid model equations associated
with (EI,YI(O),%,%) € So. Suppose that the patience time densities {g), k € K} are absolutely
continuous on [0, 0) for some 6 € R, U {oo} and for each k € K and t € R,
K= sup h (1) < oo, (4.66)
0<u<y' (0)vy?(0)+t

where )_(i(O), i = 1,2, is defined as in (2.15) from (Ei,yi(O),Vf),ﬁg) with t = 0. Then for each

T € [0,0), there exists a constant Cr € (0, c0) such that

sup |Ax(1)| < Crdr, (4.67)
te[0,T]

where

fr= 3 |IAX(O)] + (L IAT]) + sup \Afk<w>)+<1,|Aﬁ’5|>). (4.68)
ke wel[0,T]
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Proof Fix T € [0,6). For each i = 1,2, let A’(x) be the functional map in (3.31) associated
with (EZ,YZ(O),VS,%) € Sy, where & is defined in (3.27) from (FI,YI(O),VG,%). It follows that
x'(-) = Zke(KYl(-) is a fixed point of A’. Then, for each t € R,

' (1) -2 (1) (4.69)

AOROESY /O g3 (0= 1) [ A% (e (1)) = A¥2 (1, (u))| s

keK

+Z/Otéi(f_“) | B! (u, x (u)) = B2 (u, x* (w)| du.

keXK

It follows from the definition of £(-) in (3.27) and the definition of {7 in (4.68) that for each r € R,

€' (1) - &) (4.70)
<2 3 [AXL(0)[+2 Y (L IATA + D IAE (D) + Y / g1t =) [AE L ()| du

kek kek ke kex 0
<2 ) [AKL(0)[+2 > (LIAVED +2 > sup AEk(u)‘sng.

kek kekK keg u€l0.]

We first estimate the second term on the right-hand side of (4.69), that is,

Z /tg‘,i(t — ) | AR (e, x (1)) = A% (u, P ()] dut.
0

keK
Note that, by applying the usual triangle inequality and property (2) of Lemma 4, for each u € [0, t]

and k € K,

|Ak’1(u,x1(u)) —Ak’z(u,xz(u))| 4.71)
< |A% (u,x (u)) — A (a2 ()| + AR (u, X2 () — AR (u, % (w)|

< Ix(u) = x*(u)| + |Ak’1 (u, x*(u)) - Ak’z(u,xz(u))| .

By applying Lemma 2, we have that for each 7 € Ry, ¥°(7) < ¥>(0) +¢, which in turn implies that
[x2(r) - 1]* < f,z (x*(0) +1) and then by the definition of A¥(¢,x) in (3.29), we have that for each
ue|0,t] and k € K,

AR, 2 @) = F, (F) ™ (12w - 11%)).
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From this and an application of triangle inequality, we see that for each u € [0,¢] and k € K,

| AR (u, x? () — AR (u, x* (w))| (4.72)
=[7 (FD ! (12w - 11 AR, 7 0 +w)) - F, (F ! (16 - 1))

<[F (Fo (1P - 1t AT O +0)) - F (F7 (152 - 117) )|

[ (FD7 (2w - 117)) - F (! (12 - 11%) ).

Fori=1,2 and k € K, it follows from (2.5) with f(x) = 1[ ] (x) (cf. Remark 1) and

O(F) H([x2(w)-11%)
t = u that

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

fﬁ’i((ﬁ)_l ([ 2(M)—1 /[ |0.Fo " (12 -1+ )](X)nul(dX)

Gr(x+u)_kl
/ O(F) 1([x2(u) 1+ )]( X+ ) k( ) (d)

+/0 1[0,(fi)-1 ([2@w)-117)] (= w) G} (u = W)dE, (w).

