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Abstract. Ecological communities can lose their permanence if a predator or
a competitor is removed: the remaining species no longer coexist. This well-
known phenomenon is analysed for some low dimensional examples of
Lotka—Volterra type, with special attention paid to the occurrence of hetero-
clinic cycles.
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1. Introduction

A favourite theme in theoretical ecology is the relationship between complexity
and stability (May 1973; Svirezhev and Logofet 1983). An interesting aspect of
this is the role of a top predator in an ecosystem. Paine (1966) has shown that
after removal of the top predator from an intertidal community consisting of 16
species, the number of surviving species dropped to 8 within a couple of years.
Thus the occurrence of parasites may increase the diversity of a community.
(This seems to have a parallel in human societies.)

Mathematical analyses have to stick to lower dimensional models of such
phenomena. Their prototype was introduced by Parish and Saila (1970). These
authors showed by computer simulation that in a two-prey, one-predator model
of Lotka—Volterra type, the absence of the predator may shorten the time of
coexistence of the two-prey species. A local stability analysis of the two-prey,
one-predator equilibrium was performed by Cramer and May (1972) and, in a
more general setup, by Fujii (1977), Vance (1978) and Hsu (1981). This showed
that the three species may coexist in stable equilibrium while the two-prey
subsystem admits no equilibrium. But the stable coexistence of species is not
necessarily related to the existence of an asymptotically stable equilibrium. This
was pointed out in Hutson and Vickers (1983) where the two-prey, one-predator
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model was fully analysed from the point of view of permanence (see Sect. 2). We
shall adopt this approach and investigate some four-dimensional ecological
equations in the same spirit. In particular, we shall study the joint effect of two
supplementary competing species (or one competing and one predating species)
upon a bistable community, thus complementing Kirlingers (1986) work on
two-prey, two-predator systems. We shall also investigate the effect of a predator
(or a competitor) upon an ecological community consisting of three cyclically
competing species which was originally studied by May and Leonard (1975).
This yields examples where the removal of the top predator turns a four-species
system into a one-species system, and where it is completely impossible to predict
which species will be the survivor. Before turning to these examples, we shall
briefly sketch some recent results on permanence for Lotka—Volterra equations.
One point of this note is to show how these results facilitate the analysis of three-
and four-dimensional systems considerably.

2. Permanence for Lotka—Volterra models

Like the authors mentioned above, we shall describe the ecological models by
Lotka~Volterra equations, being more interested in general properties of the
interaction networks than in specific biological situations. If x,, ..., x, describe
the species densities, their evolution is described by

X; =x,-<ri — i a,-jxj). (1)

ji=1
This is a dynamical system on the positive orthant leaving the boundary faces
invariant. Such a system is said to be permanent if there exists a compact set K
in the interior of R” such that if x,(0) >0 for all i, then x(¢) € K for all ¢
sufficiently large. Thus no species will tend to extinction. If (1) is permanent,
there exists a unique fixed point in the interior of the orthant, but this
equilibrium need not be stable. We refer to Hofbauer and Sigmund (1988) for a
survey on permanence. Here, we shall only use two results, both related to the
notion of a saturated rest point.
A fixed point z of (1) is said to be saturated if r;, < (Az), for all i for which
z; = 0. (If z; > 0, then the fixed point z must satisfy r, =(Az);.) The expression
r; — (Az);, which we shall sloppily denote by x;/x;, is a transversal eigenvalue of
the Jacobian of (1) at z, in the sense that the corresponding (left) eigenvector is
e; and hence transversal to the boundary face {x € R” :x; =0 whenever z; = 0}
containing z. If z were not saturated, there would exist a missing species whose
rate of increase x;/x; is positive if it is introduced in a small amount. A fixed
point in int R" is trivially saturated.
Let us examine transversal eigenvalues in some low dimensional cases. For
two competing species, (1) reduces without restriction of generality to
%y =x1r1(1 —x; — ¢15%2),

(2

Xy = X1 (1 — €310 — X,),
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with r;, ¢; > 0. There are three rest points on bd R? , namely 0, ¢, and ¢,. The
origin 0 has two positive transversal eigenvalues, namely r; and r,, and is never
saturated. The rest point ¢, has the transversal eigenvalue r,(1 — ¢y;) (=X%,/x,)
and e, has the transversal eigenvalue r,(1 —c¢;,). We may distinguish three
generic cases:

(a) if both transversal eigenvalues are positive, (2) has a globally stable equi-
librium in int R% . This is the case of coexistence.

