Well-posedness of a dissolution-growth problem on an unbounded domain

Françoise Issard-Roch Laboratoire d’Analyse Numérique et EDP Université Paris-Sud 91405 ORSAY Cedex, FRANCE

e-mail: ⟨Francoise.Issard-Roch@math.u-psud.fr⟩

Thomas I. Seidman Department of Mathematics and Statistics University of Maryland Baltimore County Baltimore, MD 21250, USA

e-mail: ⟨seidman@math.umbc.edu⟩

ABSTRACT: We consider a spherical grain which may be growing by accretion or dissolving in a dilute solution of the same substance where one also has reaction and diffusion. The resulting free boundary problem is shown to be well-posed and additional regularity is obtained.

Key Words: Stefan Problem with surface tension, unbounded domain, Free Boundary Problem, radial geometry, system, parabolic, partial differential equation, reaction/diffusion, well-posedness, regularity.

1. Introduction

In this paper we study a simple model of a solid/liquid interface which forms a free boundary for the problem. This model is composed of a solid phase of a single substance and an incompressible liquid phase which is a dilute solution of the same substance involving both diffusion and possible chemical reaction. One interpretation of this model is the corrosion of a material in water with both dissolution of the material into the water and accretion of dissolved material to the solid possible so the interface motion need not have a fixed direction. We consider the special setting of radial symmetry in two or three dimensions.

The system evolution consists of two interacting processes: a dissolution/accretion process at the interface and a reaction/diffusion process in the liquid phase, occupying the time-varying spatial region Ω = Ω(t) ⊂ IR^d — i.e., Ω is an unbounded exterior domain and ∂Ω = ∂Ω(t) is the interface. The reaction/diffusion process is governed by the usual equation for the concentration C:

C_t = ΔC + F (C) in Q :=

(t, x) ∈ IR^{1+d} : 0 < t < τ^∗ x ∈ Ω(t) (1.1)

with the conservation boundary condition at the interface^1 ∂C ∂n = (1 − C)V_n on Σ :=

(t, x) ∈ IR^{1+d} : 0 < t < τ^∗ x ∈ ∂Ω(t) (1.2)

In (1.2), V_n is the rate of motion of the interface in its normal direction, with both this motion and ∂C/∂n taken as oriented inward to Ω(t). The

1We are considering the concentration C of a single chemical component and assume this is dilute enough that the reaction does not effectively change any other relevant concentrations so we may avoid working with a coupled reaction/diffusion system. Consideration of such a system would involve only minor modification of our arguments (if the other components remain only in the liquid phase) and is left to the reader.

As 0 < C ≪ 1, one also will find in the literature the boundary condition (1.2) simplified, replacing (1 − C) by 1 to get: ∂C/∂n = V_n; not only is (1.2) physically more correct as stated, but we need this form for our analysis, to ensure that C will take only physically meaningful values in the range [0, 1]; cf., Lemma 3.2.

constitutive law for the interface motion may be expected^2 to take the form

V_n = Λ [C − h(κ)] on Σ

(1.3)

where Λ is a rate constant, C is here the concentration in the adjacent liquid phase, and h is a suitable regular given function of the local mean curvature κ of ∂Ω (where we take κ > 0 when, for example, the solid phase would be convex).

The physical derivation originally leading to [1], [2], [6], [9], [13] and [14] was due to M. Cournil [7] and employed the Ostwald-Freundlich Law h(κ) = Γ^∗e^{γκ} (1.4)

but one might alternatively consider the frequently used exactly linear law

h(κ) = Γ^∗(1 + γκ) .

(1.5)

These match to first order; each is a reasonable approximation so long as |κ| remains small, but certainly requires correction for large |κ|.

In this paper, we assume radial symmetry so the solid is and remains a spherical ‘grain’ in dimension 2 or 3; we denote by R = R(t) the radius of the grain (so κ = 1/R) and by r := |x| the distance from the center. In this radial case, Ω(t) = {x : |x| = r > R(t)} and (1.1), (1.2), (1.3) become

C_t = C_{rr} + d − 1 r C_r + F (C) in Q := (t, r) : 0 < t < τ^∗ r > R(t) (1.6)

with C_r = (1 − C)Ṙ at r = R(t)

(1.7)

2This represents the balance — to first order — of competing reactions: adjacent free molecules in the liquid bind to the solid surface and (in the presence of energy fluctuations exceeding a threshhold) bound molecules become free. The differential in binding energy between surface and interior molecules implies a surface term in the Gibbs free energy, effectively ‘surface tension’. From the geometric fact that the derivative of local surface area with respect to normal motion of the surface is precisely the mean curvature, this makes the reaction balance curvature dependent, leading to (1.3) with 0 < Γ^� := h(0) giving the saturation concentration and 0 < γ := h^0(0)/h(0) > 0 proportional to the interfacial ‘surface tension’ at equilibrium.

and the constitutive law

Ṙ = H(R, ω) with ω := C | | | r=R(t) (1.8)

for the interface kinetics; we have in mind, but do not at this point require, the specific form H(R, ω) = Λ [ω − h(1/R)] (1.9)

directly corresponding to (1.3).

Extending [9], our treatment here is related to the analysis of F. Conrad, D. Hilhorst, and T.I. Seidman [6] who considered (1.6) in a bounded domain 0 < R(t) < r < 1 with (1.7), (1.8) at r = R(t) and with a Dirichlet condition C(t, 1) = α(t) (1.10)

specified at the outer boundary r = 1. In this setting, the problem was shown to be (locally) well-posed under rather general hypotheses regarding F, H and the data R_0, C_0, α.^3

In this paper we consider the case of radial geometry with an unbounded domain. One would expect a spatially uniform concentration Γ = Γ(t) if there were no grain at all so that (1.6) would then become an ODE

Γ̇(t) = F (Γ(t)), for t > 0. (1.11)

It is classical [8] that (1.11) has global C^{1,1} solutions under the conditions we impose on F and we assume henceforth that Γ(·) is a known solution of

3In a nonradial setting, the problem { (1.1) with F ≡ 0, (1.2), and (1.3) with (1.4) } has been studied in a 2-dimensional bounded region by F. Abergel, D. Hilhorst and F. Issard- Roch [1], by J.F. Scheid [13], [14] in the case where the interface is parametrised as y = f(x, t), and by F. Abergel, D. Hilhorst, F. Issard-Roch and J.F. Scheid [2] when Ω(t) is a more general annulus. In [1] it is proved that this problem has a unique solution in a neighborhood of the stationary solution (C, f) = (Γ^�, 0) while in [2] and [14] a result of local existence in time and uniqueness is established for more general initial data.

A quite similar problem, corresponding to a model of supersaturated solidification, was studied by J. Chadam, S.D. Howison, and P. Ortoleva in spherical symmetry [5] and by J.C. Baillon, M. Bertsch, J. Chadam, P. Ortoleva, and L.A. Peletier for a planar version [4]. These versions omit the reaction term F and impose the Dirichlet boundary condition

C = Γ^�(1 + γκ),

which corresponds to using (1.5) in (1.3) and dividing by Λ → ∞ to treat the scaled asymptotic evolution of a perturbed shape.