Note that, by an application of integration by parts, the second term on the right-hand side of the

above display can be rewritten as

/0 I[O(F)l(xZ(u) " )](u w)G (u - w)dEk(w)

= G u=w)dE} (w)
/[u—<Ff,>-1 (2@-114)]

:Fk(u) -G}, (u A (fi)_l ([xz(u) - 1]+)) sz ([u - (Fi)_l ([xz(u) - 1]+)]+)

_ ~ +E;(w)g’(u—w)dw.
/[u—wi)l( [2()-11)| ‘
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Then the second term on the right-hand side of (4.72) can be estimated as

A () (120 - 1)) - F (F (L - 11%)) .
/ 1, - (x+u)MA—k(dx)
|10y [o.F 1 (12 w-117) G (x) 7o

+‘Afk(u)‘+‘AEk ([u—(ﬁj)—l ([xz(u)—1]+)]+)‘+'/0u E;(w)‘g;(u—w)dw

< (L]ATE]Y+3 sup ‘Afk(w)|.
wel[0,T]

For the first term on the right-hand side of (4.72), that is,

2

F(FED (102w - 107 AR, @ 0 +0)) ) - F (Fo ™ (12w - 11))

we consider the following three mutually exclusive cases:
Case 1: (F)"! ([xz(u) 1 AT (0) + u)) > (F)~' ([x2(u) - 11*).
For each k € K, since Fu’l (x) as a function of x is non-decreasing, then

' (FD7 (2w - 11 AT 0 +w)) > FEHFD™ (2w - 11%)).

) ) —1 —k,1 . )
This, together with the fact that ', = 3}, 4 F,, , implies that for each k € K,

B (FD 7 (120 - 17 AT, O +0)) - FE (F ! (12w - 117) )|
=F, (F)™ (12w - 11 AFL & O +0) | - FE (FD 7 (12 @) - 117))
<F, (F7 (2 - 11° AT, (7' O +0)) ) - F, (F) ! (1820 - 117)).

Note that

Fy (F)7 (19200 - 11" AT, (7 ) +0) ) = [ ) - 11* AT, (7 (0) +0) (4.74)
=Fo (F™ (12w - 117 AT (7' 0 +w))

<Fy (! (12w - 117)).
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From this and (4.73), we have that for each k € K,

F,(FD 7 (12w - 107 AF, 7 0 +w)) ) - FE (F ™ (12w - 117))
<o (F7 (12 -11°)) = Fy (F ™ (12w - 117)).

Case 2: (ﬁi)-l([xz(u)—1]+Af;()71(0)+u)) < (F) " (xw) - 1]%) and [x2(u) — 1]* <
F\ (7' (0) +u).

In this case, we have that for each k € K,

B (F0™ (10260 - 11 AR, O +0)) - F (F ™ (12w - 11°)
=F, (F (e -11%)) - F (F ™ (1200 - 17 ATy (7 () +)
=7, (FE07 (12w -117)) - F, (F (2w - 117))

<F, (F0™ (P -117))-F ((F) (2w - 117))
=F, (F (2 -1%)) - Fo (F) ! (1@ - 11%))
<[Fo (Fo ' (12w - 11°)) - F (F ! (120 - 11%))|.

where the first equality is due to the first case condition, the second equality is due to the second
case condition and the third equality is due to (4.74).

Case 3: (F))~! ([xz(u) —1]* AT (7 (0) +u)) < (F)~' ([x*u) - 11%) and [x2(u) - 1]* >
F, (7' (0) +u).

The second case condition and Lemma 2 together imply that

[2(u) =11 > Fy (g (0) +u) = [x' (u) - 1]
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Then for each k € K,

B (F 7 (120 - 17 AT, @ +0)) - F (Fo~ (2w - 117) )|
=7, (Fo (e -17))-F (Fo (P - 17 A F (7 0 +w)

=F, (FE07 (2w -117)) - F (F ! (Fud' @ +w))

<F, (F7 (2w -11*)) - F, (F ! (Fu ' ) +w)

=F, (F0 ! (100 - 11°)) - Fo (F) ! (12 - 11°))

