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V `~β
(Ω) = set of all functions on Ω ∈ R2 such that ζ0u ∈ H`(Ω) and

ζju ∈ V `βj (Kj), j = 1, . . . , d
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V̊ `~β (Ω) = {u ∈ V `~β (Ω) : u|∂Ω = 0}

Weighted Sobolev spaces in domains with corners

The Argyris element: 21 degrees of freedom:

v
w

u • Values of 0th , 1st and 2nd dertiva-
tives the three vertices.

• Values of the normal derivatives at
midpoints of the edge

Theorem 1 Let 1 ≤ δi < (β + αi − 1)−1, i = 1, . . . , d. The on an
appropriately graded mesh we obtain optimal convergence rate:

‖u− uh‖2β(Ω) ≤ Chmin{k−2,q}, q = min δi(β + αi − 1)

C1 finite elements

Ω ∈ R2, bounded domain with corners x1, . . . , xd, with interior an-
gles αj ∈ (0, 2π), j = 1, . . . , d. Given f ∈ L2,~β(Ω), find u ∈ V̊ 2

~β
(Ω)

such that

(∆u,∆v)L2,~β(Ω) = −(f,∆v)L2,~β(Ω) ∀v ∈ V̊ 2
~β

(Ω)

Theorem 2 For any ~β = (β1, . . . , βd) ∈ Rd such that 1 − π/αj <
βj < 1 + π/αj , j = 1, . . . , d, the weighted variational problem has a

unique solution u ∈ V̊ 2
~β

(Ω).

Theorem 3 Let f ∈ L2,~β(Ω), 1 − π/α < β ≤ 1. Then the varia-

tional problem has a unique solution in V̊ 2
~β

(Ω) that coincides with

the solution of the traditional H1 variational problem.

The Poisson problem in V 2
~β

(Ω)

Exact solution with singularity: u = 2(1 = x2)(1− y2)r2/3 sin 2
3 θ
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−∆u = f in Ω, u = 0 on ∂Ω
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Slope = 2/3

Test against exact solution

Fluid flow in a domain Ω ⊂ R2 governed by:

ut + (∇u)u +∇p = ν∆u + f in Ω× (0, T )

div u = 0 in Ω× (0, T )

u = 0 on ∂Ω× (0, T )

u(0) = u0 in Ω× {0}

u: fluid velocity ν: kinematic viscosity
p: pressure f : external force per unit volume

The Navier-Stokes equations

Algorithm: Given and approximation un ∈ V̊ 2
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(Ω) to the velocity

at the nth time step, determine pn ∈ V 1
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Navier-Stokes in weighted spaces
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Computational results: Backstep flow
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