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STEADY FLOW OF NON-NEWTONIAN FLUIDS
THROUGH TUBES*

BY
A. E. GREEN anp R. 8. RIVLIN
Brown University

1. Introduction. The stress-rate of deformation relation for an isotropic fluid, in
which the stress at any point is assumed to depend only on the velocity gradients at
that point, has been considered by Reiner [1]** and by Rivlin [2]. If the fluid is in-
compressible and the stress components are expressible as polynomials in the velocity
gradients only, then the stress tensor can be expressed, using Cartesian tensors, in the
form

ti; = 0di; + Vdudy; + péy; , (1.1)
where d;; is the rate of deformation tensor defined in terms of the velocity vector v, by
di; = 3(@i.; +v.), dii=0. 1.2

p is an arbitrary hydrostatic pressure and a comma denotes differentiation with respect
to one of the coordinates z; . Also, © and ¥ are polynomials in the invariants IT and 111
defined by

I = 3d.d;; ’ III = }d;;d;ds; . (1.3

Rivlin [3] has discussed the steady rectilinear flow of a fluid, for which the stress is
given by (1.1), through a uniform tube of circular cross-section and has shown that
such a rectilinear flow can be maintained without the application of body forces, without
making further assumptions regarding the form of the dependence of © and ¥ on II and
I11. Ericksent [4] has shown that this is not generally the case when the cross-section
of the tube is non-circular and that, in such cases, the maintenance of steady rectilinear
flow through the tube will require that, in addition to a uniform “pressure gradient’’
along the tube, an appropriate distribution of body forces be applied to the fluid. An
exception occurs when ¥ = kO, where k is a constant. In this case steady rectilinear
flow of the fluid through the tube can be maintained by a uniform “pressure gradient”
alone.

In the present paper, a suitable distribution of body forces, for the maintenance of
steady rectilinear flow through a non-circular tube, is calculated. This distribution has
non-zero components only in the planes normal to the direction of flow and these com-
ponents are independent of position along the tube. This result suggests that if a uniform

*Received November 16, 1955. The results presented in this paper were obtained in the course of
research sponsored by the Office of Ordnance Research, Department of the Army, under Contract No.
DA-19-020-3487.

**Numbers in square brackets refer to the Bibliography at the end of the paper.

tWe are grateful to Dr. J. L. Ericksen for discussing this result with us and for allowing us to see the
typescript of his paper prior to publication.
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300 A. E. GREEN AND R. 8. RIVLIN [Vol. XIV, No. 3

“pressure gradient” is applied to the fluid, and no body forces are applied, a steady flow
will be produced which consists of a rectilinear flow along the tube on which is superposed
some flow distribution in planes perpendicular to the length of the tube, independent of
position along the tube. This flow distribution is calculated for a tube having an elliptical
cross-section, for a fluid whose stress-rate of deformation relation has the form (1.1)
with © constant and ¥ = a(c + II), where c is a constant and where « is a sufficiently
small constant so that the governing equations determining the flow can be linearized
with respect to . This fluid is a nearly Newtonian fluid which departs from the ideal
Newtonian law (obtained by taking @ = 0) in a particular way. The choice of this
particular form of departure is governed by considerations of mathematical tractability.
It is found that for such a fluid, a uniform pressure gradient will produce in the elliptical
tube a rectilinear flow on which is superposed four similar vortex-like flows in planes
normal to the length of the tube—one in each quadrant of the elliptical cross-section.
These have the same signs in diagonally opposite quadrants and opposite signs in
adjacent quadrants. Although the quantitative results have been obtained for a par-
ticular type of non-Newtonian fluid, we may expect them to be qualitatively valid
much more generally.

2. Rectilinear flow. Assuming zero body forces Ericksen [4] has examined steady
flow for which the velocity components are

vy, =v, =0, V3 = 2f(113, y), (21)

in a fluid for which the stress-rate of deformation relation is given by (1.1), where co-
ordinates z, are replaced by z, y, z. Here we reconsider flow given by (2.1) but retain, at
present, body forces. From (1.1) and (2.1) we have

0, 0, S

d;=|0, 0, £l (2.2)
feo  fuy O
Iz fofus 0
didy; = || ffus S 0 |, (2.3)
0, 0, i+ 1

where suffixes denote partial differentiation. Also, from (1.1), (1.3), (2.2), (2.3) it follows
that

II=f+/f, HI=0, 2.4

i =‘1’f3+1?, LI =‘I’fzfv: 129 =‘I’f:+P: (25)

t13=efz, t23=efll7 t33=\11(fi+f121)+p'

If we denote body force components by (X, Y, Z) and the (constant) density by p, the
usual equations of motion reduce to
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1956) STEADY FLOW OF NON-NEWTONIAN FLUIDS 301
o 3 _
oY + P Lt o @IS+ 5 L@ =o, 2.6)

o7 + L+ o (0f.) +51;(ef,) =0,
if we use (2.5) and observe that inertia terms for the flow (2.1) vanish.

