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ON NON-EXISTENCE OF RECTILINEAR MOTION IN PLASTIC SOLIDS
AND NON-NEWTONIAN FLUIDS*

BY

D. E. STONE
Naval Research Laboratory

1. Introduction. For the class of materials described by Rivlin's theory of non-

Newtonian fluids [1], Ericksen [2] has shown in the case of steady rectilinear motion
that the speed is overdetermined unless the two scalars which occur in Rivlin's theory

satisfy certain definite relations. When the speed is overdetermined, Ericksen con-

jectures that the only types of steady rectilinear motion possible are either rigid or

such that the surfaces of constant speed are planes or portions of right circular cylinders.
We show here that this conjecture is correct for the class of Rivlin fluids characterized

by the requirement that the stress be unaffected by uniform changes in the speed. This

requirement is one which is frequently imposed on theories of plasticity and in this

case produces a theory very similar to the theory of perfectly plastic solids.
In addition, we consider the case of steady rectilinearmotion through closed cylinders,

wherein the speed is not overdetermined. Restricting our attention to the case in which
the stress and speed are well behaved, we show that certain conditions on the behavior
of the scalars which occur in Rivlin's equations must be satisfied in order that such a
motion exist in every closed, smooth cylinder.

In the case of steady non-rectilinear motion through a tube of elliptical cross-section,
Green and Rivlin [3] have obtained approximate solutions for a particular class of

materials which are included in Rivlin's theory. Here, there is a rectilinear motion

parallel to the axis of the tube on which is superimposed a vortex-like motion in each
of the four quadrants of the tube's cross-section.

2. Equations of motion. In Cartesian tensor notation, Rivlin's equations are

tu = -Phi + Fl(II, III) dti + F2(ll, III) dik dki (1)

Ui, i "ł~phi = p(dVi/dt + vitjvj) (2)

vit i = 0 (3)

where /tJis the stress tensor, dif is the rate of deformation tensor, defined in terms of

the components of velocity by du = ' (viti + i'.,),2II = - d^du , III = det. dif ,
hi is the body force per unit mass, p is an arbitrary hydrostatic pressure, Fl and F2
are scalar functions of the indicated arguments, and p is the density of the material
which is assumed to be constant.

The analytic equivalent of the requirement that the stress be unaffected by uniform

changes in the speed is that the function (dkl) = Fx (II, III)d¿, + F2 (II, III)dtfcd4i

satisfy the relation /,,• (adki) = (dkl) for all a > 0. In this event, it can be shown
that the scalars F1 (II, III) and F2 (II, III) are of the form Gx (III/-II3/2) [-2ir1/2]
and G2 (III/ - II3/2) [- 211]"

1
respectively. Requiring that Eq. (3) hold, we have for

the case of rectilinear motion where each particle moves parallel to the x3 axis of a
rectangular coordinate system at constant speed, vx= v2= 0, vz = 2/ (a;1, x2); so that

•Received June 27, 1956.
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258 D. E. STONE [Vol. XV, No. 3

the quantities II and III are given by II = - [/,, + /J] and III = 0. Restricting
ourselves to the case in which - II > 0, we then have from Eqs. (1) and (2) respectively

0 0 /.,

II u, II = -P II 5,-/11+ o o

/.« /•» 0
(4)

f.2 0

+
F#i] ^ 0

o o /!, + S'

and

Ui,i + phi = 0. (5)

Assuming that the body forces h{ are conservative so that h¿ can be replaced by 3>,t
and carrying out the differentiation called for in Eq. (5), we obtain the following three
equations which describe the motion

(p - P*),, = G2(0){(/!1[-2II]-1),1 + (/,1/.2[-2II]-1),2) (6a)

(p - p*)i2 = G2(0){(/,1/,2[-2II]-1),1 + (/% [- 2II]_1)t2} (6b)

(p - p*)i3 = (?1(0){(/,1[-2II]"1/2),1 + (/.2[-2II]-1/2).2}. (6c)

Since / is a function of x1 and x2 only and (?i(0) and G2(0) are constants, it follows from