(b) if both eigenvalues are negative, i.e. both ¢, and e, are saturated, then there
exists a saddle equilibrium in int R% whose stable manifold separates the basins
of attraction of ¢; and e,. This is the case of bistability.

(c) if one eigenvalue is positive and the other negative, then all orbits in int R?
converge to the saturated fixed point. This is the case of dominance.

In the same way, the predator-prey model is completely specified by the
transversal eigenvalue of the equilibrium consisting of prey alone, without
predator.

But with three-species systems, the signs of the transversal eigenvalues of the
boundary fixed points are no longer sufficient to classify the behaviour in the
interior of the state space. This is best seen with the model of three cyclicaily
competing species (May and Leonard 1975):

xl = x1r1(1 — X~ a2x2_ﬁ3x3)>
Xy = Xo15(1 — BrX; — X5 — 03X3), (3
X3 =X3r3(1 — 0 Xy —ﬁ2x2_"x3)5

with r, >0 and 0 < f8; < 1 < o,. The fixed points on the boundary are 0 (with
eigenvalues r,, r5, ry > 0) and the unit vectors. The transversal eigenvalues of e, are
ri1(1—B)>0andr,_ (1 —ea;) <0 (indices counted mod 3). In the face x; =0,
the (x;, 1, x;_1)-subsystem describes competition with dominance of e; ;. Thus
1 is dominated by 2, 2 by 3 and 3 by 1. The three saddles ¢; are connected by orbits
o0; lying in the face x; = 0 and with w-limit ¢; _, and «-limit ¢; , ; (see Fig. 1). As
shown in Hofbauer and Sigmund (1988), there are two generic cases:

(a) if [T (o — 1) > ] (1 — B;), then (3) is permanent;
(b) if the reverse inequality holds, (3) is not permanent.

In this case, the heteroclinic cycle consisting of the saddles e; and the connecting
orbits g; is an attractor for the neighbouring orbits. In the former case, it is a
repeller.

We shall use two main results in the sequel:

(a) the index theorem of Hofbauer (Hofbauer and Sigmund 1987), or more
precisely, its corollary stating that in the generic case when all boundary fixed
peints are hyperbolic, the number of saturated fixed points is odd;

(b) the permanence condition of Jansen (1986): if the orbits of (1) are uniformly
bounded (in the sense that for some K > 0, all orbits satisfy x;(¢) < K for all {
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X3

X2

Xy
Fig. 1. The heteroclinic cycle for (3)

and for all ¢ sufficiently large), then (1) is permanent provided there exists a
solution p e int R, of the system of inequalities

Zl’i (r; —(42),) >0, 4

where z runs through all fixed points on bd R” . The boundedness condition will
be trivially satisfied for the following examples.

We shall always make the genericity assumption that no eigenvalues are zero.

3. Stabilizing bistable communities

The general Lotka—Volterra equation for one predator and two competing prey
is of the form

Xy = %1 (1= Xy — cppx, — kyy),
Xp = X1 (1 — €31 %1 — X5 — k2 Y), (5)
y=yr(=1+1Lx +bLx,—gy),

with nonnegative parameters. Hutson and Vickers (1983) have shown that if the
(x;, x,)-subsystem describes competition with dominance, the three-species sys-
tem is permanent for some values of k;, /; and g. In this sense, a predator may
‘stabilize’ a system of two competing prey. Hutson and Vickers (1983) have also
shown that if the (x,, x,)-subsystem is bistable, then (5) is never permanent.
Kirlinger (1986) has shown, however, that the introduction of two suitable
predator species can lead to a permanent four-species model.