+T, ((ﬁ) (20 = 11%)) = Fu (' () +0)

<F, (F™ (1200 = 117)) = Fo (F ™ (1) = 117) )+ 1) = 117 = [ ) - 117

1))~
<F, (Fo (0 -11%)) = Fy (F ™ (20 = 11%) )+ 1Ax ()l

Combining all the three cases, we have that the first term on the right-hand side of (4.72) can be

estimated as

F(FE) (R - 10 aF, @ O +w)) -F (FED7 (1w -117))| @79)
<[P (Fo (120 - 117)) = Fo (F ™ (1260 = 117) )|+ 1A
B (FE07 (0260 - 117)) = F (F (1260 = 117) )|+ 14

<2,

kekK

+|Ax(u)] .

(L,|ATE]) +3 sup ]Afk(w))
wel0,T]

Then it follows from (4.72), (4.73) and (4.75) that for each u € [0, ¢] and k € K,

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

|Ak’l(u,x1(u)) —Ak’z(u,x2(u))| (4.76

s|Ax(u)|+(Z(<1,|Aﬁ’g|>+3 SI[BPT]‘AE;{(W)‘)+|Ax(u)|)+((1,|A )+3 sup |AEx(w)|.

ke wel[0,T]
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Thus, the second term on the right-hand side of (4.69) can be estimated by using (4.76) as follows.

t
Z / gl (1 —u) | AR (u,x" (1)) — A2 (u, 5% (u))| du 4.77)
keK 0
l —_—
<2y g;(t—u)|Ax(u)|du+(3K+3)Z(<1,|Aﬁ’5|>+ sup )AEk(w)‘ .
kexc 0 kek we[0,T]

We next turn to estimate the third term on the right-hand side of (4.69), that is,

> /téi(t—u) | B! (u,x" (1) = B2 (u, x* ()| du.
0

keK

For each u € [0,¢], by an application of the triangle inequality and property (3) of Lemma 4, we

have that

|B*! (,x" () = B2 (u, 5% (w))|
<|B*! (u,x" (u)) = B! (u, x* (u)| + B! (u, x* (u)) = B (1, x* ()|

< KF| Ax(u)] +| B (u, % (u)) = B2 (u, 52 (w)),
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where K; K is given by (4.66). Also it follows from the definition of B*(z,x) in (3.29) and Lemma
2 that for each u € [0, 7],

| B! (u, x% (u)) = B2 (u, %7 (w))| (4.78)
/ (2 ()= 1]* AF,, (7 (0)+u)

O W ((Fa)™ ()dFy (Fa)™ (w))

[Ra-11* o
- /O hz((Fi)‘l<w))dei’2<<F§)-1<w))‘

L2 ()= 1]* AF,, (7" (0)+u)
</

0 B ((Fa) ™ (w)dFy (Fa)™ (w))

[x?(w)-1]* . o .
- /0 1 (o)~ (w))dFE (B~ (w)

+

[x2(u)-1]* . . .
/0 1 (D)~ () dFE (B (w))

9

[x2(u)-17* . _ _
_/0 B (Fo) ™ ) dF, (F) ™ (w))

where the equality uses the fact that [x?(u) — 1]* A f,i (x%(0) +u) = [x*(u) — 1]* by Lemma 2 and
the inequality is an application of the triangle inequality. For the first term on the right-hand side

of (4.78), note that by an application of change of variables, this term can be rewritten as

R@O-AFE O
/ 1 (Fy~ o) dF (Fly™ (w) (4.79)

0

[x?(u)-1]* _ — —
_ /O B (F) ™ ) dFy (Fo)™ (w))

(W)l (w)dFy (w)

/R+ Vo)1 (tew-1aFl e )|

o kol
_/R+1[0’@3’)_1(”2(”)_]?)](w)hk(w)dFu (W)I
<[

1[0@1)*1 (12 (0 =11*AF, (7 )+0)) | ()

1 1 (w)dFy (w).

