WELL-POSEDNESS AND CONVERGENCE OF SOME REGULARIZATION METHODS FOR NONLINEAR ILL-POSED PROBLEMS^1

Thomas I. Seidman^2 and Curtis R. Vogel^3

ABSTRACT: In this paper we carry out a theoretical analysis of two regularization methods for nonlinear ill-posed problems. The first is a penalty method called Tikhonov regularization, in which one solves an unconstrained optimization problem while the second is based on a constrained optimization problem. For each method we examine the well-posedness of the respective optimization problem. We then show strong convergence of the regularized ‘solutions’ to the true solution. (Note that this is well known for the application of these methods to linear problems.) In this analysis we consider such factors as the convergence of perturbed data to the true data, inexact solution of the respective optimization problems, and the choice of the regularization parameters.

Key words: ill-posed, regularization, convergence, approximation

1This joint research was done during the authors’ visit to the Centre for Mathematical Analysis at the Australian National University, Canberra, Australia, with support through the Centre.

2Department of Mathematics and Statistics, University of Maryland Baltimore County, Catonsville, MD 21228, USA. (BITNET: seidman@umbc, Internet: seidman@umbc1.umbc.edu) At the time of the visit to Canberra, this author was also affiliated with the Systems Research Center, University of Maryland, while on sabbatical leave from UMBC. This research was partially supported by the NSF (through SRC) under grant CDR-85-00108 and partially by the AFOSR (through UMBC) under grant AFOSR-82-0271.

3Department of Mathematical Sciences, Montana State University, Bozeman, MT 59717, USA (BITNET: umsfcvog@mtsunix1). This research was partially supported by the NSF under grant DMS- 86-02000.

1 Introduction

Consider a nonlinear operator equation

F̄ (x) = ȳ (1.1)

where F̄ : X → Y for Banach spaces X , Y. We assume that (1.1) has a unique solution ȳ but is ill-posed in the sense that this solution does not depend continuously on the data, i.e., perturbed problems F (x) = y (1.2)

may have no solution or, if (1.2) has a (not necessarily unique) solution x, one may have a large change (x − x̄) for the solution corresponding to very small variations in the data: (y − ȳ) and [F (·) − F̄ (·)]. Note that the precise specification of the nonlinear operator/function F (·) is considered part of the data. A ‘typical’ example might be a nonlinear Fredholm integral equation of first kind with F (·) of the form:^4

[F (x)](t) := ∫ 1 0 ln [ (t − τ )^2 + H^2 (t − τ )^2 + [H − x(τ )]^2 ] dτ (0 ≤ t ≤ 1) (1.3)

which arises in inverse gravimetry [9, p. 15]. For other examples, see, e.g., [4], [6],[8],[1].

The pejorative term “ill-posed” arose from Hadamard’s attitude that such problems could not be treated usefully and would occur only by erroneously considering a problem in an unreasonable context. However, a variety of genuine applications (which, a priori, are reasonable contexts!) do force on us the consideration of such problems and, fortunately, techniques have been found for useful treatment.

In practical applications, the data [F, y] are known only approximately, with perturbations/uncertainties arising from several sources. First, measurements are inherently inexact — although one usually can assume that this inexactitude can be arbitrarily reduced albeit with increasing cost for improved precision. Second, obtaining a tractable mathematical description of the problem introduces so-called ‘modelling error’. Third, inaccuracies arise from computational limitations (e.g., approximation from a finite basis, finite-precision computer arithmetic, . . . ); again, these can usually be arbitrarily improved with increased cost. In effect, one must always deal with perturbed problems (1.2).

In order to obtain reasonable approximations to the ‘true’ solution x̄ of (1.1), one must solve a ‘regularized’ problem constructed from the perturbed data: [F, y, μ] −→ x (1.4)

where μ parametrizes the approximation scheme in a way which reflects a priori information, estimates of the perturbation magnitude, etc. Such a regularized problem should

4The value of the parameter H > 0 is experimentally determined. The ‘true’ function has a similar form with the ‘true’ value H̄

have the properties:

(i) well-posedness: given the triple [F, y, μ], one can,

(1.5) indeed, obtain x in (1.4); further with μ fixed the x obtained is unique and depends stably (continuously) on[F, y], at least for [F, y] ‘close to’ [F̄ , ȳ];

(ii) convergence: given a sequence [F, y]_k → [F̄, ȳ], appropriate choice of μ = μ_k gives x_k → x̄ via (1.4).

The condition (i) is of great practical importance. Since the regularized problem defined by [F, y, μ] is to be solved computationally, this problem should be robust. The condition (ii) is of obvious theoretical importance. It ensures that the true solution x̄ can be obtained with arbitrary precision if one will ‘pay the price’ — this is the same result as for so-called ‘well-posed problems’ although here one expects a much more rapid increase of cost with demands for increased precision to the extent that requests for more than moderate accuracy become practically infeasible.

