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Objectives
▪Introduce the concept of computational analysis, 

conditioning, and numerical methods in GPS 
▪Investigate the occurrence of errors in GPS satellites and 

methods for mitigating their impact on the accuracy of 
GPS output. 
▪Explain how nonlinear least squares can be used to 

model GPS data 
▪Demonstrate the effectiveness of the approach using 

experimental data
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Global Navigation Satellite Systems
▪ Global Positioning System (GPS) 

▪U.S. 
▪Global coverage 
▪31 operational satellites 

▪Glonass 
▪Russia  
▪Global coverage 
▪27 operational satellites 

▪Galileo 
▪EU  
▪Focused on Asia and Europe 
▪26 operational satellites 

▪BeiDou 
▪China 
▪Focused on Asia and Europe 
▪35 operational satellites
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GPS : Signals and Equipment
▪Consists of of 24 satellite on 6 orbits 

around Earth  
▪Satellites are equipped with: 
▪Antennas 
▪Transmitter 
▪Receiver 

▪Clocks 
▪Quartz-crystal 
▪Atomic
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Three Satellite System
▪We will need to solve for the following:   

▪   are the  coordinates of of our satellites 
from Earth's frame of reference. 
▪  is the time it took for our satellite signal to reach the 

receiver.
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Error in GPS
▪Error during transmission (multiphase interference) 
▪Error in clocks      
▪Environmental change (Temperature or pressure) in 

quartz crystal clocks 
▪Noises in atomic clocks
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Clocks
▪An ideal clock is an oscillator that                                                          

generates a sinusoidal signal                                                                                 

▪Quartz crystal                                                                    
~35kHz = 1 sec 
▪  Rubidium clock                                                                    

~9MHz = 1 sec
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Piezoelectric  Atomic

Functionality

Use the conversion 
of mechanical 

energy into 
electrical energy

Based onthe 
oscillations of atoms, 

typically using the 
transitions between 

energy levels of 
atoms or ions

Accuracy Accuracy within 
10^-6 sec

Accuracy 
between 10^-18  

to 10^-14

Error

Susceptible to error 
due to 

environmental 
changes 

(Temperature, 
Pressure)

Brownian, white 
noise



Atomic Clocks
▪Allan deviation- Error signal feedback loop:  

▪N - the number of data points used in the calculation

▪ - the i-th clock's frequency error or deviation from the ideal frequency.

▪  - the averaging time over which the Allan deviation is calculated

▪Measure the difference between the clock's output frequency and a reference 
frequency Adjust the frequency of the quartz oscillator to match the absorbed 
radiation frequency.  

▪Count the number of cycles of the frequency to calculate the output frequency 

of the atomic clock: 
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Four Satellite System

▪  
▪   are the  coordinates of our satellites from 

Earth's frame of reference. 
▪  is the time it took for the satellite signal to reach the 

receiver. 
▪  is the difference between the atomic clocks on the 

and the receiver
d

11



12



13



Computing Coordinates: Algebraic Manipulation
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 MATLAB Snippet
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Computing Coordinates: Multivariate Newton’s 
Method 
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 MATLAB Snippet
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Comparison of Newton’s method vs. MATLAB’s fsolve
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Conditioning:Error Magnification 

▪Allows us to quantify the impact of errors in the input on 
the accuracy and reliability of the output.  
▪By minimizing the error magnification factor, we can 

improve the overall performance and accuracy of the 
GPS system.
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Conditioning:Maximum Error 
▪Define satellite positions ( i) from spherical coordinates  as:                                                                                                                                             

▪Take a constant input error: d =                                                                           

▪Calculate the maximum EMF after combining non-erroneous and erroneous t ( +           or-            ) 
for all our satellites- 81 possible combinations
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Conditioning:Effect of distance 

21



MATLAB Snippet
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Least squares
▪Method for finding the best fit line or curve through a set of data points 
▪Involves minimizing the sum of the squared differences between the observed 

values and the predicted values from the model. 
▪In linear regression:   
▪The goal is to find the values of   that minimize the sum of the squared 

residuals:                                                                                                         

▪The solution to this problem can be found by setting the derivative of the 
objective function with respect to  equal to zero:   

 
▪Solving for  yields:
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Non-linear least squares in GPS
▪The non-linearity of the observation equation requires us to use 

NLLS. 

▪The NLLS problem in GPS is typically solved using iterative 
algorithms such as the Gauss-Newton or Levenberg-Marquardt 
methods 
▪Involves linearizing the model and solving a sequence of linear 

least squares problems
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Gauss-Newton NLLS Algorithm 
▪The Gauss-Newton algorithm for ( n        4) satellites:                                                                                                                                                                                                                                                                                     

▪  is the Jacobian
25

<latexit sha1_base64="LZrmt+v/WJv1q2IbniB3ZEYco84=">AAAB6nicbZDJSgNBEIZr4hbjFpebl8YgeAozgssx6MWDh4hmgckQejo1kyY9C909QhjyCF48KOLVJ/ERvPk2dpaDJv7Q8PH/VXRV+angStv2t1VYWl5ZXSuulzY2t7Z3yrt7TZVkkmGDJSKRbZ8qFDzGhuZaYDuVSCNfYMsfXI/z1iNKxZP4QQ9T9CIaxjzgjGpj3XdC7JYrdtWeiCyCM4NK7eD2sy6Lbr1b/ur0EpZFGGsmqFKuY6fay6nUnAkclTqZwpSyAQ3RNRjTCJWXT0YdkWPj9EiQSPNiTSbu746cRkoNI99URlT31Xw2Nv/L3EwHl17O4zTTGLPpR0EmiE7IeG/S4xKZFkMDlEluZiWsTyVl2lynZI7gzK+8CM3TqnNePbtzKrUrmKoIh3AEJ+DABdTgBurQAAYhPMELvFrCerberPdpacGa9ezDH1kfP6TokE4=</latexit>�



 Accuracy and the Number 
of Satellites
▪Initial vector ([0,0,6370,0.001]- north 

pole) 

▪Randomizing error in satellites instead 
of permuting  

▪Here we let our true  solution = 
[ 1136.1863; -4813.2651;  4014.2038; 
0.0001];                                                          
// This point is UMBC’s Math and Psych 
Building  

▪An increase in the number of satellites 
can significantly reduce EMF and 
maximum error
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MATLAB Snippet
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