Eqs. (6) that p - p$ is of the form

Ax3 + X(x' x2). (7)

If we assume that the rate of dissipation of energy, t)d' , is non-negative in the region
of motion, then it follows from Eq. (4) that G^Q) is positive. When this is the case, the

curvature of the curves of constant speed is constant, since the bracketed expression
in the right-hand side of Eq. (6c) is the expression for the curvature of the curves

/(x1, x2) = constant [4]. We note here that this result depends only on the form of

Fi(H); namely, K[- II]~1/2 where K is a positive constant.
3. The case G2(0) = 0. When A 0, we obtain a solution for any function fix1 , x2)

for which the curves f(x' x2) = constant are circles of constant radius. For example,
the function fix1, x2) = [x2 + (rjļ- z1') 1/2- r0]gives a solution in the region bounded

by the planes x1 = - r0and x1 = r0. Outside of this region the curves f(x' x2) clearly
intersect so that the solution is meaningless. It is easily seen in such a motion that the

material cannot adhere to the wall of a closed rigid cylinder.
When A = 0, the curves /(a;1, x2) = constant are straight lines (not necessarily

parallel), and any function which has this property mil give a solution. The most common

example of motion of this type is the case of simple shear wherein the curves of constant

speed are parallel straight lines.
4. The case where G2(0) ^ 0. We show here that the curves of constant speed are

parallel or concurrent straight lines, where we have assumed, as in the case G2(0) = 0,

that - II > 0. i
Let us make the coordinate transformation /* = r(x' x2), where the curves f1

i =
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1957] ON NON-EXISTENCE OF RECTILINEAR MOTION 259

constant are the curves of constant speed and the curves f2 = constant are their

orthogonal trajectories. The components of the metric tensor for this system are given
by 0U = (df/dx1)2 + (df/dx2)2, g

12= g
21= 0, g22= (df/dx1)2 + (df2/dx2)2, g

11=
1/011 >Q22= 1/022 >and 012 = 021= 0. In terms of these quantities, the covariant com-

ponents of a unit normal to the curves fl(xl9 x2) = constant are given by

ni = (0n)~1/2 and n2 = 0. (9)

The contravariant components are given in terms of the covariant components by the
relation nx = gl1n¡ , so that

n1 = (gll)u
2 and n2 = 0. (10)

In this coordinate system, Eqs. (6a) and (6b) are given by

(p - p*)§1 = 'G2{0) d/df1 (log g22) (11a)

(p - P*).2 = ÌG2(0) d/df2 (log gu). (lib)

Integrating these equations and equating the results, we obtain

log gngn = Htf) + H2(f) (12)

so that the product gng22 is given by

0U022 = J*'™ (13)

Now, let us make the coordinate transformation ul = u2 - u2{f) which is
defined by the relations [df/du1]2 = e~Hl{fX) and [df/du2]2 = e~HAr) so that the com-

ponents of the metric of the new system are given by

an = gn6 , Ö22̂ 022^
* i and cl'2 - a2' = 0. (14)

In any coordinate system, Eq. (6c) is given by

= A(2)l/2/Gl(0) , (15)

and in this system, it becomes

J(an)1/2a22 da22/dux = ^(2)1/2/Gř1(0). (16)

Letting B = A(2)1/2/Gi(0) and substituting Eqs. (13) and (14) in Eq. (16), we obtain»
since a11 = l/an and a22 = l/a22 ,

(a22yí/2 da22/dul = 2J5. (17)

Integrating, we obtain

a22 = IBu
1+ P(u2)]2. (18)

Now, ul and u2 are coordinates in the plane, so that we can make use of the requirement
that the Riemann tensor vanish. Since, from Eqs. (13) and (14), ana22 = 1, this require-
ment is satisfied, as is easily shown, if and only if the following partial differential equation
is satisfied

d2an/du'
29+ d2a22/dult = 0. (19)

From Eqs. (18) and (19), we obtain

d2an/du2i = -2JB2. (20)
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260 D. E. STONE [Vol. XV, No. 3