Perhaps the best known such regularization technique is the method of Tikhonov regularization [9] in which (taking the abstract parameter μ of (1.4) to be a number α > 0) one obtains solutions x_α by solving the unconstrained minimization problem:

‖F (x) − y‖^2_Y + αJ (x) = min (x ∈ X )

(1.6)

where J (·) is a non-negative penalty function suitably chosen to incorporate a priori information about the true solution. (Often one takes J (x) := ‖Lx − z‖^2_Z where the choice of L : X → Z indicates assumptions as to the regularity of x̄; see (2.2).)

Alternatively, one may choose an explicit bound β on the penalty term J (x) and solve the constrained minimization problem ‖F (x) − y‖^2_Y = min (x ∈ X , J (x) ≤ β) (1.7)

to obtain an approximate solution x_β (using (1.7) to define (1.4) with μ replaced by β > 0). See [10] where this regularization technique is used to solve the nonlinear integral equation given by using (1.3) in (1.2).

The object of this paper is to carry out a theoretical analysis of the properties (1.5) for these two methods along the lines of the similar analysis of the method of generalized interpolation in [5] (See also Chapter 3, section 16 of Morozov [3] for a somewhat related analysis of (1.6)). This would then provide the theoretical justification for such discussions of practical numerical implementations of these methods as, for example, [4], [1], [10]. We emphasize, in particular, the relevance of our formulation (1.5)(ii) of convergence to the justification of implementations, taking not only y but the pair [F, y] as data subject to uncertainty and approximation.

The hypotheses of our convergence Theorems 3 and 4 are somewhat reminiscent of a standard theorem of topology [9] which gives continuity of the inverse for a continuous bijection from a compact Haussdorf space, thus obviating the ill-posedness of the problem if one can restrict to a compact set. It is in part the formulation of (1.5)(ii) which prevents this from being directly applicable. We show that any sequence of approximants, obtained by any admissible feasible implementation, will converge to the desired solution. Note also that the injectivity is replaced by the (minimal) weaker hypothesis of uniqueness of the presumptive limit — certainly a sine qua non for such a convergence proof without consideration of subsequences as in Theorem 2. We do, of course, impose a sort of compactness condition in the coercivity hypothesis that a bounded (hence weakly precompact) set is implicitly associated with the minimization but one should note that it is never necessary here to know this set or to involve restriction to it explicitly in the implementation. Perhaps, however, the biggest difference between our results and direct application of the Tikhonov theorem is that we obtain strong convergence from a formulation giving only weak compactness of a relevant set.

2 Well-Posedness of Regularized Problems

We will be considering, abstractly, schemes of the forms (1.6) or (1.7) for which the basic

ingredients are:

• the spaces X , Y;

• the penalty function J (·) : X → [0, ∞] (but J ≢ ∞); • the form of F (·) with a topology for perturbations.

We begin with assumptions on X , J (·):

(i) X is a Banach space and there is given a continuous

(2.1) map P_0 : X → X_0 = [another Banach space];

(ii) for each (finite) γ ≥ 0 and any sequence {x_k} in X such that J (x_k) ≤ γ and {P_0x_k} is bounded in X_0, there is a subsequence {x_{k(j)}} converging weakly in X to some x̂ for which J (x̂) ≤ γ.

The condition (ii) is essentially lower semicontinuity of J (·) together with a coercivity condition on [J (x) + ‖P_0x‖].

As a typical setting for applications, consider a Hilbert space X , a closed (densely defined) linear operator L : X → Z = [another Hilbert space], P_0 the orthogonal projection: X → X_0 := N (L) and set

J (x) := {‖Lx − z̄‖^2_Z for x ∈ D(L); ∞ else}.

(2.2)

For example, it might be convenient to take X = Y = L^2(0, 1) and let L = d/dt so J effectively penalizes the H^1-norm; here one would have X_0 = {constants}.