[o,<Fi>-1([x2<u>—1]+)](W)
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Note that the term with absolute value in the right-hand side of (4.79), that is,

1 - — -1 _

0.1 (te-1aF et o) ) T o)1 (a2-1oy )
is in fact an indicator function of an interval with the two boundary points that are determined by
(F1)~! ([xz(u) 1 AT (0) + u)) and (F.)~" ([x?(u) — 1]*). Since for each u € [0, 7],

F) ™ (12w - 11 AT, 7' O +0)) < (F) ™ (FL(F'(0) +1)) < 7' (0) +¢
and as a consequence of Lemma 2,

F™ (12 - 117) <720 +u < 7(0) +1.

Thus, the intergrand of the integral in the right-hand side of (4.79) is bounded above as

hi(w)

Yo (120-11aFL 7 0+ ) =0, (tew-1n )

<Kk™*

1[oml,)-l([x%u)—lmfi,o?‘<o>+u>)] O =10, @)1 (1200-119) (W)' '

Note that by comparing the two terms (f;)_l([xz(u)—l]J'/\f;()_(l (O)+u)) and

(fi)‘l ([x?(u) — 1]*), we can see that

/

dF," (w)

Yol (b2w-11A7L 01| O = Lo, @)1 (2w -11)) (W)‘

—k1 (=1 —1,_ —k1 (=2 _
B, (Fo ™ (12w - 1 ARy @ 0 +w)) - F (F 7 (1920 - 11°))| -
It follows the above two displays, (4.75) and (4.79) that for each u € [0, ¢],

@1 AF G O k1=
/ W (Fo) ) dFe (Fhy™ (w) (4.80)

0

[x?(u)-17* _ — —
_/0 W (F) " w)dF, (F) ™ (w)

<Kt

FFo™ (1900 - 17 aFLE @ +0)) - F (F™ (12w - 117) )|

r.k
<K]

> ((1, ATED) +3 sup | [AE L (w)|

ke we [O,T

+|AX(u)|)-
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Now for the second term on the right-hand side of (4.78), by an application of change of variables,

this term is the same as

ATTENTION: The following displayed equation, in its current form, exceeds the column width that will be used
in the published edition of your article. Please break or rewrite this equation to fit, including the equation
number, within a column width of 470 pt / 165.81 mm / 6.53 in (the width of this red box).

[x%(w)-1]* . . .
/0 W (FD () dFe (B (w)) 481

[x?(u)—-1]* i — =
. /0 1 () w)dF,” (F) ™ (w))

. —k,1 . —k2
:‘/R+ 1[0,(Fi)—'([x2(u)—1]+)](w)hk(w)dF“ (w)_/R+1[0,(fi)—1([x2(u)—1]+)](W)hk(w)dF” (w)

Note that for each i = 1,2, by (2.5) with f(x) = 1[ ] (x)h} (x) and t =

0.(Fp)~ ([x2(u)-1]*

S Yot o) (VO )

1

(W), (W) (dw)

I
/Rl

+

0.(Fp) " ([2w)-11%)

g (w+u)

—kl
O(F)l 2 (u)—-1]* )]( ) G_Z(W) (d )

+‘/0 1[O(F) (2 (u)-1]% )](” W)gk(u—W))dEk(w)

( )—kl
/R+IO<F> (-1 Y L Gl (w) o' (@) + EL()gi 0

~ g (A E 7 (1260 = 117)) B ([u- F ' (12 - 107) )

B (w)(gl) (1 —w)dw,

u
) /[u—(ff»-l (L2w-114)]

where the last equality follows from the fact that the patience time densities {g;, k € K} are abso-

lutely continuous on [0, c0) and hence a.e. derivatives {(g})’, k € K} exist and locally integrable.
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Then it follows that

[x2(w)-1]* . . .
/O 1 (D)~ ) dFE (B~ (w))

[x2(w)-17* . . .
- /0 H(FD dF(FD )| 482)

g (w+u)