A similar situation holds if supplementary competing species are added to a
system of three competing species. The general Lotka—Volterra model for three
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competing species is
xp=x111(1 = Xy — 12X, — €13%3),
Xy = X1 (1 — 31 X1 — X, — €23%3), (6)
Xy = x3r3(1 — €316 — €320, — X3).

Let us assume first that the (x;, x,)-system describes competition with domi-
nance: say ¢,; > 1 and ¢, < 1. Then species 1 dominates 2. It is easy to choose
€3, €31 € (0, 1) and ¢35, ¢3; > 1 such that

(1= cu)(1 — 3 )(1 — ¢31) < (e = Dlezy — D)z — 1)

This is a system of type (3) which is permanent.

On the other hand, (6) can never be permanent if the (x,, x,)-subsystem is
bistable. In this case, ¢;, > 1 and ¢,, > 1. In order to be permanent, the system
can admit no saturated fixed point on the boundary. The two transversal
eigenvalues of g5 are 1 — ¢,; and 1 — ¢;;. Without restricting generality, we may
assume c¢,; > ¢;3. Since e; is not saturated, at least its larger eigenvalue 1 — ¢y
must be positive. Since ¢, cannot be saturated, but (X,/x,)(¢;) <0, we must have
(X3/x3)(e;) =1 — ¢35, >0. Now ¢;; <1 and ¢;5<1 imply the existence of an
equilibrium F,; = (X,, 0, £;) in the face x, =0. Its transversal eigenvalue is

X3 . A
—(Fj3) =1 — ¢ %) — €3 %;.
X3

This expression is smaller than 1 — £, — ¢;3%;. But this last expression is 0, since
F; is a fixed point. Hence Fy; is a saturated boundary fixed point, a contradic-
tion to permanence.

Theorem 1. A bistable competition can be stabilized by the introduction of two
suitable competitors.

Proof. If x; and x, denote the frequencies of the two supplementary competitors,
then the system is of the form

Xp =X (1 =X — €130, — €13X35 — €14X4)s

Xy =Xk (1 — €3 X — X3 — o3 X3 — CpaXy)s

(N

Xy =x3F3(1 — €3, X — 305 — X3 — CauXy),
Xq=Xqla(1 = €41 X — CanXy — Ca3X3 — X4).

The positive parameters r,, r,, ¢,, and ¢,, are given (with 1 <¢,,, ¢,; since they
describe bistable competition). The other (nonnegative) parameters will be
chosen in such a way that the species 1 and 4 can coexist, as well as the species
2 and 3, while 4 is dominated by 2 and 3, and 3 is dominated by 1. There will
be a heteroclinic cycle F, » F,,—» F, > F,;— F,; species 1 will be invaded by 4,
the resulting equilibrium F,, superseded by species 2, which in turn is invaded by
3, leading to an equilibrium F,; which is superseded by 1. For suitable parameter
values, this cycle will be repelling and the full system permanent.
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Table 1. Transversal eigenvalues for (7)
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X X, %3 X4
Xy X r3X3 TaXq
0 1 1 1 1
F 0 1—¢, <0 1—¢3 <0 1
F, I—cp<0 0 1 1—cp<0
F, 1 I—¢;>0 0 —1
F, 1—¢4>0 1 I—c34>0 0
Fy, 0 0 l—¢y %, >0 I —cgp%,>0
Fpy 1—c¢p(1—cy3)>0 0 0 —1—cp(l—cpy) <0
Fiq 0 T—o(l~eu) >0 1—cy(l—cy) —cu<0 0

We shall choose ¢,5 = ¢,4 = €3, = ¢4; =0 and ¢,; = 2. The equilibria of (7) are
then 0, F,, F,, F5, F,, Fi,=(%,%,,0,0), F)=(0,1-1¢,5,1,0) and F,,=
(1 —¢4,0,0,1). We shall check later that these are the only fixed points on
bd R% . The transversal eigenvalues are given by Table 1.