Suppose L were to have a continuous right inverse R : Z → N (P_0) so LRz = z for z ∈ Z. Then, given any sequence {x_k} ∈ X , we may write x_k = u_k + v_k with u_k := P_0x_k ∈ N (L) so J (x_k) = J (v_k). If J (x_k) ≤ γ < ∞ then x_k, v_k ∈ D(L) and we set z_k := Lx_k = Lv_k ∈ Z. Note that Rz_k = v_k since LRz_k = z_k = Lv_k gives (Rz_k − v_k) ∈ N (L) whereas v_k, Rz_k ∈ N (P_0). We have ‖z_k‖_Z ≤ γ^{1/2} + ‖z̄‖_Z so there is a subsequence {k(j)} for which z_{k(j)} ⇀ ẑ (weak convergence in Z) whence v_{k(j)} = Rz_{k(j)} ⇀ Rẑ =: v̂ (weak convergence in N (P_0) ⊂ X ; with that v̂ ∈ D(L) since J is lower semicontinuous for this weak topology). Since we assume {u_k} is bounded, we may extract further a subsubsequence {k^′(j)} for which also u_k0_{(j)} ⇀ û (weak convergence in N (L) ⊂ X ) so x_k0_{(j)} ⇀ (û + v̂) =: x̂. Clearly Lx̂ = Lv̂ = ẑ = w − lim z_{k(j)} so J (x_n) = ‖z_k − z̄‖^2_Z ≤ γ gives J (x̂) = ‖ẑ − z̄‖^2_Z ≤ γ and we have demonstrated (2.1)(ii). Note, also, that if we can only verify the surjectivity of L, hence the surjectivity of the restriction L_0 of L to N (P_0), then it follows from the Closed Graph Theorem that a continuous R exists as above.

We have proved the following:

Lemma 1: Let X , Z be Hilbert spaces and L : X ⊃ D(L) → Z a closed linear operator such that Lx = z is solvable for each z ∈ Z. Then, defining J (·) by (2.2) and taking P_0 to be the orthogonal projection on X_0 := N (L), we have (2.1). 2

Clearly, using J (·) as in Lemma 1 for (1.6) or (1.7) gives x_α (resp., x_β) in D(L). Similar arguments permit the construction of such J (·) for more general X th an Hilbert spaces — essentially, one needs reflexivity of N (L) and of Z and the existence of a closed complement to N (L) in X .

Next, we consider assumptions on Y and on the admissible functions F (·):

(i) Y is a Banach space; F (·) : X ⊃ D(F ) −→ Y with

(2.3) {x ∈ D(F ) ⊂ X : J (x) < ∞} nonempty;

(ii) for any sequence {x_k} in D(F ) such that

x_k ⇀ x̂ weakly in X with {F (x_k)} bounded in Y, we have x̂ ∈ D(F ) and F (x_k) ⇀ F (x̂) weakly in Y;

(iii) F (·) is ‘P_0 − coercive’: i.e., if {F (x_k)} is defined and bounded in Y then {P_0x_k} is bounded in X_0.

For (i), (iii) we are, of course, considering the same J (·), P_0 as in (2.1). We remark that (ii) and (iii) will only be applied to sequences for which {J (x_k)} is also bounded and so need be verified only in that context. Note that, for reflexive Y, the condition (ii) is equivalent to assuming that the graph of F (·) is closed with respect to sequential weak convergence in X × Y.

As a typical setting for applications, consider X , Y reflexive and F (·) of the form:

F (x) := A(z)x + G(z) with z := Bx

(2.4)

where B is a compact linear map: X → Z = [another Banach space] and A(·) : Z → B(X , Y) := [continuous linear maps: X → Y], G : Z → Y_w := [Y topologized by sequential weak convergence] are continuous nonlinear maps. If x_k ⇀ x̂ weakly in X , then one easily sees that z_k := Bx_k → ẑ := Bx̂ strongly in Z whence A_k := A(z_k) → A := A(ẑ) in B(X , Y) and g_k := G(Z_k) ⇀ ĝ := G(ẑ) weakly in Y. Now

A_kx_k − Ax̂ = (A_k − A)x_k + A(x_k − x̂)

and the first term on the right goes strongly to 0 (as ‖A_k −A‖ → 0 and {x_k} is bounded) while the second term goes weakly to 0 in Y as x_k ⇀ x̂ in X . Thus one has (2.3)(i), (ii); verification of (2.3)(iii) is likely to be more application-specific.

Theorem 1: Suppose (2.1), (2.3) hold. Then, for arbitrary y ∈ Y, each of the problems (1.6) (for arbitrary α > 0) and (1.7) (for large enough β > 0 ) has a solution, i.e., the minimum is attained in each case.

Proof : We first consider the constrained problem (1.7). Set S_β := {x ∈ D(F ) ⊂ X : J (x) ≤ β} and note that S_β must be nonempty for large enough (finite) β by (2.1)(i). Suppose {x_k} is any minimizing sequence for ‖F (x) − y‖_Y on S_β. Certainly {F (x_k)} is bounded in Y so, by (2.3)(iii), {P_0x_k} is also bounded in X_0. By (2.1)(ii), it then follows that there is a subsequence (again denoted by {x_k} for simplicity) which converges weakly in X , i.e., x_k ⇀ x̂ with J (x̂) ≤ β. Now, by (2.3)(ii) we have x̂ ∈ D(F ) (so x̂ ∈ S_β) and F (x_k) ⇀ F (x̂) weakly in Y. By the lower semicontinuity of the Y-norm, it then follows that

‖F (x̂) − y‖^2_Y ≤ lim inf ‖F (x_k) − y‖^2_Y = inf{‖F (x) − y‖^2_Y : x ∈ S_β}.

