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ABSTRACT

Weissenberg and Merrington have done certain experiments on Couette and Poiseuille flow
with highly viscous fluids. Rivlin, Reiner and Serrin attempted to explain these flows
theoretically by taking the coefficlent of viscosity and cross-viscosity as constants. In
general the coefficients of viscosity and cross-viscosity are functions of the scalar invariants
of D, the rate of deformation tensor and of the thermodynamic state of fluid. In this paper we
deal with the Couette and Poiseuille flows by taking the coefficient of viscosity and cross-viscosity
as functions of second invariant of D. The present investigation supports the conclusion of
Serrin in the case of Couette flow that the strangulation of liquid can be explained in terms of
cross-viscosity.

1. Couette flow

Weissenberg first demonstrated a very strange phenomenon in the hydro-
dynamic behaviour of certain highly viscous liquids. When such a liquid is sheared
between two co-axial rotating cylinders both of which move at different but with
steady rotational speeds, the liquid is drawn inwards against the action of centrifugal
forces and upwards against the forces of gravity so that the whole arrangement
forming a sort of ‘centripetal pump’. Weissenberg attributes this centripetal
pump effect to the elasticity of the fluid. But Reiner deduced from mathematical
principles that there is a theoretical possibility that the most general viscous lignid
might show such a behaviour. He established the most general relation between
the stress tensor and the rate of deformation tensor (1.1) and showed that the
appearance of ¥ in (1.1) gives rise to the phenomenon of ‘cross-viscosity ’ or in
other words the phenomenon leading to the ‘ centripetal pump effect’.

In recent years, several authors have examined the steady motion of such fluids
(Rivlin, 1948 ; Truesdell, 1952; Braun and Reiner, 1952 ; Serrin, 1959; Oldroyd,
1958). Serrin (1959) has discussed the strangulation of the liquid in the space
between the two cylinders by considering the coefficients of viscosity and cross-
viscosity as function of the material constants. In general they are functions of
second and third invariants of the rate of deformation tensor, D), besides the
temperature of the fluid. In this paper the physical nature of Rivlin’s solution is
clarified by taking the coefficients of viscosity and cross-viscosity as functions of
second and third invariants of D.

The theory of non-Newtonian fluids is based on the stress-deformation relation
in the form

P=o.I4+B.D+v.D2. U B )

where P is the stress tensor, D is the rate of deformation tensor and I is the unit
tensor. «, B, ¥ are certain scalar coefficients. We shall be concerned here with
incompressible fluids, so that « is identified with the negative of the dynamic
pressure, i.e. o = —p. The coefficients 8 and ¥ are functions of the second
invariant of D besides the fluid temperature.
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We shall now consider the steady rotatory motion of an incompressible liquid
between two co-axial cylinders of radii r; and ry(ry > r;). The angular velocities of
the outer and inner cylinders being w, and w; respectively.

If the angular velocity of the liquid at a distance r from the axis of the
cylinders is o then

w = w; when r=r,
% (L.2)
w = wy When r =r,,
The fluid motion is governed by the law
14 .
p-ﬁt——p}_"-}-dlv P, .. .. .. .. (L3)
div ¥ =0. O ¢ )

where V is the velocity vector, [ is the gravitational force and P is given by (1.1).
Taking the cylindrical polar co-ordinate system (r, 8, z), the z-axis of which
coincides with the axis of the cylinders, we have

u, =0, u0=rw(r), u, =0 .. . .. (LD)
The rate of deformation tensor becomes
0 re’ 0
D=1} (rw’ o 0],
0o 0 0

1 0 0 0
P = —p (() 1 0 +%ﬁrw'(1
0 0 1 0

B=B(—trtw2, 1),
Y = Y(— }r2w’?, T).

Assuming that B and ¥ do not involve 7' explicitly or T is a function of r only, we
take

o D -

0 1 00
0)+;}77‘2w'2(0 1 0), (1.6)
0, 0 0 0

where

B = Bo(r2e'?)", n >0, .. .. .. .. (1D
Y= Yo+7](7‘2w’2)+72(7'2w’2)2+ N . . (18)
where 84, Yo, Y1, Y2, Vs, - - - are constants.

The momentum equations are:

—prat = = 24 2 a4 D4 ),

or
0-——5@4—; -a—;(ér3ﬁw)+; a—a(ir‘yw ); . (' )
- op
_—-Pg—*é‘;.

These equations have the integrals
: e’ =C, .. .. .. .. (1.10)

p= —pgz+fr)+k, .. .. .. .. (LID)



394 S. L. RATHNA : COUETTE AND POISEUILLE FLOW IN NON-NEWTONIAN FLUIDS

where C and K are constants and

a

fr) = %rzw’z‘)’-}-PJ rewidr. .. .. e (1.12)

Agsuming axial symmetry, we shall take 2 = (.

ot
Using the values of 8 and ¥ as given by (1.7) and (1.8) we have the solution of the
equation of motion as

4 _ .
w=—rmdB L L (L13)

where

0
The constants A and B are evaluated By applying the boundary conditions (1.2):

4=— m(wg—wy)(r17g)"
= P ’z
2~ "1
- . - .. (L14)
wzr;”—wlr;” “ (
n
e
so that
r rirs\"
uy= 1 [(wzr;"—wlr;") — (wp—an) (—1,—’) ] NRE)
Ty~

It is clear that the radial distribution of the angular velocity is unaffected by v.
From the equation (1.11) we have
P =} {7edsron by (AT ImE 4y (A3t L f 4
pre { A%~ Bm?  24Bm

o+ 5 ""}—sz+k . (116)

To complete the solution we find the stress components for the state of motion
considered :