Since 1 — X, = ¢1,%, > 0, we obtain 1 — ¢35, %, > 0 if ¢;; is only slightly larger
than 1. Similarly, we have 1 — ¢, %, > 0 if ¢,; is only slightly larger than 1. Then
the Jansen inequalities for F,, will be trivially satisfied. Furthermore, we choose
e <1, c,,<1 and ¢,;; <1 such that 0<1—c,;<ep! and 0<1—cy <yl
Then all the signs of the transversal eigenvalues are as in Table 1, except for the
sign of x,/x; at F,, which will be specified later.

We shall now satisfy the Jansen inequalities by setting p; = 2, p, = 3(c;; — 1),
ps = 3(cy, — 1) and p, = (c,y — 1)% The inequalities for 0, F; and F, are obviously
satisfied. For F,, the inequality is satisfied if ¢,, > 1 is sufficiently close to 1, and
for F, if ¢5; > 1 is sufficiently close to 1. The inequality corresponding to F,; is
satisfied if ¢,; < 1 is sufficiently close to 1. There remains the inequality for F,.
We choose ¢3, > 1 so close to 1 that 1 —¢5,(1 —¢;4) > 0, and then ¢;4 < 1 slightly
larger than this number, so that X,/x; is a small negative number and

P2 24 ps 2> 0.
X2 X3
There remains to check that there are no other fixed points. The only possible
candidates are interior fixed points of three species systems. But as Fig. 2 shows,
each three-system has exactly one saturated fixed point on the boundary and
hence no fixed point in the interior. For x, =0 it is F,, for x; =0 it is F,, for
x,=0itis F), and for x; =0 it is F,.

Theorem 2. A bistable competition can be stabilized by the introduction of a
suitable pair of a predator and a competitor.

Proof. Let x, denote the supplementary competitor and y the predator. We shall
show that for any ¢;,, ¢;; > 1, the system

X = x11 (1 = x; — X, — ),

Xy = X1 (1 — €1 X1 — X — €3 X3), (8)

Xy = X3r3(1 — ¢310, — X3 — L3p),

y=yr(—=1+dx; +3x;)
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Fig. 2. The three-dimensional boundary face for (7). a x,=0; b x;=0; ¢ x,=0;d x, =0

is permanent, if the positive constants cs;, ¢,3, /3 and d,; are suitably chosen. We
shall produce again a repelling heteroclinic cycle F, —» F,, — F, — F,; —» F;, where
F3=(0,1—¢,,1,0) is the equilibrium of species 2 and 3 and
F,,=(d;',0,0,1—d;") the equilibrium of species 1 and the predator. The
other fixed points will be 0, F;, F,, F; and F;, = (¥, X,, 0, 0). The transversal
eigenvalues are given by Table 2.

If ¢, is chosen slightly larger than 1, then 1 — ¢;,%; > 0. Parameter d, will be
chosen larger than c,; and c;, and so that d, ¥; + 3X, > 1. Furthermore, one can

Table 2. Transversal eigenvalues for (9)

£ £ £ v
X raXa F3X3 ry
0 1 1 1 —1
F 0 1—c <0 I—ey <0 d—-1>0
F, 1—c,<0 0 1 -1
F, 1 1=y >0 0 ~1
Fyy 0 0 1=y %, >0 dli,+)—;3——1<0
F, 0 1—diley >0  1—diley ~L(1—-d{) <0 0
Fy 1—cp(1—cy)>0 0 0 —27 (1 +¢y) <0
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choose ¢y, s0 that 1 — ¢53! < ;3 < 1. Then the signs of the transversal eigenvalues
are as in Table 2, except that x,/x, for Fy, is not yet specified.

With p, =2, p,=(d, —1)/2(c;; — 1), p3=2¢;;—1 and p,=1, the Jansen
inequalities can be satisfied. For 0, Fy,, F, and F; this is obvious. The inequality
for F,, is satisfied if ¢,3 < 1 is sufficiently close to 1. For F; it is satisfied if ¢;, > 1
is sufficiently close to 1. Finally, we note that 1 —(¢;,/d;) > 0, so that we can
choose [, such that 1 — (¢c3,/d;)) — (1 — 1/d,) is a negative number which is so
small that the Jansen inequality for F;, is satisfied.