Thus the minimum over S_β is attained at x̂.

The proof for (1.6) is much the same. Given any minimizing sequence {x_k} for the unconstrained problem (1.6), we necessarily have both {‖F (x_k)−y‖} and {J (x_k)} bounded since each is non-negative and α > 0. As above, there is a subsequence converging weakly in X to some x̂ and we again obtain x̂ ∈ D(F ) and the minimum is attained at x̂. 2 This shows the existence part of (1.5)(i) for these two regularization methods. Uniqueness is rather more difficult, independent of any difficulties due to ill-posedness of (1.2). One possible way to obtain uniqueness (and continuous dependence on y) for (1.6) would be to require that the functional ‖F (x) − y‖^2_Y be convex in x, making its derivative (assuming sufficient regularity) a monotone operator so the regularizing term can provide strict monotonicity and so uniqueness of the minimizer. While this is immediate for linear F (·) in Hilbert space settings, it is likely to be somewhat restrictive for nonlinear functions, yet can, on occasion, prove useful; see [10]. A certain weaker continuity property with respect to perturbation of y ∈ Y can be obtained without imposing any new assumptions.

Theorem 2: Assume (2.1), (2.3). Fixing α > 0 in (1.6), let x_n be a minimizer for (1.6), i.e., for (1.6) with y = y_n where y_n → y_∗ in Y. Then there is some subsequence {x_{n(k)}} converging weakly in X to some minimizer x_∗ for (1.6), i.e., (1.6) with y = y_∗; if (1.6) has a unique minimizer, then x_n ⇀ x_∗. A similar result holds for (1.7). Proof : For (1.6), set Q(x, y) := ‖F (x) − y‖^2_Y + αJ (x) for x ∈ D(F ) ⊂ X and y ∈ Y. We have, for any ε > 0, existence of C_ε such that

(a + b)^2 ≤ [1 + ε]a^2 + C_εb^2 (a, b ∈ IR)

whence, as αJ ≥ 0, one has Q(x, y) ≤ (1 + ε)Q(x, y^′) + C_ε‖y − y^′‖^2_Y (x ∈ D(F ); y, y^′ ∈ Y). (2.5)

From this we obtain, with x_0 some minimizer for (1.6),

Q(x_n, y_∗) ≤ (1 + ε)Q(x_n, y_n) + C_ε‖y_n − y_∗‖^2_Y by (2.5) ≤ (1 + ε)Q(x_0, y_n) + C_ε‖y_n − y_∗‖^2_Y by minimality for x_n ≤ (1 + ε)^2Q(x_0, y_∗) + (2 + ε)C_ε‖y_n − y_∗‖^2_Y by (2.5).

The right hand side can be made arbitrarily close to the minimum Q(x_0, y_∗) by first taking ε > 0 small and then ‖y_n − y_∗‖ small enough. Hence {x_n} is a minimizing sequence for (1.6). The existence of the subsequence x_{n(k)} ⇀ x_∗ then follows as in the proof of Theorem 1 which also shows that x_∗ minimizes (1.6). Convergence of the full sequence when the limit of convergent subsequences is unique is a standard argument. The proof for (1.7) is essentially the same. 2

3 Convergence of Regularized Solutions

For our convergence analysis we assume a sequence of perturbed problems

F_k(x) = y_k

(3.1)

with data [F_k, y_k] converging, in a sense to be made precise below, to the ‘true’ data [F̄ , ȳ] of (1.1). We do not, of course, consider (3.1) directly (i.e., as an equation determining possible solutions x_k) but wish to use the data to consider a corresponding sequence of regularized problems — either using Tikhonov regularization as in (1.6) or constrained minimization as in (1.7). From the regularized problems we obtain a sequence {x_k} and, under reasonable assumptions on the problem and our approaches, we wish to demonstrate convergence to the ‘true solution’ x̄:

x_k → x̄ strongly in X .

(3.2)

For the method of Tikhonov regularization, we modify^5 (1.6) slightly and consider the unconstrained approximate minimization problem:

‖F_k(x) − y_k‖^2_Y + α_kJ (x) ≤ inf +δ_k (x ∈ D(F_k) ⊂ X )

(3.3)

where δ_k > 0 is a small parameter. (We will later take α_k → 0 and δ_k → 0 as [F_k, y_k] → [F̄ , ȳ]). Similarly, we modify^6 the regularization given through (1.7) and consider the approximate problem:

‖F_k(x) − y_k‖^2_Y ≤ inf +δ_k (x ∈ D(F_k) ⊂ X ; J (x) ≤ β_k).