We now seek for a solution in which Z is zero and X, Y depend only on z and y. It
follows from the third of equations (2.6) that

P = polz, y) + N\Z, (2.7)
where ) is a constant such that

(ef ) + 5~ (efv) +\= (2.8)

The function ¥ depends only on the invariant IT which is given by (2.4). Hence, writing

a=p+3 [wall, 2.9

we have

gL

[/:)
Pt U(ffuu + fuf )

"”"’ F Y(ofur + fuf).

&

It then follows that the first two of Egs. (2.6) may be rewritten in the form

x4+ g [ Lapy+ 2 @f,)]f, =0,
(2.10)
9q
2y [ L+ 2 2 =o
Ericksen [4] has shown that when X and Y are zero, Eqs. (2.10) imply that ¢ is a

function of f only, and, in general, they are incompatible with Eq. (2.8) for f. When
X, Y are non-zero a possible solution of Eqgs. (2.10) is

bX = — [ (V) + 5 (41 + df:lf, :
(2.11)
oY = — [ (V) + 5 (V1) + f]fy,

where ¢ is now a function of f only. The flow given by (2.1), where f satisfies the differen-
tial equation (2.8), together with a suitable boundary condition, can then be maintained
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302 A. E. GREEN AND R. S. RIVLIN [Vol. XIV, No. 3

provided we apply body forces whose components (X, Y) along the (z, y) axes re-
spectively, are given by (2.11).

From (2.8) and (2.11) it is seen that the body forces vanish when
(a) ¥ = k6, ¢ = k\f, where k is a constant, or
(b) f1is a function of a linear combination of z and y, or
(c) fis a function of (z* + y*)},
in agreement with Ericksen [4].

If the boundary of the cross-section of the tube is symmetrical about both the z-
and y-axes, we see that equation (2.8) for f, together with the condition that f = 0 on
the boundary, implies that fis an even function of z and an even function of ¥ (6 depends
only on f 4 f3). Since dg/df in (2.11) is arbitrary we see that, in general, the flow may
be maintained by a body force X along the z-axis which is an odd function of = and an
even function of y; and by a body force ¥ which is an even function of z and an odd
function of y. This suggests that rectilinear flow down such a tube may be possible
without body forces, if in addition there is a flow in a perpendicular direction in each
quadrant of the zy plane, the flow in any one quadrant being the mirror image of that
in the immediately adjacent quadrants. In Sec. 5 this is confirmed for a special type
of fluid flowing in a tube of elliptical cross-section.

Suppose now that the fluid is such that the restriction (a) is satisfied approximately.
We put

¥ = k6 + o¥’, q = k\f, (2.12)

and Eqgs. (2.11) and (2.8) then yield

pX = _a{% (‘I’,f:) + 'é% (‘I"fu)} z
(2.13)
pY = —a{% (‘I”fz) + 'a% (‘I"fv)}fv ’

where ¥’ is a function of the invariant II, and a is a sufficiently small parameter. The
value of ¢ can be chosen arbitrarily and we choose to take the particular value in (2.12).
In general, therefore, body forces (X, Y) of order a are required to maintain the flow
(2.1). For example, if the fluid is nearly Newtonian in such a way that

0 = 2, (2.14)

then X, Y are 0(a).

In the next section we examine the modifications which are required in order to
obtain steady flow in pipes, when body forces are zero, for a general fluid for which
Eq. (1.1) holds.

3. General steady flow in tubes. We seek a solution of the fundamental equations,
with zero body forces, in which all the velocity components are independent of time ¢
and the coordinate z. We therefore introduce into (2.1) non-zero values of v, , v, . In view
of the incompressibility condition d;; = 0 we may write

n=—vy,, v, =y, U3 = 2f) (3'1)
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¥ and f being functions of z, y only. From (1.2) and (3.1) we have
- wzv ) %('l’sz - \l’w)) fz

dij = || 3(¥=: — Y, Voo Ju - 32
fa) fo, 0
Ginms = V2 + iV — ¥)* + 12,
Gimme = f:fy s
Ginlns = —fota + 3f.(¥ee — Y0,

(3.3)
d2mdm2 = w:v + i('ﬁzz - ‘pvv)2 + f: ’
d2mdm3 = fvwz‘v + %fz('ﬁu - \014:/);
dSmdm3 = f: + f: ]
and the strain invariants (1.3) are then
II = f: + f: + 'l’:u + %(‘l’zz - ‘pw)2’
3.9
I1I = (f: - f:)‘l’:y + fzfu(‘ﬁu - 'l/w)'
From (1.1), (3.2) and (3.3) we see that the components of stress are
tll = —e'pzy + ‘I’{‘l’:v + }(IPSZ - ‘PVV)’ + f:} + p’
by = %e(‘l/zz - 'pw) + ‘I/fzfv )
t22 = e‘l’zu + \I,{\bzzv + %(wzz - ¢UV)2 + f:} + p’
3.5)

= Of, + ¥{—f.¥= + 3f(¥ux — Y},
s = Of, + ‘I’{fu%u + %fz('l’zz - ‘l’ﬂv)}r
to = ¥(f2 + f}) + p.