It remains to check that there are no other fixed points on the boundary. This
can be done just as in the previous proof.

4. Stabilizing heteroclinic repellors

Theorem 3. A three competitors system with a heteroclinic attractor can be
stabilized by the introduction of a suitable predator.

Proof. We may assume that the three cyclically dominating competitors are
described by (3). Including the predator, whose density is given by y, yields
Xy =xr1(1 =X — 005 — B3x3 — ky ),

Xy = X1 (1 = Brxy — X3 — 03X — Ky ),
9

X3 = X3r3(1 — oy, — Byx, — X3 — k3 y),

y=yr(=1+Lx +bLx,+ Lx;— gy).

The nonnegative parameters k;, /; and g can be suitably chosen. We shall use
k,=ky;=1, g =0, and specify k, and the /; in such a way that the only fixed
points on the boundary are F,, F,, F;, the three-species equilibrium
Fy3 = (X, X, X3, 0) and the equilibrium F;, between the predator and the prey
1. Thus we have to take [, > 1 and ,, ;< 1.

F,, has the coordinates (/7'',0,0, (k,/;)'(/, —1)). The transversal eigen-
values are given by Table 3, where B, =1— f§, and 4, =, — 1. Since we have a
heteroclinic attractor, we may assume (without restricting generality) that all 4,
and B; are positive and that 4,4,A4;> B, B, B;. Since o, %X, + f,%, + X3 =1, we

Table 3. Transversal eigenvalues for (11)

i K2 K bd
FiX, ryXy ryX, ry
0 1 1 1 -1
F, 0 B, —4, [[—1>0
F, —4, 0 B, L—1<0
F, B, —A, 0 L—1<0
R, 0 =Dk, — 1)+ kB, >0 (I, — Dk, —1) —k, 4, <0 0
Fps O 0 0 LR + L%+ L% — 1
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have o, %, + X, + X3 > 1 and hence
L% 4+ LX,+ 5Lx > 1, (10)

if o =1, 1 —4 and 1 —/ are in (0, ¢) for some suitable ¢. We choose further-
more [/, such that
A,A,A; — B, B, B,
A, A5+ B, B,

<l —1<A,, (11)

and k; > 1 so large that

A4,4,4,— B, B, B,
A,A3+ B, B,

<ki'4, — Dk, — D). (12)

With p;= A5 'B;, p; = B5;'4, and p, =1+ p, + p; we obtain
PaB —piA,+ (L, —1Dpi>0 (13)
(this follows from the left-hand side of (11)) and
pilth — Dk, — 1) + &, B ] +pilth — Ik — 1) =k, 4] >0 (14)

(this is just (12)).

In (14), the coefficient of p; is positive and that of p} negative (this last fact
is a consequence of the rightmost inequality in (11)). We now set p,=p;—1,
ps=ps+n and p,=p,—n. For n >0 small enough, the inequalities (13) and
(14) are still valid with p; instead of p;. They correspond to the Jansen
inequalities for F, and F;, (see Table 3). Furthermore

l+py+ps—ps>0, (15)

which is (with p, = 1) the Jansen inequality for 0. By the definition of pj, we have
—A,+ p5B,=0, hence —A, + p;B, >0 and thus

— Ay +p3 By +pi(h—1) >0, (16)
if , <1 is suitably close to 1, and similarly
By —p.As+pu(ls—1) >0, (17

if /3 <1 is sufficiently close to 1. The Jansen inequalities for F,, F, and F,,; are
just (16), (17) and (10).

It remains to check that there are no other fixed points on the boundary. In
Fig. 3, we sketch the boundary faces x;, =0, x, = 0 and x; = 0. The points e;, F;,
and e,, respectively, are the only saturated fixed points on the boundary of the
resulting three-dimensional system. By the odd number theorem, there can be no
fixed point in the interior of the corresponding three-space. Hence we have dealt
with all boundary points.