(1.11) which gives the behavior of the concentration in the liquid far away from the grain so C(r, t) → Γ(t) as r → ∞. More precisely, the ‘boundary condition at infinity’ are given by [C(t, ·) − Γ(t)] ∈ H^1(R(t), ∞). (1.12)

We also impose appropriate initial conditions:

R(0) = R_0 and C(0, r) = C_0(r) for r > R_0.

(1.13)

The complete problem, then, is the coupled system (P) { (1.6), (1.12), (1.7), (1.8), (1.13) }.

The purpose of this paper is to prove that (P) is well-posed. We will study the large time behavior of the growth rate R(·) in a forthcoming paper [10].

Before proceeding further, we pause to state the hypotheses we will impose throughout on the constitutive functions^4 {F, H} of the problem:

i) F is Lipschitzian on [0, 1] with F (1) ≤ 0 ≤ F (0); ii) H ∈ C^1((0, ∞) × [0, 1]) with H(·, 0) ≤ 0.

(1.14)

and on the data {R_0, Γ, C_0}:

i) 0 < R_0 < ∞;

ii) Γ(·) satisfies (1.11) with 0 < Γ_0 = Γ(0) < 1; iii) 0 ≤ C_0 ≤ 1 with [C_0(·) − Γ_0] ∈ L^2(R_0, ∞).

(1.15)

The proof of existence and uniqueness is based on a fixed point theorem for a convenient map M. The argument strategically follows that of [6] but deals with some new technical difficulties arising due to the unbounded region. In Section 2 we treat the reformulation of Problem (P) needed to be

4We remark that the regularity imposed here could later be relaxed, using a limit argument after the results presented. For example, rather than requiring Lipschitz continuity of F (·), one might ask only that it be continuous with a one-sided estimate: F (r) − F (s) ≤ L(r − s) for 0 < s < r < 1. The requirement H(·, 0) ≤ 0 in (1.14-ii) means physically that the grain cannot grow when there is no material supply; it would be equally plausible to require that H(·, 1) ≥ 0 so the grain would not shrink in the presence of an abundant supply but (see the proof of Lemma 3.2) we have no need to impose this explicitly.

able, in Section 3, to show that the map M is a well-defined contraction (for a suitably created metric) and then conclude the well-posedness argument. Finally, in Section 4 we give some additional regularity.

2. Reformulation of the problem

Much as for ordinary differential equations, we proceed locally in t so, in defining Problem (P), we restrict t to an interval [0, τ] with τ = τ(R_0) chosen to ensure that R(·) will vary in a tractable range: 0 < ā ≤ R(t) ≤ b̄ for 0 ≤ t ≤ τ (2.1)

where, for convenience, we will take ā := R_0/2 and b̄ := 2R_0. [Later, in subsection 3.3, we will discuss the ‘maximal time of existence’.]

It will be convenient to use L for a large enough Lipschitz constant both to apply to F (·) and to give (2.5), below. We also introduce the exponentially weighted inner product and norm for L^2(0, t): ⟨ζ, ζ̂⟩_λ := ∫ t 0 ζζ̂ e^{−λs} ds, ‖ζ‖_λ := [∫ t 0 ζ^2 e^{−λs}ds ]1/2 , (2.2)

where λ > 0 will be determined later and with t ∈ [0, τ] defined by context.

Our strategy will be the construction of a map M whose fixpoint will provide the desired solution. In this section we decompose (P) into subproblems (R), (C), whose composition will define M; we also provide an equivalent form (U) of (C) in which the moving boundary problem (C) is transformed into a problem (U) on the fixed unbounded domain Q̂ = Q̂_τ := [0, τ]×[0, ∞).

Note that, while we must eventually have C in the physical range (i.e., 0 ≤ C ≤ 1) for the final coupled Problem (P), this need not be the case at the intermediate steps. This requires that F (·) must, temporarily, be extended outside the physical range for its appearance in (2.1.3-i) and, similarly, that extension is needed for the conditions at r = R(t). It will be important for our arguments that these extensions — necessarily nugatory at the conclusion — should here be done in a carefully chosen way. We begin by extending F (·) to IR by setting F (z) := F (0) for z ≤ 0 and F (z) := F (1) for z ≥ 1. For the constitutive relation (1.8), we first note that (2.1) will mean we can restrict H from (0, ∞)×[0, 1], as in (1.14-ii), to [ā, b̄]×[0, 1] before extending to [ā, b̄] × IR. We wish to replace (1.14) by

i) F is uniformly Lipschitzian on IR with F (z) ≥ 0 for z ≤ 0 and F (z) ≤ 0 for z ≥ 1;

ii) H ∈ C^1([ā, b̄] × IR) with H(·, z) ≤ 0 for z ≤ 0 and H(·, z) ≠ 0 only for −1 < z < 2.

(2.3)

Given (1.14), our extension of F satisfies (2.3-i) and one can easily extend H so as to satisfy (2.3-ii). For the conservation boundary condition (1.7), we define

k(z) := { (1 − z) for z ≤ 1 (1 − z)/2 for z ≥ 1 G(r, z) := k(z)H(r, z). (2.4)

From (2.3-ii) it follows that H and G are each bounded and uniformly Lipschitzian on [ā, b̄] × IR: |H(r, z)|, |G(r, z)| ≤ M, |H(r_1, z_1) − H(r_2, z_2))|, |G(r_1, z_1) − G(r_2, z_2))| ≤ L[|r_1 − r_2| + |z_1 − z_2|].

(2.5)

2.1. The map M We construct a map M from ω to a ‘new ω’ by M : ω^{(R)}−→ R^{(C)}−→ C → C(·, R(·)) = ω_{new}, (2.1.1) i.e., we start with a function ω in L^2(0, τ) and, using the extended H, first solve the ordinary differential equation Ṙ = H(R, ω) on [0, τ] with R(0) = R_0 (2.1.2) and then, using this R(·) so this is not a free boundary problem, solve

i) C_t = C_{rr} + d − 1 r C_r + F (C) in Q := (t, r) : 0 < t < τ r > R(t) ii) C_r = G(R, C) at r = R(t) iii) C(0, r) = C_0(r) for r > R_0,

(2.1.3) corresponding to (1.6), (1.7), and (1.13) — with (1.12) entering in our later choice of solution space. We will refer to the first of these steps (2.1.2) as ‘ Problem (R): ω → R ’ and to the second step (2.1.3) as ‘ Problem (C):R → C ’. These decoupled problems (R), (C) are then coupled by ω(t) = C(t, R(t)) for 0 ≤ t ≤ τ. (2.1.4)

We note that the form of (2.1.3-ii), using G as in (2.4), differs from that of (1.7), but that these will eventually be equivalent, in view of (2.1.2), when C is in the physical range and (2.1.4) holds.

We will show in the next section that M is, indeed, well-defined by a modification of (2.1.1) (transforming so the moving boundary r = R(t) becomes the line y = 0 and we have a fixed domain) and that it has a unique fixpoint, which we will show in the following section provides the desired solution of Problem (P).