=
)
|

Using (3.1) and (3.5) we may now write down the equations of motion. A more con-
venient form of these equations may, however, be obtained by introducing the complex
variables ¢, {* where

f=x+w, F=z—y. (3.6)
Then, observing that

] ] ) ]
+ 3 3y = ’(a_f - a_;*)’ 3.7

e

9
ox
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we find, from (3.5), that
hh + b = 217 + 4‘I’(frfr‘ + 2'/'::'/’:':')»

tn - tgz + 2'it12 = 41‘9\1/{0;. + 4‘I’f:t y
tla + 'itga = 26]}. + 4i‘l’frl//pp y

by = p + Y[ fpe

Also, using (3.1) and (3.6), the equations of motion become

i) (i} .

5}; (tn + tzz) + 6_3: (tu =ty + 2”12) = 4P(\"t'/’r'r° - '/’fﬂpn')y
at; d . a . .
‘8‘3 + '& (ta + 'ltza) + EF*' (ts — 1t23) = 41P(f{¢’f' - fr"l’r):

so that with (3.8) we then have

o+ 2 55 WUife + 2brbien))

+ 2% (10¥1ere + UfL) = 20(Yr¥pore — Vretpps),
g—f + 2 5%—, {6f e + 20¥f1¢rere}

+ 2 £‘.; {0f; — 20¥f ¥t} = Hp(frdre — frodn)-

From these equations we see that
P = M+ pol¢, ),

where A is a constant and p, is a function of {, {*. Hence

A + 2—6%: {ef{. + 27:\I’fﬂ//p;c} + 2 b_agj {eff - 2i‘I,ff"I’“}
= 4ip(fi¥rs — frodr),

o d
%g; + 2 a (U(fefee + 2¥r¥rer0) }
42 % (10Vrese + TS} = 2p(Petope — Vesbrre)-

We also note that the invariants in (3.4) may now be written in the form

II = 4(f;fp + ¢N"l’!"l"))

IIT = 4(fiabsaps — frodro)-

3.8)

(3.9

(3.10)

(3.11)

(3.12)

3.13)

(3.14)

(3.15)

Equations (3.13) and (3.14) are three equations for the three unknown functions
Do, f, ¥. In addition, if we impose the condition that the velocity is zero on some closed
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1956] STEADY FLOW OF NON-NEWTONIAN FLUIDS 305

curve G(¢f, ¢*) = 0 in the (z, y) plane then
f=0, ¥=0 [G, ) =0l (3.16)
In the next section we consider the solution of Egs. (3.13) and (3.14), subject to boundary
conditions (3.16), for a fluid for which
¥ = k6 + o¥’. 3.17)

This fluid was discussed in Sec. 2 where it was seen that, when a = 0, a solution of the
problem was possible with ¢ = 0.

4. Solution by successive approximations. We suppose that ¥ is given by (3.17).
We seek a solution of Egs. (3.13) and (3.14) in power series in «, based on the solution
¥ = 0 when a = 0, assuming that « is a parameter which is sufficiently small, but we
only carry out detailed calculations for terms of 0(a). Thus, we assume that

Y=ap+ -+, f=h+ag+ -, 4.1)
so that, from (3.15)
II = IIo+OJln+ )

4.2)
III = olll; + ---
where
IIo = 4h;hp y II] = 4(h;g;-c + hpgr),
' 4.3)
IIIl = 4i(h?¢pp - h?a(o“).
Assuming that © and ¥’ are analytic functions of a, we then have
G(II,III) = eo+a91+ Tty (4.4)
(I, IIT) =¥)+ -+,
where
6, = 6(I1, ,0), ¥, =% (I,,0),
(4.5)
_ ae(11, , 0) 061, ,0)
O = IL =5 — + L =7

Hence, from (3.17) and (4.4),
¥ = kO, + k0, + W) 4+ -+ . (4.6)

We now substitute (4.1), (4.4) and (4.6) into Eqgs. (3.13) and (3.14), and equate
coefficients of powers of a. It follows that the constant A has the form