(3.4)

We assume D(F_k) is nonempty and β_k is large enough that S_k := {x ∈ D(F_k) ⊂ X : J (x) ≤ β_k} ≠ ϕ (k = 1, 2, . . .) (3.5)

so (approximate) minimization over S_k is meaningful in (3.4).

Most applications can be formulated so D_k := D(F_k) = D(F̄ ) =: D_∗, independent of k — indeed, usually with D_k = D_∗ = X . Occasionally, however, it is convenient to incorporate partly in the specification of D_k a computational implementation of F_k defined, e.g., only for ‘mesh functions’. For simplicity^7 we take X as fixed and embed D_k (e.g., as a subspace) in X with suitable approximation properties familiar from the numerical analysis literature; similarly, we assume the codomain of each F_k(·) is (embedded in) the fixed Banach space Y. Note that in applications the approximating nature of F_k(·) as a perturbation of F̄ (·) includes the treatment of modelling errors, the specification of relevant parameter values (in some general form of F (·) — e.g., as the value of H in (1.3)), and also the nature of the computational implementation to be used.

The relevant notion of convergence, F_k(·) → F̄ (·), is most easily viewed as a geometric notion of convergence for the graphs, considered as subsets of X × Y. Specializing the definition from [5] to the present case, we have:

Definition : We say “{F_k(·)} is graph-subconvergent to F̄ (·)” if:

Given any subsequence {k(j)} and a sequence {x̂_j} in X such that

(3.6) x̂_j ∈ D(F_{k(j)}); x̂_j ⇀ x̂ weakly in X and ŷ_j := F_{k(j)}(x̂_j) −→ ŷ strongly in Y, we have x̂ ∈ D(F̄ ) and ŷ = F̄ (x̂).

5This modification reflects computational reality: one never actually expects to obtain the exact minimum (even when it is attained) but can find x giving values arbitrarily close to that. A side effect of this modification is that (3.3) makes sense, theoretically and computationally, even when the minimum may not be attained; this will permit us to relax somewhat the restrictions on F (·) which would be imposed by (2.3).

6The significance of the modification (replacing “= min” by “≤ inf +δk”) is the same here as was indicated above for (1.6), (3.3).

7Generalization of this framework is possible but, for our present purposes, seems an unwarranted complication.

If, in addition, we have:

For each x̂ ∈ D(F̄ ) there is some sequence {x̃_k} in X

(3.7) such that x̃_k ∈ D(F_k) with x̃_k → x̃ strongly in X and F_k(x̃_k) → F (x̃) strongly in Y

then we say “{F_k(·)} is graph-convergent to F̄ (·)”.

See [5], [6] for further discussion and some examples. We remark here that (3.7) will be needed only for x̃ = x̄, the (unique) solution of (1.1), and need only be verified for x̄.

We will continue to impose (2.1), as before, but now adjoin an additional assumption regarding the penalty function J (·):

For any weakly convergent sequence {x_k} in X ( so x_k ⇀ x_∗),

(3.8)

if J (x_k) → J (x_∗) < ∞ then the sequence {x_k} is strongly convergent in X .

It is not difficult to relate this to a geometric condition on the level surfaces of J (·): (3.8) is implied by the condition:

Given x̂ ∈ X with J (x̂) < ∞ and given ε > 0, there is a δ > 0

(3.9) and a ‘cylinder set’ C ⊂ X of the form C := {x ∈ X : |⟨ξ_k, x − x̂⟩| < δ for k = 1, . . . , K} (with each ξ_k ∈ X^∗) such that x̂ ∈ C and C ∩ {x : |J (x) − J (x̂)| < δ} ⊂ B_ε(x̂) := {x ∈ X : ‖x − x̂‖_X < ε}. It is well known that, in any uniformly convex Banach space X , the norm (or any strictly increasing function of it) has this property (3.9) —indeed, one can take K = 1 and ξ_1 to be the support functional at x̂ to {x ∈ X : ‖x‖ ≤ ‖x̂‖} in constructing C — and so J (x) := ‖x‖^2_X satisfies (3.8).

Returning to (2.2) in the setting of Lemma 1, we note that D(L) becomes a Hilbert space (a fortiori uniformly convex) under the norm [‖P_0x‖^2 + J (x)]^{1/2}; the topologies of weak convergence are compatible. If X_0 := N (L) is finite dimensional then weak convergence in X already gives strong convergence in X_0 and (3.8) is easily verified; similar considerations apply to more general convex penalty functions.