Theorem 4. A three competitors system with a heteroclinic attractor can be
stabilized by the introduction of a suitable fourth competitor.
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a b c
Y
.Fu.
4 .Fu
# \ —~ {
7 X3 7%, A
X5 X3

Xy
Fig. 3. The three-dimensional boundary faces for (9). a x, =0; b x,=0; ¢ x; =0

We only sketch the proof. Let us consider a system of the form
Xy =x1(1—x; — %, — B3xs — kyp),

Xy = X1 (1 — Brx) — X, — 033), (18)

X3 =X3r3(1 — o) — Brx3 — X3),

y=yr(1 =%, — Lx, — Lx; — ),

where k, and the [, are to be suitably chosen. We shall obtain the same
pattern of fixed points and transversal eigenvalues (with the addition of
F,=¢,) as in the proof of Theorem 3, by letting k; <1,/ <1,,>1,5>1.
The transversal eigenvalues of the two species equilibrium F;, =
(1 =k )" Y(1—-k),0,0,(1 —kyl,)"'(1 - 1)) are given by Table 4. From
1— B, % — %, —o3%, =0 follows that 1 -/, %, — L%, — 1% >0 if [, is close to
B, <1, 1, close to 1 and I; close to 1( <a;). Now we take p, =1, p, < 43 'B; and
ps > By A, and choose p, > 0 sufficiently large, so that the Jansen inequality for
F, is satisfied. Next we pick /, and /; smaller than 1, but so close to 1 that the
inequalities for F, and F, are satisfied. Finally, we can find k, <1 such that
1—k,l, —a,(1 —k,) is negative, but so close to 0 that the Jansen inequality for

Table 4. Transversal eigenvalues for (18)

% 5 S N
rx, r3%; F3X3 raX,
0 i 1 1 1
F, 0 B, —A, 1-5,>0
F, —A4, 0 B, 1-5,<0
F, B, —A; 0 1-5,<0
F, 1—k >0 1 1 0
F, 0 11—k, —B(1-k))>0 1—kii—o(1—k)<0 0
Fia3 0 0 0 1 - L% — Lixy,—Lx,

>0
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F}, holds. The inequalities for 0, F, and F,,, are trivial. As in the previous proof one
checks that there are no other fixed points.

5. Discussion

The examples discussed above are obviously meant as thought experiments rather
than as descriptions of real ecological communities. It need not be stressed that a
‘suitable predator’ cannot be constructed at will. Real ecosystems are the result of
along history and the interaction terms are modelled by coevolution. Nevertheless,
the models considered here show that even for very simple ecological systems, the
removal of a predator or a competitor can have drastic effects (namely reduce the
system to one species). These examples also point out the possibly important role of
heteroclinic cycles in ecosystems. It is extremely difficult, of course, to conceive
empirical studies which support the idea that a few extra competitors or predators
can ensure a large increase in the diversity of an ecosystem, or that heteroclinic
cycles can occur in ‘real life’. On the other hand, it seems unjustified to dismiss these
phenomena offhand as artificial spinoffs from oversimplified equations. Their
biological possibility, if not plausibility, should be kept in mind.

Mathematically, several questions concerning Lotka—Volterra equations
emerge in this context. It seems, for example, that there is a kind of equivalence
between predator and prey: if a predating species stabilizes a community, then a
competing species can also do the job, and vice versa. We know so far no
explanation for this (except that the number of free parameters is the same). More
generally, it would be interesting to find rules specifying the minimal number of
additional predator species needed to stabilize a given ecosystem. In spite of recent
progress (Kirlinger 1988), even the four-dimensional Lotka—Volterra equation is
not completely understood from the viewpoint of permanence and invadability of
subsystems. Recently developed tools, in particular the theorem of Jansen, seem to
offer new opportunities for progress, however. An interesting question in this
context concerns ecological networks with ‘random interactions’ (see Ginzburg et
al. (1988) for a recent survey). So far, most authors seem to have addressed the
question by looking for asymptotically stable fixed points in the interior of the state
space. It seems more natural to check whether the permanence conditions are
satisfied.
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