2.2. Problem (R) and transformation (C) ≡ (U)

We begin by choosing τ = τ(R_0), setting

τ := (ln 2)/M where ā := R_0/2, b̄ := 2R_0, M = M(R_0) := max{|H(r, z)|/r : r ∈ [ā, b̄], z ∈ IR}. (2.2.1)

PROPOSITION 2.1: Given any function ω ∈ L^2(0, τ), there is a unique corresponding solution R(·) of (2.1.2). This solution is Lipschitzian and satisfies (2.1).

Proof: From the definition (2.2.1) one easily sees the invariance of the closed set S := {R(·) ∈ C([0, τ]) : | ln R/R_0| ≤ ln 2} under the Picard map:

R(·) → R_0 exp [∫ t 0 [H(R(s), ω(s))/R(s)] ds ] . By (2.3-ii) and (2.5) R_0H(r, z)/r has a uniform Lipschitz constant L on [ā, b̄] × IR , so this Picard map is contractive with respect to the norm |R|_L = max{e^{−4Lt}|R(t)| : t ∈ [0, τ]}. Thus there is a unique fixpoint in S of the map — which is the desired unique solution of (2.1.2). This gives R ∈ C([0, τ]) but, as Ṙ = H(R, ω) is bounded on this compact set, R is actually Lipschitzian. The fact that R ∈ S is equivalent to (2.1).

Given R(·), we make the substitution y := r − R(t), transforming Q into Q̂ := [0, τ] × [0, ∞), as indicated earlier. We also set ψ(t, y) := Ṙ(t) + d − 1 y + R(t) , u_0(y) := C_0(y + R_0) − Γ_0 .

(2.2.2)

Since the input R(·) will later always be the output of Problem (R), we can assume (2.1) and that R(·) is absolutely continuous with Ṙ = H(R, ω) bounded so ψ(·) will be bounded on Q̂.

It is not difficult to see that using this substitution to define u(t, y) := C(t, r) − Γ(t) gives a solution u of

i) u_t = u_{yy} + ψ(t, y)u_y + [F (u + Γ) − F (Γ)] in Q̂ := [0, τ] × [0, ∞) ii) u_y = G(R, u + Γ) at y = 0 iii) u(0, y) = u_0(y) := C_0(y + R_0) − Γ_0 for y > 0,

(2.2.3)

if and only if C = u + Γ is a solution of (2.1.3). We refer to (2.2.3) as ‘Problem (U): R → u’.

We have, then, the equivalent construction for the map M M : ω^{(R)}−→ R^{(U)}−→ u → [u(·, 0) + Γ(·)]. (2.2.4)

This form will be more convenient for showing solvability and for the computations showing contractivity of M with respect to ‖ · ‖_λ.

To have defined the map M, it is necessary to supplement Proposition 2.1 by showing that the step (U) is also well-defined. We first consider this in the context of u ∈ UU := L^∞([0, τ] → H) ∩ L^2([0, τ] → V), (2.2.5)

with H = L^2(0, ∞) and V = {v ∈ H : v_y ∈ H} so V → H → V^′. The Hilbert space norm on H will be denoted by ‖ · ‖. We then consider H_∗ = L^2_μ(0, ∞) with μ(y) := (1 + y)^{d−1} — defined as the closure of C^∞_0 [0, ∞) with respect to the Hilbert space norm (denoted by ‖ · ‖_∗) obtained from the weighted inner product ⟨f, g⟩_∗ := ∫ ∞ 0 f(y)g(y) (1 + y)^{d−1} dy

— and the corresponding space V_∗ = {v ∈ H_∗ : v_y ∈ H_∗}. This choice of weight μ gives a norm equivalent to the r^{d−1}-weighted norm coming from the use of polar coordinates in the context of L^2(IR^d \ [ grain ]). For u_0 ∈ H_∗ we will show that

u ∈ UU_∗ := L^∞([0, τ] → H_∗) ∩ L^2([0, τ] → V_∗).

(2.2.6)

PROPOSITION 2.2: Assume (1.14) and let R(·) satisfy (2.1.2), (2.1). Then, for each u_0 ∈ H = L^2(0, ∞), there is a unique solution of (2.2.3) as in (2.2.5); further, if u_0 ∈ H_∗, then we have (2.2.6).

Proof: Set f(t, u) := F (u + Γ(t)) − F (Γ(t)) and let ĝ = ĝ(·, u) be the right hand side of (2.2.3-ii) for the given R, i.e.,

ĝ(t, z) := G(R(t), z + Γ(t)) = { H(R(t), z + Γ(t))(1 − Γ(t) − z) (z ≤ 1) H(R(t), z + Γ(t))(1 − Γ(t) − z)/2 (z ≥ 1),

using (2.4). By our assumptions, there are L, M > 0 such that |ψ| ≤ M, |f(·, z_1) − f(·, z_2)|, |ĝ(·, z_1) − ĝ(·, z_2)| ≤ L|z_1 − z_2| (2.2.7)

for all z_1, z_2. Multiplying (2.2.3-i) by a smooth function φ with compact support, one gets ⟨φ, u_t⟩ + ⟨φ_y, u_y⟩ = ⟨ψφ, u_y⟩ + ⟨φ, f(·, u)⟩ − φĝ(·, u) | | y=0 (2.2.8)

with ⟨·, ·⟩ indicating the inner product of H — reducing to an integral over [0, ℓ] for some ℓ > 0, depending on the support of φ.

We now apply a fairly standard Galerkin argument for existence. Given span{φ_1, . . .} simultaneously dense in H, V, we set H^ν := span {φ_1, . . . , φ_ν} for ν = 1, 2, . . . and seek u = u^ν taking values in H^ν such that (2.2.8) holds for all (smooth) H^ν-valued φ. This is an ordinary differential equation in the finite dimensional space H^ν, so unique existence of each u^ν is standard. Taking φ = 2u = 2u^ν in (2.2.8), we get an estimate d dt ( ‖u‖^2 ) + 2‖u_y‖^2 ≤ a + b‖u‖^2 + c‖u‖‖u_y‖ (2.2.9) with a, b, c depending only on L, M of (2.2.7), estimating u(·, 0) by

u^2 | | y=0 = −2 ∫ ∞ 0 uu_y dy ≤ 2‖u‖‖u_y‖. (2.2.10)

Noting that 2c‖u‖‖u_y‖ ≤ ‖u_y‖^2 + c^2‖u‖^2 and subtracting ‖u_y‖^2 from each side of (2.2.9), we may apply the Gronwall Inequality to get ‖u(t, ·)‖^2, ∫ τ 0 ‖u_y‖^2 dt ≤ bound = B

(2.2.11)

where B is independent of ν, depending only on L, M, ‖u_0‖, τ.

At this point we must be somewhat careful, as the embedding V → H is not compact for the unbounded interval [0, ∞). We do note that, for any choice of ℓ > 0, we may restrict our functions spatially to [0, ℓ] so (2.2.11) gives uniform bounds for u^ν in L^2 ([0, τ] → H^1(0, ℓ)) whence also, using the differential equation, for u^ν_t in L^2 ([0, τ] → H^{−1}(0, ℓ)). The Aubin Compactness Theorem [3] then gives {u^ν} in a compact subset of L^2 ([0, τ] → H^σ(0, ℓ)) for any σ < 1 and we may thus extract a subsequence which is weakly convergent in L^2([0, τ] → V) to some ū and strongly convergent to ū in L^2 ([0, τ] → H^σ(0, ℓ)) — indeed, we may do this extraction so the same subsequence works for every ℓ > 0.

