VARIATIONAL PROBLEMS IN WEIGHTED SOBOLEV
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WEIGHTED SOBOLEV SPACES ON A PLANE WEDGE

u, € C5°(K\0)
V! = closure of Ce(K)\{0} with respect to the norm
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WEIGHTED SOBOLEV SPACES IN DOMAINS WITH CORNERS
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VEZ(Q) = set of all functions on Q such that ¢ou € H*(Q) and Cju € Vé(le),
j=1,...,d
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VEQ) = {u € V(D) : ulon = 0}

VARIATIONAL FORMULATION OF THE POISSON PROBLEM IN VBE(Q)

Q € R?: bounded domain with corners z', ..., z%, with interior angles a; €
(0,2m), j =1,...,d. Given f € L, 5(Q), find u € V5(Q) such that

2,3

(Au, Av) g, @) = —(f, Av)L, (@) Vv € VF(Q)

Theorem 1 For any 8 = (B1,---,B4) € R? such that 1 — /oy < B <
1+7n/aj, j=1,...,d, the weighted variational problem has a unique solution
u € x"/;(Q).

Theorem 2 Let f € Lz,E(Q)r 1 —n/a < B < 1. Then the variational
problem has a untque solution in VEZ(Q) that cotncides with the solution of the

traditional H' variational problem.

FINITE ELEMENT APPROXIMATION

Argyris element: Degrees of freedom:

e Values at the three vertices.
u
e Values of the first derivatives at the

three vertices.

o Values of the second derivatives at
the three vertices.

o Values of the normal derivatives at
w the midpoint of each edge of the tri-
angle.

Theorem 3 Let Q be a domain with one reentrant corner with interior angle o

and1 < B8 < 14m/a. Thenlimy_.q HufuhHV;(Q) =0, where 8 = (B,...,0).

TEST AGAINST EXACT SOLUTION

Exact solution with singularity: v = 2(1 = z?)(1 — y?)r?/3sin %9

—Au = fin Q, wu =0 on 9Q oA
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Fluid flow in a domain Q C R? governed by:

u, + (Vu)u+ Vp=vAu+f inQx(0,7)

diva =0 in @ x (0,T)
u=0 on 99 x (0,T)
u(0) = ug in Q x {0}

u: fluid velocity
p: pressure

v: kinematic viscosity
f: external force per unit volume

NUMERICAL SCHEME OF Liu, Liu & PEGO

1. Given an approximation u” € [HQ(Q) al H(}(Q)]2 to the velocity at n'"

time step, determine Vp" € [Lz(fl)}2 from a weak form pressure Poisson
equation

(Vp™, Vo) = (f* — (Vu™)u” + vAu" — vV(divu"), Ve) V¢ € H'(Q).

2. Next, determine u™*' € [H?*(Q) N H} (Qﬂ2 from the Helmholtz problem

—vAu"t = £ — (Vu")u" — Vp", u" e = 0.

J.-G. Liu, J. Liv & R. PEGO, Stability and convergence of efficient Navier-Stokes
solvers via a commutator estimate, Comm. Pure & Appl. Math., 60 (2007)

FULLY-DISCRETE C! /C® FEM WITHOUT COMPATIBILITY CONDITIONS ON
SMOOTH DOMAINS

o X;, C [H*(Q) N HL(Q)]? finite dimensional subspace containing ap-
proximate velocity field

e Y, C HYQ) finite-dimensional subspace containing approximate
pressure

Given uj at the nt" step, compute p, € Y, and u2+1 € Xy, from:
(Vpp, Vén) = (f" — (Vuy)u, + vAuy —vV(divuy), Vé,) Ve, €Yy
1 1 1
(—Au™ 4 "t AW = <—un + 2 (F" = (Vu™)u" + Vpn),A\I'>,
vk vk v
v € [H*(R) N Hy(Q)])?

NUMERICAL SCHEME IN WEIGHTED SOBOLEV SPACES ON POLYGONAL DO-
MAINS

Given and approximation u”™ € \7;(9) to the velocity at the n'* time step,

determine p” € V@‘l (Q) from

(VP Vo)L, yo) = (£ =(Vu)u"+vAu" —uV(divu"), Vo), o, Yé € V3 (),

then determine u"*! ¢ V;(Q) from:
(—Aau™t + Lamttaw g i\11)
vk ’ vk L2s(@

=(—ku + (" — (VuM)u" + Vp"), AW + — ¥
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