Integrating twice, we obtain

on = -BV + Q,(wV + Q.(u'). (21)

Since ana22 = 1 for all values of u1 and u ,we may write

d3an/du'duy = d3a22/dul(du2)2. (22)

Making use of Eqs. (18) and (19), this relation becomes

6B[Bul + P(u2)]"4 ďP(u*)/du2' - 24B[Bu* + P(u2)]-5[dP(u*)/du2]2 = 0. (23)

Since au and a22 are never zero, we multiply by [Bul + P(u2)]5, so that Eq. (23) reduces to

§B[Bul + P(u2)] d2P(u2)/du2' - 24B[dP(u2)/du2]2 = 0. (24)

This relation is clearly satisfied for all u1 and w2,if and only ifB = 0 or P(u2) is a constant.
However, when P(u2) = constant, it follows easily from Eqs. (18) and (21) and the
condition ana23 = 1 that 5 = 0. Thus, Eq. (24) is satisfied if and only if B = 0.

When B = 0, it follows from Eq. (17) that a22 is a function of w
2
only; hence since

anaM = 1, on must also be a function of u2 only. We accordingly make the coordinate
transformation defined by the relations du1/dvl = 1 and du2/dv2 - (o22)~1/a. The com-

ponents of the metric tensor in this case are given by

bn = [bllyl = TV), 612 = Ò12= 0, and 6„ = [&22]"1 = 1. (25)

In the v1,v2coordinate system the condition that the Riemann tensor vanish is satisfied
if and only if the following differential equation is satisfied.

2d2bn/d»2' = 1/bnldbn/dv"]*. (26)

The two solutions to this differential equation are ò„ = constant and 6n = [Cv2 + D]2'
Making a coordinate transformation of the form, wl = aiV1 + j8t, w2 = a3v2+ ßt , we
can find a,- and ß( such that the components of the corresponding metric tensor are

bu = 1, 622 = 1, and bu = (w2)2, ò22 = 1 respectively for 6U = constant and 6U =
[Cv2 + D]2. When 5„ = 1, the wl, w2 coordinate system is Cartesian and when 6n =
[to2]1, it is polar where the curves w1 = constant are straight lines in both cases. Since
each coordinate transformation made in this section has been of the form t1= ť'(sl),
ť = í2(s2), and the curves w1 = constant are either parallel or concurrent straight lines,
it follows that the curves of constant speed are either parallel or concurrent straight lines.

5. Existence conditions. Ericksen has shown for the case of steady rectilinear

motion that the speed is not overdetermined when the two scalars which occur in Rivlin's

equations are proportional. For this case we show that there are additional restrictions

which must be imposed on these scalars in order that steady rectilinear motion be

possible in every closed cylinder, when both the speed and stress are well behaved

throughout the region of motion. Specifically, we require in every case that the rate of

work t'di be non-negative; that the stress exist and be finite in the region of motion;
that the speed of particles on the cylinder wall be zero; and that the speed be continuously
differentiable in the region of motion.

For the case of steady rectilinear motion, parallel to the x3 axis of a rectangular
coordinate system where the speed is not overdetermined, Rivlin's equation for the

This content downloaded from
�������������129.2.179.136 on Wed, 01 Apr 2026 04:15:25 UTC�������������

All use subject to https://about.jstor.org/terms



1957] ON NON-EXISTENCE OF RECTILINEAR MOTION 261

stress is

0 0 /.,

Il ti, II = -V II II + f.UD 0 0 f.,

f. i o
(27)

A /,./.* 0

+ cFt(II) A 0

0 0 A + A

As an immediate consequence of the assumed behavior of the stress and speed, it follows
from Eq. (27) that Fi(II) is finite at all points where - II => A + A does not vanish