Fixing this subsequence, we return to (2.2.8) with φ ∈ L^2([0, τ] → H^{ν̄}) for some fixed φ, ν̄. Then (2.2.8) holds for each u^ν with ν ≥ ν̄. The spatial support of this φ will be in [0, ℓ] for some ν-dependent ℓ so we need only consider (2.2.8) in the sense of L^2(0, ℓ) inner products. Note that trace theory gives u^ν | | | y=0 → ū | | | y=0 if we took σ >^1_2 above. Hence, applying Krasnosel’skĭi’s Theorem on the continuity of Nemytsky operators to the nonlinearities f and ĝ, we see that ū also satisfies (2.2.8) for this φ. As the set of such functions φ is dense in, say, L^2([0, τ] → V), we can see that ū is, indeed, a weak solution.

Uniqueness follows immediately from the estimates in the next subsection (specialized to R, u_0 fixed) so we avoid repetition by omitting this here.

For the case: u_0 ∈ H_∗, we already know unique existence as above, since H_∗ ⊂ H. To see (2.2.6) it is appropriate to use essentially the argument above with ⟨·, ·⟩_∗ now the μ-weighted inner product of H_∗ with μ = (1+y)^{d−1}; the only change required is the insertion of an additional term in this weak formulation, coming from the involvement of μ in the integration by parts of

∫ ∞ 0 φ u_{yy} μ dy. We get ⟨φ, u_t⟩_∗ + ⟨φ_y, u_y⟩_∗ = ⟨ψφ, u_y⟩_∗ + ⟨φ, f(·, u)⟩_∗ − ⟨φ(μ_y/μ), u_y⟩ − φG(·, u) | | | y=0 (2.2.12)

and, as μ_y/μ is bounded, the rest of the argument is unchanged.

3. Well-posedness for (P)

In this section we use the mapping M just constructed to show wellposedness for Problem (P) on the time interval [0, τ] as in (2.2.1). THEOREM 3.1: Assume the hypotheses (1.14) for the constitutive functions F, H and (1.15) for the data R_0, Γ, C_0. Then there exists a unique solution pair (R, C) of Problem (P)= { (1.6), (1.12), (1.7), (1.8), (1.13) } on [0, τ] with 0 ≤ C ≤ 1 (and R_0/2 ≤ R ≤ 2R_0) and the map: (R_0, C_0) → (R, C) is continuous for suitable topologies.

The proof proceeds by showing contractivity of the map M with respect to the norm ‖ · ‖_λ for some λ. For this we will need estimates for differences of solutions of (2.1.2) and (2.2.3); similar estimates will also be needed for the continuous dependence on initial data. These will be obtained in subsection 3.1; in subsection 3.2 we complete the proof of Theorem 3.1 and the maximal interval of existence (0, τ^∗) is considered in subsection 3.3.

3.1. Estimates for differences

Our immediate objective will be the contractivity of the map M with respect to the norm ‖·‖_λ for some choice of λ in (2.2). For this the only relevant datum is ω but, to make more efficient use of our estimation for differences of solutions, we also consider now the variation of the initial data (R_0, u_0) relevant to well-posedness. We keep the functions H, F, Γ fixed throughout and assume that R_0 is limited to some specified interval

0 < R_∗ ≤ R_0 ≤ R^∗

(3.1.1)

so the Lipschitz constants in (2.3), (2.5) hold uniformly; we then fix τ accordingly so this works uniformly. Similarly, also imposing a bound on ‖u_0‖ makes the estimate (2.2.11) uniform.

Notation: We will consider two data sets: (ω_j, R_{0,j} u_{0,j}) for j = 1, 2 so correspondingly we have solutions (R_j, u_j) of (2.1.2)_j and (2.2.3)_j with η_j := u_j(·, 0); note that if R_{0,1} = R_{0,2} and u_{0,1} = u_{0,2}, then we would just have M(ω_j) := η_j. It will be convenient to set

F_j := F (·, u_j), ψ_j := Ṙ_j + d − 1 y + R_j , ĝ_j := G(R_j, η_j + Γ).

For the various functions, we here use the same letter without the superscript index to denote the difference so

R := R_1 − R_2, u := u_1 − u_2, ĝ := ĝ_1 − ĝ_2, etc.;

in particular, η := η_1 − η_2 = u(·, 0).

As noted, the constants L, M, B of (2.3), (2.5), (2.2.11) are fixed. The letter K will here be used generically to denote a constant (different at different occurrences) which may depend^5 on these, on (3.1.1) and τ, etc., and on prior occurrences of K, but not otherwise on the data or solution and not on any choice of the parameter λ. Finally, we introduce the abbreviation [ · ·]_λ for the integral ∫ t 0 · · e^{−λs} ds with the parameter λ as in (2.2).

First consider (2.1.2)_j for j = 1, 2, multiply the difference by 2Re^{−λt}, and integrate over [0,t]. Noting that ( |R|^2e^{−λt} ) ˙ = e^{−λt} ( 2RṘ − λ|R|^2 ) , one has

|R|^2e^{−λt} + λ[|R|^2]_λ = |R_0|^2 + [2RṘ]_λ.

Next consider the weak form (2.2.8)_j, taking φ = 2ue^{−λt}. Subtract these for j = 1, 2 and then integrate over [0, t] to obtain

‖u‖^2e^{−λt} + λ[‖u‖^2]_λ + 2[‖u_y‖^2]_λ = ‖u_0‖^2 + 2[⟨u, F ⟩]_λ − 2[ηĝṘ_1]_λ − 2[ηg_2Ṙ]_λ + 2[⟨u, ψ_1u_y + ψu_{2,y}⟩]_λ.

(3.1.2)

5We may temporarily write K_δ to indicate dependence on some δ > 0 not yet chosen (in particular, in writing, e.g., L‖u‖‖u_y‖ ≤ δ‖u_y‖^2 + K_δ ‖u‖^2 where we would actually have K_δ = L^2/4δ in this case.

At this point we list our preliminary estimations: i] |Ṙ| = |H(R^1, ω^1) − H(R^2, ω^2)| ≤ L[|R| + |ω|] and ii] 2⟨u, F ⟩ ≤ 2L‖u‖^2 by (2.3). iii] 2⟨u, ψ_1u_y⟩ ≤ 2M‖u‖‖u_y‖ ≤ δ‖u_y‖^2 + K_δ‖u‖^2, iv] |ψ| ≤ |Ṙ| + [(d − 1)/R^2_∗] |R| ≤ K[|R| + |ω|]. v] 2⟨u, ψu_{2,y}⟩ ≤ K[|R| + |ω|]‖u‖‖u_{2,y}‖ ≤ K [|R|^2 + |ω|^2] + β‖u‖^2; see below. vi] 2ηĝ ≤ 2L|η|[|R| + |η|] by (2.5) ≤ K|R|(‖u‖‖u_y‖)^{1/2} + K‖u‖‖u_y‖ ≤ K|R|‖u‖ + K|R|‖u_y‖ + K‖u‖‖u_y‖ ≤ 2δ‖u_y‖^2 + K_δ|R|^2 + K_δ‖u‖^2.