In view of the modifications of (1.6), (1.7) and our somewhat different present perspective, we discard the earlier assumptions (2.3) as possibly applying to each of the F_k(·). Instead, we introduce new assumptions on the limit problem (1.1) and on the sequence {F_k(·)}:

(i) Y is a Banach space; F̄ (·) : X ⊃ D(F̄ ) −→ Y;

(3.10) F_k(·) : X ⊃ D(F_k) → Y for k = 1, 2, . . . ; {F_k(·)} is graph-subconvergent to F̄ (·) in the sense of (3.6);

(ii) there is some sequence {x̃_k} with x̃_k ∈ D(F_k) such that x̃_k → x̄ strongly in X , J (x̃_k) → β̄, and F_k(x̃_k) → ȳ strongly in Y;

(iii) the sequence {F_k(·)} is ‘P_0-coercive’: if {F_k(x_k)} is defined and bounded in Y then {P_0x_k} is bounded in X_0.

Typically, in applications one has D(F_k) ⊃ D(F̄ ) (e.g., D(F_k) = X ) and (3.10)(iii) is automatic: one simply takes x̃_k = x̄ for k = 1, 2, . . .. Note that the earlier set of assumptions (2.3) just corresponds to (3.10) with F_k(·) = F̄ (·) = F (·).

We are now ready to demonstrate, separately, the convergence (3.2) for each of the regularization techniques: (3.3) and (3.4). We consider first the approach by constrained minimization.

Theorem 3: Assume (2.1), (3.8). Assume [F̄ , ȳ] is such that (1.1) has a unique solution x̄ ∈ X ; assume (3.10) and that y_k → ȳ strongly in Y. Let β_k → β̄ with each β_k large enough to give (3.5); this is always possible. Let {x_k} be any sequence satisfying (3.4) for each k with 0 < δ_k → 0; such sequences always exist. Then one has strong convergence: x_k → x̄ strongly in X .

Proof : By (3.10)(ii) one need only take, e.g., β_k ≥ P (x̃_k) → β̄ to have (3.5); the form of (3.4) with 0 < δ then ensures existence^8 of x_k satisfying (3.4) for each k.

Clearly {β_k} is bounded so {J (x_k)} is bounded. Since (3.4) gives

‖F_k(x_k) − y_k‖^2_Y ≤ (‖F_k(x̃_k) − ȳ‖_Y + ‖ȳ − y_k‖_Y )^2 + δ_k

and the properties of {x̃_k}, {y_k}, {δ_k} make the right hand side go to 0, we see that {F_k(x_k)} is not only bounded but, also, F_k(x_k) → ȳ strongly in Y. By (3.10)(iii), we then have {P_0x_k} bounded in X_0 as well. The assumption (2.1)(ii) then applies and we have existence of a subsequence {x_{k(j)}} such that x̂_j := x_{k(j)} ⇀ x̂ weakly in X for some x̂. Applying (3.10)(i), the definition (3.6) of graph-subconvergence ensures that x̂ ∈ D(F̄ ) and F̄ (x̂) = lim F_{k(j)}(x̂_j) = ȳ. The assumed uniqueness of the solution of (1.1) then implies that x̂ := w − lim x_{k(j)} must be x̄ and so, by a standard argument, that x_j ⇀ x̄ weakly in X .

Now suppose lim inf J (x_k) < β̄. We could then find α < β̄ with J (x_k) ≤ α for large k. Applying (2.1)(ii) to {x_k : k ≥ K} gives a subsequence {x_{k(j)}} such that x_{k(j)} ⇀ x̂ weakly in X with J (x̂) ≤ α < β̄. Since we have already shown x_k ⇀ x̄, this is a contradiction. Thus, lim inf J (x_k) ≥ β̄. On the other hand, J (x_k) ≤ β_k by (3.4) and β_k → β̄ so lim sup J (x_k) ≤ β̄. This shows J (x_k) → β̄ := J (x̄) and (3.8) gives the desired strong convergence. 2

8At this point we remark that the mere existence of such xk is not really at issue —after all, we were willing to assume (3.10)(ii). The point is that, given (3.5), we can expect a feasible implementation (for each k) enabling us actually to compute explicitly an xk satisfying (3.4). It is the convergence to x̄ of this computed sequence which is the real point of this theorem.

The argument in the case of Tikhonov regularization is rather similar. In this case we will need a condition on the sequence {α_k} of regularizing parameters — it must go to 0 but must do so ‘slowly enough’. We will be assuming y_k → ȳ in Y and existence of a sequence {x̃_k} as in (3.10)(ii). Set

ν̃_k := ‖F_k(x̃_k) − y_k‖_Y , γ̃_k := J (x̃_k).

(3.11)

We will require

(i) 0 < α_k −→ 0;

(3.12) (ii) ν̃^2_k /α_k −→ 0 and remark here that such sequences {α_k} always exist since ν̃_k → 0, noting that F_k(x̃_k) → ȳ by (3.10)(ii) and y_k → ȳ.