We now consider the behavior of Fi(II) at those points in the region of motion
where both partial derivatives of / vanish; namely, when II vanishes. That such points
exist is guaranteed by the assumptions that / is continuously differentiable throughout
the region of motion and is zero on the cylinder wall and by the theorem which states
that any continuous function which is constant on the boundary of its region of defi-

nition is either constant or has both a maximum and a minimum in this region. If we
exclude the case where / is constant and make use of the requirement that the stress
exist and be finite throughout the region of motion, then it follows from Eq. (27) that
limn-« F»(II)/.i and limn-* FxQl)f ,2 exist and are finite. When this is the case, it
follows that

{ [lim /¡".(II)/.,]8 + [lim F1(lT)f.ì]i}
1/2= C (a constant) . (28)

II-H) XI->0

Eq. (28) can be written in the equivalent form

lim (-H)1^, (II) = C. (29)
II-O

When C is zero, then limn-,0 í'i(H)/.i = 0 for i = 1, 2 when C 0, t}ien Limn_0

FiQl)f,i = constant for ť = 1, 2. Multiplying the expression F¡(ll)f,t by (- II1/a)
(-II)"1/ł, we obtain.

^(IIX-II)"2 •/..(- II)~1/2. (30)

Making use of Eq. (29) and taking the limit as II goes to zero, we obtain

lim /,<(- II)-1/Î = constant. (31)
II->0

Eq. (31) represents the requirement that the components of the unit normal to the
curves of constant speed must exist at points where II vanishes. An indication that this
condition can not be satisfied for C 0 is given in the case of radially symmetric Poiseuille
flow [5]. In polar coordinates, the differential equation determining the speed, f, is

df/drF^df/dr]2) = -Dr (32)

where D is a constant. By symmetry, and since / is continuously differentiable, df/dr
clearly vanishes at r = 0. In this case, -II = (df/dr)' so that Eq. (32) cannot be
satisfied unless lim n_0 í'(H) (-II)

1/2= 0. When this limit is zero, Eq. (32) can be
satisfied. For example, when F([df/dr]2) is given by K(df/dv)~1/2 a solution to Eq.
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262 D. E. STONE [Vol. XV, No. 3

(32) is

/ = Ar3 + B (33)

where A and B are constants.
The reader should note here that this result does not justify requiring that the

constant in Eq. (29) be zero, since it is assumed that the flow is radially symmetric,
and we do not show that this is the only type of Poiseuille flow.

In section 2 of this paper, we showed that few types of steady rectilinear motion
were possible when f'(II) is of the form K( - II)~1/2, in which case the constant, C,
defined in Eq. (29) is non-zero. Accordingly, if we expect steady rectilinear flow to be
possible in every closed smooth cylinder, when the stress and speed behave as assumed
in this section, then the scalar F^II) must be expressible in the form

Fx( II) = tf(-II)-1/2+ F(II) (34)

where K is a non-zero constant and F is a function for which limn_»0 (-II)
1/2F(II) = 0,

and is finite at all points where II does not vanish.
6. Conclusion. If there are classes of Rivlin fluids for which steady rectilinear

motion is possible in every closed smooth cylinder when the stress and speed satisfy
the assumptions listed in the previous section, then these materials must satisfy certain
definite conditions. These conditions are: (1) the stress be affected by uniform changes
in the speed; and (2) the scalar F, (II) must be expressible in the form A{ - II) "1/2+
F(II) where A is a non-negative constant and F(II) is a function which is finite when
II 0 and for which limn_0 ( - II) 1/2F(II) = 0.

7. Acknowledgment. The author wishes to express his gratitude to Dr. J. L.
Ericksen of the Naval Research Laboratory for suggesting this paper and for his guidance
in carrying out the work.

References

[1] R. 8. Rivlin, Hydrodynamics ofNon-Newtonian Fluicķ, Nature 160, 611-613 (1947).
[2] J. L. Ericksen, Overdetermination ofthe Speed in Kectilinear Motion ofINon-Newtonian fluids,

Quarterly ofApplied Mathematics (forthcoming).
[3JA. E. Green and R. S. Rivlin, Steady Flow ofNon-Newtonian Fluids through lubes, Department

of the Army (Ordnance Corps) DA-3487/2, Brown University report, Oct. 1955.

[4] R. Courant, Differential and Integral Calculus, Interscience, 1937.