(3.1.3)

In v] above we have set β = β(t) := ‖u_{2,y}(t, ·)‖^2.

With the aid of the estimates (3.1.3) we then obtain: |R|^2e^{−λt} + λ[|R|^2]_λ ≤ |R_0|^2 + 2L[|R| (|R| + |ω|) ]_λ ≤ |R_0|^2 + [|ω|^2]_λ + (2L + L^2)[|R|^2]_λ

whence

|R|^2e^{−λt} + λ[|R|^2]_λ ≤ |R_0|^2 + [|ω|^2]_λ if λ ≥ (1 + L)^2.

(3.1.4)

We also obtain

‖u‖^2e^{−λt} + λ[‖u‖^2]_λ + 2[‖u_y‖^2]_λ ≤ ‖u_0‖^2 + 3δ[‖u_y‖^2]_λ + K_δ[|R|^2 + |ω|^2]_λ + (K_δ)[‖u‖^2]_λ + K[β‖u‖^2]_λ

(3.1.5)

for arbitrary λ; take δ = 1/3 and this becomes

‖u‖^2e^{−λt} + λ[‖u‖^2]_λ + [‖u_y‖^2]_λ ≤ K_0 + K ∫ t 0 (1 + β(s)) ( ‖u‖^2e^{−λs} ) ds with K_0 = K_0(t) := ‖u_0‖^2 + K[|R|^2 + |ω|^2]_λ .

(3.1.6)

Note that (2.2.11) gives b(t) := K ∫ t 0 (1 + β ≤ b(τ) ≤ Kτ + KB = K. As K_0(t) in (3.1.6) is nondecreasing, we may consider this on any interval [0, σ] with 0 < σ ≤ τ and replace K_0 by K̄ = K_0(σ) to get ζ(t) ≤ K̄ + ∫ t 0 b^′ζ ds with ζ(t) := ‖u‖^2e^{−λt} so ζ(t) ≤ K̄e^{b(t)} on [0, σ] by the Gronwall Inequality. Integrating, we get K̄ + ∫ σ 0 b^′ζ ds ≤ K̄ + K̄ ( e^{b(σ)} − 1 ) ≤ K̄e^{b(τ)} so, replacing σ by t here as σ ≥ t was arbitrary, we see that the right hand side of (3.1.5) is bounded by KK_0 with K = e^{b(τ)}. Using (3.1.4) to estimate [|R|^2]_λ in (3.1.6), we have our second fundamental estimate

‖u‖^2e^{−λt} + λ[‖u‖^2]_λ + [‖u_y‖^2]_λ ≤ K ( ‖u_0‖^2 + |R_0|^2 + [|ω|^2]_λ ) (3.1.7) for any λ ≥ (1 + L)^2.

3.2. Well-posedness for (P) In this subsection we complete the proof of Theorem 3.1. Our principal tool for this will be the estimates (3.1.4), (3.1.7) above, but we first need a Lemma, later used to assure us that the fixpoint of M provides a solution of Problem (P).

LEMMA 3.2: Assume the hypotheses (1.14) and (1.15) and, in addition, that the initial data C_0 satisfies ∫ ∞ R0 |C_0(r) − Γ_0|^2r^{d−1} dr < ∞.

(3.2.1) Suppose the map M has a fixpoint ω to which there corresponds, via (2.1.2), (2.2.3), a solution pair (R, u) and so a solution C of (2.1.3) — inverting our substitution so C(t, r) := u(t, y) + Γ(t), ω(t) = C(t, R(t)) − Γ(t). (3.2.2) Then this function C satisfies 0 ≤ C ≤ 1 ae on Q.

Proof: The assumption (3.2.1) means that u_0 ∈ H_∗ so u satisfies (2.2.6) by Proposition 2.2 and we use (2.2.12), written in terms of r so ⟨φ, ψ⟩_∗ := ∫ ∞ R(t) φ(r)ψ(r) r^{d−1} dr ( ‖φ‖^2_∗ := ⟨φ, φ⟩_∗ ) . From (2.1.3), this gives ⟨φ, C_t⟩_∗ + ⟨φ_r, C_r⟩_∗ = ⟨φ, F (C)⟩_∗ − [ φk(C)Ṙr^{d−1} ]| | r=R(t) (3.2.3)

for suitable φ. Note also the identity ⟨φ, φ_t⟩_∗ = d dt [ 1 2 ‖φ‖^2_∗ ] +^1_2Ṙ [ r^{d−1}φ^2 ]| | r=R(t) . Now consider: (a) φ = C_− := min{C, 0} and (b) φ = (C − 1)_+ := max{C − 1, 0}. In either of these cases, by a theorem of Stampacchia [15] and noting (2.3-i), we have ae

φC_t = φφ_t φ_rC_r = |φ_r|^2 φF (C) ≤ 0.

Thus, in each case we have d dt [ 1 2 ‖φ‖^2_∗ ] + ‖φ_r‖^2_∗ = ⟨φ, F (C)⟩_∗ − ṘR^{d−1} [ 1 2 φ^2 + k(C)φ ]| | r=R ≤ −ṘR^{d−1} [ 1 2 φ^2 + k(C)φ ]| | r=R . (3.2.4)

In case (a), having φ ≠ 0 means φ = C < 0 so Ṙ = H(R, C) ≤ 0 by (2.1.2)=(1.8), (2.3-ii) and we have 1 2 φ^2 + k(C)φ =^1_2 φ^2 + (1 − φ)φ = φ −^1_2 φ^2 < 0.

For the case (b), on the other hand, φ ≠ 0 means C > 1 so k(C) = −^1_2 φ here and the right hand side of (3.2.4) vanishes. In either case the right hand side of (3.2.4) is always nonpositive^6 and, as (1.15-iii) gives φ | | | t=0 = 0, integration

6We remark that if we had imposed the further requirement that H(·, 1) ≥ 0 as part of (1.14-ii), then we could have used the more ‘natural’ extension G(r, z) := 0 for z ≥ 1 since in case (b) we would have Ṙ = H(R, C) ≥ 0 when φ ≠ 0 gives C > 1.

in t of the differential inequality (3.2.4) gives φ ≡ 0. For case (a) this gives C ≥ 0 and for case (b) it gives C ≤ 1.

With this in hand, we are ready to prove our well-posedness result.

Proof (of Theorem 3.1): From Propositions 2.1 and 2.2 we know that M is a well-defined selfmap of L^2(0, τ) and now wish to show that it is strictly contractive with respect to the norm ‖ · ‖_λ — i.e., that

‖M(ω_1) − M(ω_2)‖_λ ≤ ϑ‖ω_1 − ω_2‖_λ with ϑ < 1

for arbitrary ω_1, ω_2 ∈ L^2(0, τ). Since R_{0,1} = R_{0,2} and u_{0,1} = u_{0,2} here, we have M(ω_1)−M(ω_2) = η = u(·, 0) in the notation of the previous subsection. Now suppose λ is taken greater than (1 + L^2) (so (3.1.7) will apply) and also greater than 4K^2, with K as in (3.1.7), so |η|^2 ≤ ‖u‖‖u_y‖ ≤ 1 4K ‖u_y‖^2 + K‖u‖^2 ≤ (λ‖u‖^2 + ‖u_y‖^2)/ 4K.