= /R 1[0,(ff,>" (L2-117) | (w M)T |A_k‘ (dw) +
+ i (wn Fo ! (12w - 117)) | ([u- F (120 - 117)] )
),

G (x+u
SK;’k‘/ Mm E1(dx) +K[*
r, Gi(x)

AEk(u)|+/Ou

(L1675 +2 sup_|AEy ()|
wel0,T]

gk(O)

AE ([u=Fo (2w - 117)] )

r.k
+K,

r.k
Kt

+ sup [AE,(w)] / (&) (w)] dw,

wel[0,T]

where the second inequality follows from the fact that A} (w) < K] * for each w €
[0, (fi)'l ([x*(u) — 1]*)] since (fi)‘l ([x%(u) - 1]%) < Y2 (0) +u < %*(0) +1 by Lemma 2. Com-
bining the estimations of the two terms on the right-hand side of (4.78) in (4.80) and (4.82), we

have that for each u € [0,¢] and k € K,

| B! (u, x (u)) = B2 (u, %7 (w))| (4.83)
r.k —k r
<K, Z((1,|An0|)+3 sup ‘AEk(W)) +|Ax(u)|)
keK WE[O,T]
Klr,k 1,|An |>+2 sup ‘AEk(w)‘)+ sup ‘AEk(w)‘/ |(gk) (w)|dw
we([0,T] wel[0,T]

sKtr’kle(u)|+(2Kt”k+/o |(g;)'(w)|dw)z((1,|Aﬁg|>+3 sup [AE(w)|.

keK we [O,T]
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Then the third term of the right-hand side of (4.69) can be estimated by using (4.83) as follows.

Z / tc‘;;(t—u) |BE (w0, x" (u)) = B (u, x*(u))| du (4.84)
0

keK

< ZK:’k/tGi(t—u)le(u)ldu

keK 0

+33 (ZKI”‘+ / T|<g;>'<w>|dw) > (<1, TS+ sup \Amw)().

kekK kekK wel0.T]

Thus, by combining (4.69), (4.70), (4.77) and (4.84) and the definition of {7 in (4.68), we have that
foreach r € [0,T7],

T t
|Ax(1)| < 3K+5+6ZK;"‘+3Z/0 |(g;)'(w)|dw)gT+/O k(t—u) |Ax(u)| du,

keK kekK

where

k(f) =2 Z g0+ Z Kk G (o), (4.85)

kekK keK

Let r(-) be the resolvent kernel of k(-) in (4.85). Since k(-) is non-negative and integrable over R,
then the resolvent r(-) is also non-negative and is locally integrable over R,. It is well known from
the theory of linear Volterra integral equations that for each r € [0,T], |Ax(¢)| < Cr{7, where

T
Cr= (1+/ r(u)du)
0

T
3K+5+6 Z K +3 Z /0 |(g;)'(w)|dw) € (0, ).

keK kekK

4.2. Proof of Theorem 4.3. The proof of Theorem 4.3 relies on the local Lipschitz property

established in Proposition 5. The following lemma is required to implement the local Lipschitz

property.
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LEMMA 8. Suppose that Assumption 3 holds. For each n > 0, recall that X"(0) =
1 _ +
(Fg) ([ZkefK Xz (0) - 1] ) Then either h_is bounded for each k € K or h)_is not bounded for
some k € K and there exists p > 0 such that
limsup ¥"(0) < ¥°(0) + p < co. (4.86)

n—oo

. — 0k - i = -0
Proof From Assumption 3, for each k € K, ng’k — ng’k in total variation and XZ(O) — X, (0)

as n — oo, then we have that, as n — oo,

—n —0 B ~
Sup Fo()’)—Fo(y)‘ < Zsup ng,k_ng,kD_)O
k

—n,k —0,k
By o)-Fy o)< ) (L
yeER, e(KyZO kekK

and

ZY%(O)—% .