[5] C. Truesdell, The Mechanical Foundations ofElasticity and Fluid Dynamics, J.national Mechanics
and Analysis 1 (1952).

This content downloaded from
�������������129.2.179.136 on Wed, 01 Apr 2026 04:15:25 UTC�������������

All use subject to https://about.jstor.org/terms


	Contents
	p. 257
	p. 258
	p. 259
	p. 260
	p. 261
	p. 262

	Issue Table of Contents
	Quarterly of Applied Mathematics, Vol. 15, No. 3 (OCTOBER, 1957) pp. 217-328
	THE TORSION OF A HOLLOW SQUARE [pp. 217-224]
	REMOVAL OF ILL-CONDITIONING FOR MATRICES [pp. 225-230]
	TWO DIMENSIONAL COMPRESSIBLE SHEAR FLOW IN A CHANNEL [pp. 231-236]
	INTRINSIC FORM OF THE CHARACTERISTIC RELATIONS IN THE STEADY SUPERSONIC FLOW OF A COMPRESSIBLE FLUID [pp. 237-248]
	WAVES PRODUCED BY A PULSATING SOURCE TRAVELLING BENEATH A FREE SURFACE [pp. 249-255]
	BOOK REVIEWS
	Review: untitled [pp. 256-256]
	Review: untitled [pp. 256-256]

	ON NON-EXISTENCE OF RECTILINEAR MOTION IN PLASTIC SOLIDS AND NON-NEWTONIAN FLUIDS [pp. 257-262]
	ENERGY DISSIPATION AND LINEAR STABILITY [pp. 263-268]
	BOUNDS ON MINIMUM WEIGHT DESIGN [pp. 269-281]
	BOOK REVIEWS
	Review: untitled [pp. 282-282]
	Review: untitled [pp. 282-282]
	Review: untitled [pp. 282-282]

	ON THE ANALYTIC FUNCTIONS OF ORDER n¹ (APPLICATION TO THE PLANE ELASTICITY) [pp. 283-290]
	THE REFLECTION COEFFICIENT OF A SURFACE OF RAYLEIGH DISTRIBUTED IMPEDANCE [pp. 291-297]
	NOTES
	ONE-DIMENSIONAL DIFFUSION WITH THE DIFFUSION COEFFICIENT A LINEAR FUNCTION OF CONCENTRATION: REDUCTION TO AN EQUATION OF THE FIRST ORDER [pp. 298-303]
	AN ELEMENTARY SOLUTION OF TWO STRESS CONCENTRATION PROBLEMS IN THE NEIGHBOURHOOD OF A HOLE [pp. 303-308]
	THE ANISOTROPIC TENSORS [pp. 308-314]
	ON A PRINCIPLE OF RECIPROCITY BETWEEN HIGH-AND LOW-FREQUENCY PROBLEMS CONCERNING LINEAR DIFFERENTIAL EQUATIONS OF SECOND ORDER [pp. 314-317]
	ON THE ROTATION OF AN INCOMPRESSIBLE CONTINUOUS MEDIUM IN PLANE MOTION [pp. 317-319]

	BOOK REVIEWS
	Review: untitled [pp. 320-320]
	Review: untitled [pp. 320-320]
	Review: untitled [pp. 321-321]
	Review: untitled [pp. 321-321]
	Review: untitled [pp. 321-322]
	Review: untitled [pp. 322-322]
	Review: untitled [pp. 322-322]
	Review: untitled [pp. 322-322]
	Review: untitled [pp. 323-323]
	Review: untitled [pp. 323-323]
	Review: untitled [pp. 323-323]
	Review: untitled [pp. 323-323]
	Review: untitled [pp. 324-324]
	Review: untitled [pp. 324-324]
	Review: untitled [pp. 324-324]
	Review: untitled [pp. 325-325]
	Review: untitled [pp. 325-325]
	Review: untitled [pp. 326-326]
	Review: untitled [pp. 326-326]
	Review: untitled [pp. 326-327]
	Review: untitled [pp. 327-327]

	Back Matter