(3.2.5)

From this and (3.1.7) with t = τ and noting that, in considering M the initial data is fixed so R(0) = 0 and u(0, ·) = 0 here, we then have

[|η|^2]_λ ≤ [(λ‖u‖^2 + ‖u_y‖^2]_λ) / 4K ≤^1_4[|ω|^2]_λ

— which gives the contractivity estimate with ϑ = 1/2 for such λ.

By Banach’s Contraction Mapping Principle, there is then a unique fixpoint ω of M and so a corresponding solution pair (R, u) for (2.1.2), (2.2.3). The construction of the map M depends on the initial data (R_0, u_0) so, of course, (ω, R, u) will also depend on these. If we consider two sets of initial data: (R_{0,j}, u_{0,j}) for j = 1, 2, then η_j = ω_j for the fixpoints and, on substituting (3.2.5) into the right hand side of (3.1.7), we get

‖u‖^2e^{−λt} + λ[‖u‖^2]_λ + [‖u_y‖^2]_λ ≤ K ( ‖u_0‖^2 + |R_0|^2 ) (3.2.6)

whence, returning to (3.1.4), we also get |R|^2e^{−λt} + λ[|R|^2]_λ ≤ K ( ‖u_0‖^2 + |R_0|^2 ) . (3.2.7)

This shows the continuous dependence on the initial data of the fixpoint ω and of the corresponding solution pairs (R, u).

Note that in obtaining the estimates leading to (3.2.6), (3.2.7) we have implicitly taken ‖ · ‖ throughout to indicate, as in (2.2.11), the usual norm of H = L^2(0, ∞). Following the proof of Proposition 2.2, we note that all the estimates still hold — with some changes of the values of the constants K — if one were instead to have used the weighted norm ‖ · ‖_∗ of H_∗ so we also have continuous dependence in that context. We further note that the continuity estimate (3.2.6) may be translated into continuous dependence for the corresponding functions C as in (3.2.2), although it is difficult to express this as a direct comparison because of the varying domain.

Finally, in view of our introduction of ‘extensions’ outside the physical range, we must actually show that this fixpoint of M does, indeed, provide the desired solution of Problem (P). If u_0(y) := C_0(y + R_0) − Γ_0 happens to correspond to C_0 satisfying (3.2.1), then Lemma 3.2 gives 0 ≤ C ≤ 1 (i.e., 0 ≤ u + Γ ≤ 1) for all (t, y) ∈ [0, τ] × [0, ∞) so the extensions become nugatory — see the beginning of section 2 — and we do have a solution of Problem (P). Noting that, conversely, any solution of (P) gives a fixpoint of M, we then have well-posedness of Problem (P) in the context of H_∗.

Such initial data are L^2-dense: if we are given any C_0 satisfying (1.15-iii), then we may find a sequence (C^ν_0 ) — satisfying 0 ≤ C^ν_0 ≤ 1 and (3.2.1) for each ν — for which, correspondingly, u^ν_0 → u_0 in H = L^2(0, ∞). By (3.2.6) this gives u^ν → u for the solutions in the sense, say, of L^2([0, τ] → H^1(0, ∞)). By Lemma 3.2 we have 0 ≤ u^ν + Γ ≤ 1 for each ν and this inequality is preserved in the limit: 0 ≤ [u + Γ] = C ≤ 1. Thus, we see that the fixpoint of M does, indeed, provide the desired solution of (P) so that Problem (P) is well-posed in this more general context as well.

3.3. Maximal time of existence

The results obtained in Theorem 3.1 give well-posedness locally in time — for some interval [0, τ] with τ = τ_1 = τ(R_0) obtained through (2.2.1). As is standard for ODEs, we note that the problem may be restarted at t = τ_1 to get existence of a solution on [τ_1, τ_2], where τ_2 = τ_1 + τ(R(τ_1)), with a simple verification that this provides, by concatenation, a (unique) solution on [0, τ_2] . . . and, of course, this construction can be iterated. A Zorn’s Lemma argument (ordering solutions by their interval of existence and noting the uniqueness in Theorem 3.1) gives existence of a unique solution (R, C) of the problem with a maximal interval of existence (0, τ^∗). We are now concerned with the possibility that τ^∗ < ∞ and will defer to the forthcoming paper [10] discussion of the asymptotic behavior of R(t) as t → ∞ when τ^∗ = ∞.

THEOREM 3.3: Adjoin^7 to our hypotheses (1.14) a linear growth condition:

H(r, ω) ≤ K(1 + r) for r > 0 and 0 ≤ ω ≤ 1.

(3.3.1)

Then τ^∗ < ∞ is possible only if R(t) → 0 as t ↗ τ^∗.

If, in addition to (1.14) and (3.3.1), we have H(r, ω) ≥ −K_0r for 0 < r ≤ r_0, 0 ≤ ω ≤ 1, (3.3.2)

then we must have global existence: τ^∗ = ∞.

Proof Since we know 0 ≤ C ≤ 1 for solutions, the condition (3.3.1) gives a differential inequality Ṙ ≤ K(1 + R) which, using the Gronwall Inequality, shows that R(·) remains bounded on bounded intervals: we cannot have blowup in finite time. If we were not to have R(t) → 0 as t ↗ τ^∗, there would be a sequence t_n ↗ τ^∗ for which R(t_n) → R_∗ > 0. We now observe that one could restart the problem at any t_n to get continued existence of the solution on (t_n, t_n + τ(R(t_n))), with τ(R) again given by (2.2.1), so one would have existence of a solution on [0, τ_n] with τ_n = t_n + τ(R(t_n)). Since τ(R(t_n)) → τ(R_∗) > 0, this gives τ_n → τ^∗ + τ(R_∗) > τ^∗, which would contradict the maximality of τ^∗.

It then follows from (3.3.2) that ( e^{K0t}R ) ˙ ≥ 0, which bounds R(·) away from 0 on finite time intervals so we cannot have τ^∗ < ∞.

We observe that (3.3.1) (respectively, (3.3.2)) are each sufficient, but not necessary, to ensure the impossibility of having R → ∞, (respectively, R → 0) in finite time. It can also be shown, although we omit the analysis, that in the case τ^∗ < ∞ (necessarily, then, with R(τ^∗−) = 0 if we have assumed (3.3.1)) we would have suitable convergence of C(t, ·) for r > 0 as t ↗ τ^∗ to

7This is automatic in the case (1.9) with h(·) as in (1.4) or (1.5) for example.

get admissible initial data for the reaction/diffusion equation (1.1) — now on IR^d with the condition (1.12) at infinity but with no ‘inner’ boundary condition — to restart that reduced problem for the liquid phase alone at t = τ^∗ with global existence of a solution continuation.

4. Additional regularity of solutions

In this section we use a ‘bootstrap’ argument to prove some additional regularity for the solution (R, C) of (P). For simplicity, we suppose that the kinetics of dissolution and growth are given by (1.9).