Theorem 4: Assume (2.1), (3.8). Assume [F̄ , ȳ] is such that (1.1) has a unique solution x̄ ∈ X ; assume (3.10) and that y_k → ȳ strongly in Y. Let α_k satisfy (3.12) and take 0 < δ_k with δ_k/α_k → 0. Then for any sequence {x_k} satisfying (3.3) we have strong convergence: x_k → x̄ strongly in X .

Proof : The form of (3.3) with α_k > 0 ensures existence of a solution x_k for each (3.3). As above for (3.4), we remark that we are interested in the particular x_k obtained by some explicit computational procedure; for this {x_k} set

ν_k := ‖F_k(x_k) − y_k‖_Y , γ_k := J (x_k).

The minimality property (3.3) gives

ν^2_k + α_kγ_k ≤ ν̃^2_k + α_kγ̃_k + δ_k.

(3.13)

The right side goes to 0 as ν̃_k → 0, α_k → 0, δ_k → 0, γ̃_k → β̄ ; hence, as in the previous proof, we have {F_k(x_k)} bounded with F_k(x_k) → ȳ strongly in y and, again by (3.10)(iii), {P_0x_k} is bounded in X_0 as well.

To bound {γ_k}, we observe that the estimate (3.10) can be divided by α_k to give

γ_k ≤ (ν̃^2_k /α_k) + γ̃_k + (δ_k/α_k).

We have assumed δ_k/α_k → 0 and, by (3.12)(ii), that ν̃^2_k /α_k → 0; by (3.10)(ii) we have γ̃_k → β̄. Thus, we have lim sup J (x_k) ≤ β̄.

(3.14)

In particular, {J (x_k)} is bounded and (2.1)(ii) applies to give existence of a subsequence {x_{k(j)}} with x_{k(j)} ⇀ x̂ weakly in X . The graph-subconvergence (3.10)(i) ensures that x̂ ∈ D(F̄ ) with F̄ (x̂) = lim F_{k(j)}(x_{k(j)}) = ȳ (since ν_{k(j)} → 0 by (3.12)).

The argument that lim inf J (x_k) ≥ β̄ is exactly as in the proof of Theorem 3 and, with (3.11), again gives J (x_k) → β̄ := J (x̄). Again, application of (3.8) gives the desired strong convergence (3.2). 2

4 An Exemplary Application

In this section we will discuss an important ill-posed inverse problem arising in ‘remote sensing’ of the atmosphere. Here one wishes to estimate the atmospheric temperature profile from infrared radiation measurements taken by a satellite at the top of the atmosphere.

The relationship between radiative intensity I and temperature T is modelled by the nonlinear integral equation

I(ν) = f_S(ν, T (a)) + ∫ b a f(ν, p, T (p)) dp (4.1)

Here ν is the wavenumber and p denotes atmospheric pressure, a monotonically decreasing function of height above the surface. The function f_S models the contribution from the surface and is continuous in both its arguments. The function f is nonlinear in T and depends smoothly on all three arguments^9. Making the identifications

y = I(·), x = T (·), and F (x) = f_S (·, x(a)) + ∫ b a f(·, p, x(p)) dp gives a nonlinear operator equation: F (x) = y. In practice, measurements of y (i.e., of I(·)) are subject to instrument error. Moreover, simplifying assumptions are used to derive the model equation (4.1). Thus we must deal with a perturbation of the underlying ‘true’ problem F̄ (x) = ȳ.

Since we expect atmospheric temperature to vary smoothly with height, we assume that x lies in X := H^1(a, b). We will make the (physically reasonable) assumption that the measurements y lie in Y := L^2(c, d). Under these assumptions, the problem: F (x) = y is ill-posed. From the continuity of f_S, the smoothness of the kernel f, and the fact that weak convergence in H^1[a, b] implies strong convergence in C[a, b], one can easily show that the operator F : X → Y is weakly continuous. If we define the penalty functional J (x) as in (2.2) with Z := L^2(a, b) and Lx := dx/dt, then the results of the previous sections hold. Numerical results using the method of Tikhonov regularization (1.6) have been obtained for this problem by O’Sullivan and Wahba [4].

Now let us consider a modification of this. In practice, at a certain height the gradient of the temperature of the atmosphere may vary quite rapidly: the dependence of temperature on height may still be smooth when viewed on a microscopic scale, but on a macroscopic scale, it is convenient to assume a jump in the derivative of x. Both the location τ and the magnitude m of this jump are unknown, and both are to be estimated. In this case we may consider the ‘parametrization’: x(t) = u(t) + m · (t − τ )H(t − τ ), (4.2)

where u ∈ H^2(a, b) and H(·) denotes the Heaviside function. The inverse problem may now be reformulated as solving F (u, m, τ ) = y for the triple [u, m, τ ] in X^′ := H^2(a, b) ×

9Details, including the exact form of fS and of the kernel f(ν, T, p), appear in [1].

