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Motivated by a conjecture due to Paine (1966), Parrish & Saila (1970)
recently investigated a simple mathematical model for a two prey-one
predator system, seeking to show that the three-species system can be stable
in circumstances where the two-prey system would in the absence of
predation be unstable with respect to competition. Parrish & Saila in fact
did not find such a three-species system, although they did show that the
doomed prey species may persist longer with predation. We show that
such three-species stable systems can be constructed under the model, and
give examples illustrating the working of Paine’s conjecture.

1. Introduction

Ithas been suggested (Hutchinson, 1961; Paine, 1966) that in some communi-
ties it may be that, although one particular trophic level would in isolation
be unstable due to competition, the effects of other levels (e.g. predation) can
d to a total system which is stable.

. Motivated by this idea, Parrish & Saila (1970) have recently made a numeri-
study of a simple mathematical model of a two prey—one predator system.
ginning with two prey systems which are competitively unstable in the
sence of predation, these authors carried out computations to see whether
inclusion of predation can render the three-species system stable, in the
se that all populations return to their equilibrium values if disturbed
erefrom. However, the numerical coefficients they happened to choose
ways leave the total system in this sense unstable, even though the doomed
ey species may move towards extinction more slowly than in the absence
predation. Thus Parrish & Saila’s computer experiments do not strictly
1d an example which illustrates Pain’s conjecture.

In this paper we observe that it is possible to choose the numerical co-
cients in Parrish & Saila’s equations so that the three-species system is

For a more detailed background account, see Parrish & Saila (1970, section 1, Intro-
ction).
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indeed stable, although the two-species system is not; and we give numerica) T T T ’ ' ' ]
examples which explicitly exhibit such behaviour. 350
.’I‘hc ‘dlSCUSSiOl‘l in this paper is a particular application of a theoretical 7 /7*:—
discussion of multi-species systems developed in a much wider context else-
where (May, 1971), where it is shown that usually stability at any one trophic 20 \ i
lc?vel goes with stability of the total trophic web, but that exceptions going % \
either way (i.e. instability at one level with total web stability, as here; or . \\
alternatively stability at one level with total web instability) x’nay be c’on- '§ ° \ |
structed with appropriate choice of parameters. ’ 3 \
- \
% 10 \ 7]
| 2. The Model & \
The equations of Parrish & Saila’s (1970) model are ’ \\ |
dN )
Ttl = Nx[el—“11N1—°‘12N2"'°‘13N3], 0 ] z 3 \\‘ll 5 3 7
sz ‘ ‘ Time (years)
ik N,[e;—ay;Ny—ay,Ny—ay N 3l (9 B Fo. 1. Behaviour of the prey species populations, H (-———-—- ) and H, ( ), in a
mpetitive two-species system governed by equations (1) and (2) with coefficients having
dN, e proportions &, = 3, & = 2:1, a1y = 9 X 1075, oh3 =gy = 3 X 1075, 222 = 0:6 X 1075,

dr = Ni[—e3+as;N, +a3,N,].

Here N'1 and N, are the populations of the prey species, N, the predatork"‘
population, and the various coefficients are as discussed in Parrish & Saila.

In the absence of predation (N, = 0) it is well known th .
system is unstable with regard to competition if

at the two-species

Og10p5 =050, < 0 “@
and stable otherwise (e.g. Bartlett, 1960). :
Starting with two-species systems which are unstable, Parrish & Saila make
various choices of parameters for the three-species system, all of which .
happen to lead to total systems in which one of the prey spec;es can be seen
to be headed for extinction. However, an analytic investigation can be made
of t!mfa general stability of the three-species system when it is displaced from
f:qulhbrium (e-g. May, 1971). The consequent stability behaviour is character-
ized by the roots of a cubic equation. In particular, it can be shown that -
under the condition of “equal predation” (413 = az3, 03, = a,,), which i ‘
considered throughout Parrish & Saila’s Paper, the total system :sz l’mstablei

X1 +a22—a12—“21 < 0.

,. a8

required, without satisfying (5). It is easier, moreover, to keep the total

Fic. 2. Behaviour of the prey species populations, H; (-————- ) and H; (

s = ag3 = 0. The initial conditions are H1(0) = H3(0) = 3 x 102 The equilibrium value
H, is 3-5 x 105,

20

10

Predator population

Prey populations (x 103)

]
10
Time (years)

), and
predator population, Hj ( ) in the three-species system corresponding to the two-
ies system of Fig. 1. Equations (1) and (2) have coefficients with the same proportions
in Fig. 1, except for a;3 = 0-15, az3 = 0-15, and the coefficients of equation (3) have

oportions & = 12, aa; = gz = 0-6 X 10-%, The initial conditions of H;, Hz, H;

pectively are 3 x 103, 3 x 10° and 20, and the equilibrium values are respectively 11-66,
4 and 1-13.
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system stable even though (4) is fulfilled if the artificial condition of “equal 3. Discussion
predation” is not required.

In Fig. 1 we show a competitively unstable two-prey system in the absen
of a predator: the parameters are given in the figure caption. Restrictir
ourselves to “‘equal predation”, we see in Fig. 2 that the corresponding thre
species system can be stable, with all populations returning to their equilibriuj
values if displaced: the interaction parameters are again catalogued in t
caption. Notice that the interaction parameters used in Figs 1 and 2 a
within the ranges of those used in Parrish & Saila’s paper.

Using the simple three-species mathematical model of Parrisl.l & Saila
970), we go beyond their work to illustrate some examples where m.decd t.h‘c
ce-species system is fully stable, all populations returning to their equx!l-
ium values if disturbed, even though the two-species prey system is in
lation unstable due to competition.

tis a pleasure to acknowledge the interest and support of ?rofc?ssor H. Messel,
ector of the Science Foundation for Physics within the University of Sydney.
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FiG. 3. Behaviour of the prey species populations, H; (————-- ) and Hj (. ), and:
the predator species population H; (...... ) in the three-species system with unequal

predation (corresponding to the two-species system of Fig. 6 of Parrish & Saila). Equations‘
(1) to (3) have coefficients with the proportions & = &; = 3:22, a;; = 0-9 x 322 x 105,
O1z == Oy = Ugp = 3-22 X 1075, o3 = 006, ozg = 004, &3 =225, ay =3x10
@ag = 105, The initial conditions of H,, H,, Hy respectively are 10%, 10¢ and 10, and
equilibrium values are respectively 62-5, 249 and 1-01.

The three-species system depicted in Fig. 3 is a case where the two-pr
system in the absence of predation is exactly as in Fig. 6 of Parrish & Sails
(ie. ajy =09a,,; oy =0y, = ®y;), where N, is essentially extinct after
20 years. Now, allowing unequal predation, we can arrive at a correspondin
three-species system which is fully stable, as shown in Fig. 3: this is a possib

alternative to the (unstable) three-species system given in Parrish & Saila’s.
Fig. 7.