Before proceeding, we recall some technical properties (taken, e.g., from [11], [12]). For any convenient (fixed) choices of δ ≥ 0, l > 0, T > 0, s ≥ 0 we write, for brevity, Q_δ := (δ, T ) × (0, ℓ − δ) and W^s_δ for the Sobolev space H^{2s,s}(Q_δ), as defined in [11].

LEMMA 4.1: Suppose δ, ℓ, T, s are as above. Then

1. One has H^{s0} (δ, T ) ⊂ H^s(δ, T ), W^{s0}_δ ⊂ W^s_δ when 0 ≤ s^′ ≤ s;

For any ϑ ∈ C^∞(IR) (i.e., with uniform bounds on each derivative), if ω ∈ H^s(0, T ) or w ∈ W^s_δ , then ϑ ∘ ω ∈ H^s(0, T ), ϑ ∘ w ∈ W^s_δ , respectively.

If w ∈ W^s_δ and satisfies w ≥ η on Q_δ for η > 0 then 1/w ∈ W^s_δ

2. H^s(δ, T ) ⊂ C^k([δ, T ]) when s > k +^1_2 ; in particular, H^s(δ, T ) ⊂ L^∞(δ, T ) when s >^1_2 ;

If s ≥ 1 and s^′ < ⌊s⌋ + 1/2, then W^s_δ embeds in the Hölder space C^{2s0,s0} (Q_δ);

H^s(0, T ) ∩ L^∞(0, T ) is an algebra (i.e., a product ω_1ω_2 is there when both ω_j are);

W^s_δ ∩ L^∞(Q_δ) is an algebra.

3. If w ∈ W^s_δ , then w_y ∈ W^{s−1/2}_δ when s > 1/2;

If w ∈ W^s_δ , then w(·, 0) ∈ H^{s−1/4}(δ, T ) when s > 1/4 provided s − 1/4 is not an integer.

4. If [w_t − w_{yy}] =: f ∈ W^s_δ and w_y(·, 0) =: g ∈ H^{s+1/4}(δ, T ), then w ∈ W^{s+1}_δ0 for any δ^′ > δ provided neither s nor 2s is of the form [integer +^1_2 ].

THEOREM 4.2: Let (R, C) be the solution of (P) on (0, T ); assume that T < τ^∗ and that R ≥ η > 0 on [0, T ]. Suppose [C_0(·) − Γ_0] ∈ H^1(R_0, ∞) and the constitutive functions F in (1.6) and h in (1.9) are infinitely differentiable. Then R and C are infinitely differentiable^8 on (0, τ^∗] and on Q := {(t, r) : 0 < t ≤ τ^∗, r ≥ R(t)}, respectively.

Proof: The argument will be a bootstrapping induction on the degree of regularity. It is again convenient to convert (P) to its fixed-domain version, as in subsection 2.2, by introducing y = r − R(t) and u(t, y) = C(t, r) − Γ(t). As there, u satisfies (2.2.3) in Q̂ = [0, T ] × [0, ∞]; we now restrict u to some bounded domain (as Q_0 in Lemma 3.5) so

i) u_t − u_{yy} = f in Q_0 := (0, T ) × (0, ℓ) with f := ψu_y + [F (u + Γ) − F (Γ)], ii) u_y = (1 − Γ − u)Ṙ at y = 0

(4.1)

In (4.1-i) we have ψ := Ṙ + (d − 1)/(y + R) as in (2.2.2); in (4.1-ii) we have simplified from (2.2.3) since we now know that 0 ≤ u + Γ = C ≤ 1. Since we will only use (4.1) for point 4 in Lemma 4.1, we have found it unnecessary to note any initial conditions or boundary conditions at y = ℓ.

1) Inductive step: (for ν > 3/4 with 4ν not an integer) we show u ∈ W^ν_δ =⇒ u ∈ W^{ν+1/4}_δ0 (4.2)

for any δ^′ > δ.

Recall from (2.1.2) with (1.9) that the function R is now given by

Ṙ(t) = Λ [u(t, 0) + Γ(t) − h(1/R(t))] for t ∈ (0, T ] (4.3)

so Lemma 4.1 gives u(·, 0) ∈ H^{ν−1/4}(δ, T ) for u ∈ W^ν_δ . Note also that, from (1.11) with F smooth, we know that Γ(·) is infinitely differentiable (with 0 ≤ Γ ≤ 1) and, with our assumptions, we know that 0 < η ≤ R(t) ≤ bound =: η̄ so (cf., Lemma 4.1) h(1/R) is as smooth as R(·). Standard ODE theory then shows from (4.3) that u(·, 0) ∈ H^{ν−1/4}(δ, T ) =⇒ R(·) ∈ H^{ν+3/4}(δ, T ), Ṙ ∈ H^{ν−1/4}(δ, T ). (4.4)

8We have imposed hypotheses giving infinitely differentiability — but note that the inductive argument can easily be interrupted to give lesser regularity under weaker hypotheses on F (·) and h(·).

We wish to apply Lemma 4.1 through (4.1). Set g := (1 − Γ − u)Ṙ; since we always have u(·, 0) ∈ L^∞(δ, T ) (as Γ ∈ C^∞ and 0 ≤ u + Γ ≤ 1), we note similarly that Ṙ ∈ L^∞(δ, T ) whence g ∈ H^{ν−1/4}(δ, T ). (4.5)

We further note, from the definitions of W^ν_δ and of ψ, that ψ, ψ_y ∈ W^{ν−1/4}_δ ∩ L^∞(Q_δ) (4.6)

since R ≥ η keeps (y + R) ≥ η so we may apply Lemma 4.1 as earlier.

Suitably extending F in C^∞(IR) from [0, 1], we have [F (u+Γ)−F (Γ)] also in W^ν_δ by Lemma 4.1. We cannot apply Lemma 4.1 directly to the product ψu_y since we do not know that u_y is bounded. However, we note that we do know ψ, ψ_y, u are each bounded and that ψu_y = (ψu)_y − ψ_yu so using (4.5) gives (by Lemma 4.1) that ψ_yu ∈ W^{ν−1/4}_δ and that ψu ∈ W^{ν−1/4}_δ whence, again by Lemma 4.1, one has (ψu)_y ∈ W^{ν−3/4}_δ . Combining gives f ∈ W^{ν−3/4}_δ in (4.1-i) and, using (4.5) for g in (4.1-ii), we may now apply Lemma 4.1 with s := ν − 3/4 to get u ∈ W^{s+1}_δ0 = W^{ν+1/4}_δ0 for any δ^′ > δ — provided s does not hit one of the inadmissible values. We have thus shown the inductive step.

2) Starting step: Proposition 2.2 and Theorem 3.1 give (2.2.5), i.e., u ∈ UU := L^∞([0, τ] → H) ∩ L^2([0, τ] → V), where H = L^2(0, ∞) and V = {v ∈ H : v_y ∈ H}. Moreover, if u_0 ∈ H^1(0, ∞), we prove below in Lemma 4.2 that u ∈ L^2([0, τ] → H^2(0, ∞)), u_t ∈ L^2(Q̂) so u is in W^1_0 for all ℓ > 0. To avoid the inadmissible values of ν, we may use Lemma 4.1 to get u ∈ W^ν_δ with ν = ν_0 slightly less than 1 (say, 3/4 < ν_0 < 1) and δ = δ_0 = 0.