IR × [a, b], where F : X^′ → L^2(c, d) : [u, m, τ ] → y is given by F (u, m, τ ) = f_S (·, u(a)) + ∫ b a f(·, p, u(p) + m · (t − τ )H(p − τ )) dp. (4.3)

A penalty functional J (x) such as (2.2) is no longer appropriate. Instead, we may consider^{10} J (u, m, τ ) = ||u||^2_H2_{(a,b)} + m^2 + (τ − a)^2.

The results of the previous sections now apply to this example. To obtain (2.1), note that when {J (u_k, m_k, τ_k)} is bounded we can extract a subsequence {k(j)} for which {u_{k(j)}} converges weakly to some u in H^2(a, b), {m_{k(j)}} converges to some m ∈ IR, and {τ_{k(j)}} converges to some τ ∈ [a, b]. To obtain (2.3)(ii), consider

x_k(t) := u_k(t) + m_k · (t − τ_k)H(t − τ_k),

(4.4) x(t) := u(t) + m · (t − τ )H(t − τ ). If {u_k} converges weakly to u in H^2[a, b], m_k → m, and τ_k → τ , we can easily show that {x_k} converges to x in C[a, b] (uniform convergence) and, from the continuity of f_S and the smoothness of f, show that {F (x_k}) converges to F (x) in Y = L^2(c, d). Theorem 1 now applies and, subject to the existence/uniqueness assumptions for the solution^{11}, so does Theorem 2. Similarly, one may verify conditions (3.8) and (3.10) to apply Theorems 3 and 4.

It is instructive to consider the contingency that the true solution does not, in fact, involve a jump. The representation above will cover this case by taking m = 0 but we note that this leaves τ indeterminate and so introduces a spurious nonuniqueness^{12} for the ‘true’ solution. Looking more carefully at, e.g., the proof of Theorem 3, we observe that the uniqueness was used only to ensure that the convergent subsequences extracted all converged to the same limit — the true solution. That would remain the case here even though different such subsequences might involve convergence to different representations of that solution. Numerical implementation of these ideas is straightforward; see Shiau [8], [7].

Extension of this analysis to the possibility of several jumps (with a bound on the number) is immediate. The extension of these ideas for solutions in two or three variables appears likely.

10Actually, to have X^0 a Banach space as in the earlier statements, we may take its last factor to be IR, rather than [a, b], and then define J to be ∞ when τ /∈ [a, b]. This leaves J lower semicontinuous, etc._{11}

Verification of the uniqueness is ‘application-specific’ and is typically the technically most difficult part of justifying these approaches.

12Actually, it would be possible to deepen the earlier analysis to note that any computational implementation would here ‘automatically’ select τ = a for the limit (due to our particular choice of penalty function) so there would really be no problem.

References

[1] Jonca, K. and C. R. Vogel, “Numerical Solution to the Magnetic Relief Problem”, in Proceedings of the Conference on Transport Theory, Invariant Imbedding, and Integral Equations, Lecture Notes in Pure and Applied Mathematics, Marcel- - Decker, to appear (1988).

[2] Liou, K-N., An Introduction to Atmospheric Radiation, Academic Press, New York, 1980.

[3] Morozov, V.A., Methods for Solving Incorrectly Posed Problems, Springer–Verlag, New York, 1984.

[4] O’Sullivan, F., and G. Wahba, “A cross-validated Bayesian retrieval algorithm for nonlinear remote sensing experiments”, J. Comp. Physics 59 (1985), pp. 441-455.

[5] Seidman, T.I., “Convergent approximation methods for ill-posed problems. Part I– General theory”, Control and Cybernetics 10 (1980) pp. 31-49.

[6] Seidman, T.I., “Convergent approximation methods for ill-posed problems. Part II– Applications”, Control and Cybernetics 10 (1980) pp. 50-71.

[7] Shiau, J., “Smooth spline estimation of functions with discontinuities”, Tech. Report #768 Univ. of Wisconsin- Madison Statistics Dept., Madison, WI (1985).

[8] Shiau, J., G. Wahba, and D.R. Johnson, “Partial spline models for the inclusion of tropopause and frontal boundary information in otherwise smooth two and threedimensional objective analysis”, Tech. Report #777 Univ. of Wisconsin-Madison Statistics Dept., Madison, WI (Dec. 1985)

[9] Tikhonov, A.N. and V.Y. Arsenin, Solutions of Ill-Posed Problems, (translated from the Russian), Wiley, New York, 1977.

[10] Vogel, C.R., “A constrained least squares method for nonlinear ill-posed problems”, preprint (1986).