A=XoFar + -, 4.7)

where Xo , A, , - - are constants. Also, if we recall (2.9) and result (a) in Sec. 2, we see
that the pressure may be written

k
p0=—§f90dllo+k)\oh+apl+"', (4.8)
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where p, is a function of ¢, ¢* only. In addition, using (4.7) and (4.8), we see that the
terms independent of « in (3.13) yield the equation

I¢] a
2{6_5' (8ohse) + 3 (Ooh;)} + X =0, (4.9)

whilst the terms independent of a in (3.14) now cancel. If we consider terms in a in
(3.13) and (3.14) we obtain

)\, + 2 {Oog{. + (¢] h;- + 21;keoh{¢rop}

+ 2 — Gog; + Olh, - 27:’(790’1;‘{0”} = 41,p(h;<pp bt h;o(O;), . (4.10)

6;‘* {

6 1 r
P+ 2 55 (KOuhugre + heog) + (k01 + Thohre)

+ 2 — {160{0{0{- + 2k90h;.g;. + (k91 + \I’o)hzo} = 0. (4.11)

We continue discussion of these equations for the special fluid which is defined by

0=2u, VYV =c¢c4+1II, k=0, - (4.12)
where ¢ and ¢ constants, so that
6 =24 VY=c+II,, k=0 6, =0. - (4.13) -
Equations (4.9), (4.11) and (4.10) respectively then reduce to
8ph“. + 2 =0, (4.14)

s+ Singrrre + 8705 o5 (WE) + 8 5 (hh) + %{a;* (hehr) + == (h,.>} = 0, (4.15)

8[49"0 + A= 41p(h{-¢;o - h;.go;). (4.16)

If we differentiate Eq. (4.15) with respect to {, subtract the result from its complex
conjugate, and use (4.14), we obtain the following equation for ¢:

tpgrpepe + _8; (hehts) — 'Q; (heh) = 0,
ar EY:
or
Tuesrpepe + ORgpe(Rishyy — Rihgers)
+ hiohser — hthgopers
+ Shehpe(hpohyrse — hihger) = 0. (4.17)

5. Flow through elliptical pipe. In this section we consider the solution of Eqgs. (4.14),
(4.16) and (4.17) for the special case of flow through a pipe whose cross-section is the
ellipse

2

= 1. (5.1)

8,

b
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1956] STEADY FLOW OF NON-NEWTONIAN FLUIDS 307

In complex coordinates ¢, {* this equation may be re-written in the form

(@ + )e* — 3@ — BYET + o) — 22°0° = 0. (5.2)
At this boundary we assume that the velocity of the fluid is zero so that
h =0, e =0, g=0, (5.3)

when {, {* are related by Eq. (5.2).
Since h vanishes on the boundary (5.2) we try a solution of (4.14) of the form

h= A{(@® + B)50* — 30" — B)G° + ¢*) — 24°0%). (34)
This satisfies Eq. (4.14) if

8u(a® + bHA = —), . (5.5)
If we substitute h from (5.4) in the right hand side of (4.17) we have
7:‘“0”;-‘-‘ - 24:1'14(1,21)2((14 b b4)(g'2 bl ;_*2) = 0. (5.6)

We require a solution of (5.6) such that ¢; (and therefore ¢;.) vanishes on the boundary
(5.2). We therefore assume that

twp = B{(a® + )ie* — 3@ — B)@E" + ) — 22’} (¢° — ). (6.7

This satisfies the boundary conditions and will also satisfy the differential equation
(5.6) if '

B{4(a® + b)* + (a® — b*)*} — 44%a’b*(a* — b*) = 0. (5.8)
Using (5.8), and expressing ¢ in terms of the coordinates z, y, we have
_ 64A4azb2(a4 — b4)(bzx2 + azyz — a2b2)2xy )
¢ 4@ + V) + @ — b))

This represents a flow in the z, y plane whose streamlines are the curves ¢ = constant.
The flow is illustrated in Fig. 1.

(5.9

F1a. 1. Secondary flow in a tube with elliptical cross-section (« > 0).
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308 A. E. GREEN AND R. 8. RIVLIN [Vol. XIV, No. 3

To complete the solution of the problem as far as terms of order a are concerned we
must now solve Eq. (4.16). In this equation we may put A\, = 0 since this only contributes
terms of the same type as those in the original flow down the tube. The remaining terms,
which arise solely from the inertia of the material, are found from (4.16), where k, ¢ are
given by (5.4) and (5.7) respectively. Thus

Sugire = S22 ((@ 4 15" — 3@ — B)G" + 1)
— 2a°b%}*{2(a® — b)ie*
— @+ V)¢ + 9, (5.10)
together with the boundary condition

g=0, (5.11)

on the boundary (5.2). The solution of this boundary value problem is straightforward,
but we omit details since the resulting flow will only modify slightly the original flow
down the tube.
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