3) Finally, choosing any strictly increasing sequence {δ_j} with lim_j δ_j < ε and setting ν_j = ν_0 + j/4, we have, inductively, that u ∈ W^{νj}_{δj} ⊂ W^{νj}ε for all j = 1, . . . , ∞. Using Lemma 4.1, it follows that u must be infinitely differentiable on (0, τ^∗] × [0, ∞), since T < τ^∗ and l were arbitrary, and that R is infinitely differentiable on (0, τ^∗]. Transforming back to working with (t, r), this immediately shows that C is infinitely differentiable on Q.

LEMMA 4.2: Let (R, C) be the solution of (P) on (0, τ); we assume that τ < τ^∗ and that we know R ≥ η > 0 on [0, T ]. Suppose [C_0(·) − Γ_0] ∈ H^1(R_0, ∞). Then the unique solution u of (2.2.3) is in L^2([0, τ] → H^2(0, ∞)) with u_t in L^2(Q̂).

Proof: The function u satisfies (2.2.3) so, as in (4.1), we have i) u_t = u_{yy} + f in Q̂ ii) u_y = g(t) at y = 0 iii) u(0, y) = u_0(y) for y > 0,

(4.7)

with g(t) := G(R(t), u(t, 0) + Γ(t)) = (1 − Γ(t) − u(t, 0))Ṙ(t).

Since u ∈ L^2([0, τ] → V) and R ∈ C^{0,1}([0, τ]), we have f and g in L^2(Q̂). First we multiply (4.7-i) by u_t and integrate on Q_t = (0, t) × (0, ∞) for t < τ to get ∫ t 0 ‖u_t‖^2 ds + ‖u_y(t, ·)‖^2 ≤ ∫ t 0 ‖f‖^2 ds + ‖u_{0,y}‖^2 − 2 ∫ t 0 g(s)u_t(s, 0) ds. (4.8) Multiplying (4.7-i) by −u_{yy} and integrating on Q_t, one obtains ∫ t 0 ‖u_{yy}‖^2 ds + ‖u_y(t, ·)‖^2 ≤ ∫ t 0 ‖f‖^2 ds + ‖u_{0,y}‖^2 − 2 ∫ t 0 g(s)u_t(s, 0) ds. (4.9)

Setting

Θ(s, z) := ∫ z 0 g(R(s), ω + Γ(s)) dω (s ∈ [0, τ], z ∈ [0, 1]) I(t) := ∫ t 0 g(s)u_t(s, 0) ds, we then have

I(t) = Θ(t, u(t, 0)) − Θ(0, u_0(0)) − ∫ t 0 ∫ u(s,0) 0 [ G_r(R(s), ω + Γ(s))Ṙ(s) +G_z(R(s), ω + Γ(s))Γ̇(s) ] dω ds. (4.10)

From (2.4) and (2.5), we know that there is a positive constant M such that |Θ(s, z)| ≤ |z|, |G_r(r, z)| ≤ M, |G_z(r, z)| ≤ M for s ∈ [0, τ], r ∈ [η, η̄], z ∈ [0, 1] and we deduce from (4.10) that |I(t)| ≤ M ( |u(t, 0)| + |u_0(0)| + ∫ t 0 |u(s, 0)| ds )

for a convenient constant M. Using (2.2.10) then gives |I(t)| ≤ √ t M (∫ t 0 (‖u‖^2 + ‖u_y‖^2) ds ) + M 2 ( ‖u_0‖^2 + ‖u_{0,y}‖^2 ) + 1 2 ‖u_y(t, ·)‖^2 + D‖u(t, ·)‖^2 + E (4.11)

where D and E are convenient positive constants. Combining (4.8), (4.9), (4.11), we have 1 2 ∫ t 0 ( ‖u_t‖^2 + ‖u_{yy}‖^2 ) ds ≤ ∫ t 0 ‖f‖^2 ds + 2 √ t M (∫ t 0 (‖u‖^2 + ‖u_y‖^2) ds ) +(M + 2) ( ‖u_0‖^2 + ‖u_{0,y}‖^2 ) + 2D‖u(t, ·)‖^2 + 2E (4.12)

whence u is in L^2([0, τ] → H^2(0, ∞)) with u_t in L^2(Q̂).

References

[1] F. Abergel, D. Hilhorst, and F. Issard-Roch, On a dissolution-growth problem with surface tension in the neighborhood of a stationary solution, SIAM J. Math. Anal. 24, pp. 299–316 (1993).

[2] F. Abergel, D. Hilhorst, F. Issard-Roch, and J.F. Scheid, Local existence and uniqueness of a Stefan Problem with surface tension, Applicable Analysis 60, pp. 219–240 (1996).

[3] J.P. Aubin, Un théorème de compacité, CRAS de Paris 265, pp. 5042– 5045 (1963).

[4] J.C. Baillon, M. Bertsch, J. Chadam, P. Ortoleva, and L.A. Peletier, Existence, uniqueness, and asymptotic behavior of the solutions of planar supersaturated solidification, pp. 27–47 in The Cauchy–Stefan Problem, Collège de France Seminar VI (H. Brézis and J.-L. Lions, eds.), Pitman, (1985).

[5] J. Chadam, S.D. Howison, and P. Ortoleva, Existence and stability for spherical crystals growing in a supersaturated solution, IMA J. Appl. Math. 39, pp. 1–15 (1987).

[6] F. Conrad, D. Hilhorst, and T.I. Seidman, Well-posedness of a moving boundary problem arising in a dissolution–growth process, Nonlinear Anal-TMA 15, pp. 445–465 (1990).

[7] M. Cournil, private communication.

[8] J. Hale, Ordinary Differential Equations, Krieger, New York, 1980.

[9] D. Hilhorst, F. Issard-Roch, and T.I. Seidman, On a reaction–diffusion equation with a free boundary: the case of an unbounded domain, pp. 232–236 in Free Boundary Problems Involving Solids (J. Chadam and P. Rasmussen, eds.), Longman, London, (1993).

[10] F. Issard-Roch and T.I. Seidman, On the dissolution-growth of a grain:

large time behavior and special solutions, in preparation.

[11] J.-L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, vol. II, Springer-Verlag, Berlin, (1972).

[12] Y. Meyer, Remarques sur un théorème de J.M. Bony, Suppl. di Rend. del Circ. Mat. di Palermo, Atti del Sem. di Analisi Armonica, Pisa serie 2, pp. 1–20 (1981).

[13] J.F. Scheid, Étude théorique et numérique de l’évolution morphologique d’interfaces, Thesis: Université de Paris-Sud, Orsay, (1994).

[14] J.F. Scheid, Local existence and uniqueness of the solution of a Stefan problem with surface tension, Appl. Math. Letters 8, pp. 91–96, (1995)

[15] G. Stampacchia, Equations elliptiques du second ordre á coefficients discontinues. Les Presses de l’Université de Montréal. 1966.