kekK

ZYZ(O)—1] N

keXK

Suppose that /2;_is not bounded for some k € K, then by Assumption 3, )_(0 (0) < o0 and

ZYQ(O) - 1] < Z <1,ﬁ8’k> =Fo(c).

keK keK

Fo(@’(0)) =

Then, there exists p > 0 such that fg()_(o(O) +p) > FS (x°(0)). Now we show that (8) holds for
the existed p by a contradiction argument. Suppose that limsup,_, ., x" (0) > 1(0) + p. Then for
each 6 > 0, there exists a subsequence Y (0) such that y"*(0) > )_(O(O) + p — ¢ for each k € N. The
definition of }"'(0) implies that

.
F(r)lk()_(o(o)+p—5)< Zyzk(O)—ll for each k € N.

keK

By taking the limits on both sides of the above inequality as k — oo and then letting 6 — 0, it

follows that

Fo(x*(0) +p) < ZYQ(())—II .

keK

Then we have that

> X0 -1

keK

+

=Fo(7°(0)) < Fo(¥(0) +p) < Zﬁ(@—l] ,
keK

which is clearly a contradiction. Thus, we obtained the desired result. O
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Proof of Theorem 4.3. Tt follows from Lemma 8 that either 4} is bounded for each k € K or &) is
not bounded for some k € K and there exist p > 0 and N > 0 such that " (0) < ¥°(0) + p for all
n> N.Foreach k € K,n > N and r € R,, consider the quantity in (4.66) for the pair of indexes n, (0
in place of 1,2, denoted as K’ K and let

n,t>

K7 = ke SUPyer, ) (1) if 4} is bounded for each k € K,

Dkek SUP )<y <70 (0)+p+e hi (u)  if hj is not bounded for some k € K.
Note that K7 is non-decreasing in ¢ and since /) is locally bounded for each k € K, then for each
keKandteR,, Kt <K < oo,
For each n > N, since (Yn V') and (YO,VO,ﬁO) are solutions to the fluid model equations
associated with (Fn,yn(O) V(. 7p) and (FO,YO(O),Vg,ﬁg), respectively, and K;:f < oo for each
t € [0, 00), then it follows from Proposition 5 that for each T > 0, there exists a constant Cy > 0 such

that

sup |x"(1) —x°(t)| < Crdfs
t€[0,T]

where

&=y 1%, (0) - x<0>|+2<1|"”—v0 D+ > sup [Ein)~Ej(w)

ke k V(WG [0.7]

S,

The assumed convergences on the input data implies that, as n — oo,
£} —0and then sup [x"(r)—x°(t)| - 0. (4.87)
te[0,T]
Recall that forn >0, ¢t € [0,T] and k € K,

0y (1) = A (1,x" (1)),
R, (1) = / tB”’k(w,x”(w))dw,
0
L (1) = 03 (0) + E (1) = Oy (1) = Ry (2).
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It follows from (4.76) and (4.87) that, for each k € K, as n — oo,

sup )Qk(t) Qk(t)( sup 4™ (1,2 (1)) — A% (1,x°(£))| = 0.
t€[0,T] te[0,T]

It follows from (4.83) and (4.87) that, for each k € K, as n — oo,

/ t (B”’k(u,x"(u)) - Bo’k(u,xo(u))) du

0

sup ‘Rk(t) Rk(t)‘ sup
te[0,T] te[0,T]

<T sup |[B"*(t,x" (1)) - B**(1,x°(1))| - 0.
te[0,T]

It then follows from (2.12) that for each k € K, sup,cj 1 |Lk(t) L, (t)‘ — 0 as n — oo, which,

—0

together with the assumed sup;c(o 7 ‘E () —E k(t)‘ — 0 as n — oo, implies that V" — v weakly

on [0,7] and 7" — 7° weakly on [0,T] as n — oo. Lastly, the convergence of X" to X uniformly
n [0, T] follows from (2.6). This establishes the theorem. O
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