2)—2m 2m2 -m
Przg A%t  Bm2 24 Bmr }+P5’Z_k’l

D, = Pgg = — me 20—m)" 2 Qe
py=10r, , (L17)
prz=p20=0’ }

P, = —P = Pgr—li—} [VoAdZr I +71 (427224 vy (AW IM)E4 L )
PrZ{ A2r~2m B2 2Aer‘"'}
T m2l2Q—-m)" 2 2—m
We observe that the only stress component whose value is affected by 7 is p,,. The

flow is taking place between two concentric rotating cylinders with the upper surface
of the fluid left open to the atmosphere. The shape of this free surface is given by

(1.18)

2p-2m
Z== A4:g {Yo+714% 2 4y (Atr2m)24rg(A22m)8 .}
2 ( A%r-2= Byp? 2Aer-"'§ k—mu
e 1.19
+gm’{2(1-—m)+ s t2—m (7 Py’ -

‘where z is measured vertically upwards from a convenient level.
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The slope of the meridian section of the surface is given by

dz  A2r-(@emt1) m3
id —’—-—[{ r(14+6)} -—P{y0+2y1A2r2m+3y2(A2r—2m)2+...}], (1.20)

dr~  m2
where
0= gmrﬂ'.
When m = 2 and ¥ = ¥,, a constant, we get, as a particular case, Serrin’s result :
dz A2 2
7= 7 [{ r(140)}2— . ] .. .. ..o (Len

We shall now consider two cases in detail.

Case (i7): The inner cylinder (r = r,) remains at rest, so that
0= — (i)m

G
Case (it): The outer cylinder (r = r,) remains at rest, so that

o=~z
ro)
We discuss the flow of liquid in the space between the two co-axial cylinders as
follows :
(a)y The case with no cross-viscosity :
Ify =0, (1.2) gives
de _ A%~ @mtD)
&~ miy

{r(146)}%. .. . oo (1.22)

The slope of the meridian section of the free surface in case (i) varies from zero at
the inner cylinder to a positive value at the outer cylinder, while in case (ii) it
varies from a positive value at the inner cylinder to zero at the outer cylinder.

(b) The case with cross-viscosity :

When the cross-viscosity is present, let ¥ be given by (1.8) which must be &
positive definite form in the indeterminate (w'r)2. Since (w'r) occurs in even
powers, a sufficient condition for (1.8) to be positive definite is that all ¥y, ¥1, 7,

. are positive.

Case (1): The liquid will tend to climb the inner cylinder and will generally also
climb the outer cylinder if

L 2
2p [7'2{(:—2) —l}] > ms {70+2‘)’1A2r2‘2'"+3’}’2 (A21'2—2m)2+ e } .
1
(1.23)

Case (i) : The liquid will tend to fall slightly at the outer cylinder. At the inner
cylinder the liquid will rise or fall according as

" 2
m8 {70+271A2r1‘2"'+372(A2rl'2’")2+...}%2[1-1{ 1— (:-;.) }] b (1.24)
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The case when r) < < rg

This leads to the criterion that the liquid will tend to climb the inner cylinder
if

5 - 2m
1< J;ip {70+271A2r1-2m+372(A2r1 2 )2+ .. } .. (1L.25)
and fall away from the inner cylinder otherwise,

(¢) Let now Y = Yo+Y1{w'r), .. .. . .. (L1.26)

where ¥, >0, 7, <0,
and 7, is so small that ¥ is positive definite,

Le. Yo > |v1]A% 2, L. . .. .. (1.27)
Case (¢): In this case the liquid will tend to rise at the inner cylinder if

Yo > 271427,
and will tend to fall if

VA8 <y < 2 AP .. .. (1.28)
The liquid will climb at the outer cylinder also if

2p [rzg(;f)m—-l}]2> mS{yo—wlAer'”}‘. s (129

Case (i7) : In this case the liquid will tend to fall slightly at the outer cylinder if

Yo > 2v,4%, %", .. .. .. .. (L30)
and will tend to rise if

V1A% < vy < 2 AP L . .. (131

At the inner cylinder the liquid will rise or fall according as
5 1 m‘ 2
m3{y,—2y,42r,727} 2 2p ml=2) (|- - .. (1.32)
2

The case when r1 L ry

The liquid will tend to climb at the inner cylinder if

3
71<J%(y0—2y1A%1‘2") ce e (139

and fall at the inner cylinder otherwise,

The above conclusions lead us to confirm that the ‘centripetal pump effect’
is entirely due to cross-viscosity of the liquid and the present investigation supports
the conclysions of Serrin in the case of Couette flow that the strangulation of
liquid can be explained in terms of cross-viscosity.

2. Poiseuille flow

We consider a steady laminar flow through a long straight pipe of circular
. cross-section of diameter 2¢. We shall use the cylindrical polar co-ordinate system
(r, 9, z) where z-axis is taken along the axis of the pipe which is placed in a vertical



8. L. RATHNA : COUETTE AND POISEUILLE FLOW IN NON-NEWTONIAN FLUIDS 397

position and r is the perpendicular distance from this axis. Assuming axial

symmetry we shall take a% =0. For a flow parallel to the axis of the pipe we have
u, =0, uy=0, u, = w (1, 2). .. .. B -

In view of the equation of continuity, w is a function of  only,

i.e. U, = w (r).

For such a motion the rate of deformation tensor D takes the form

0 (6 w
D=%<O 0 O),
w 0 0

/10 0 00 I 1 00
=-—plo 1 0)+§Bw'(0 0 0)+%m'2 0 0 0), L@
0 0 1 1 0 0 o0 1/ -

where B and y are functions of the second invariant of the rate of deforma,tlon
tensor D and the temperature of the fluid,

so that

i.e.

B=B(~}w2, 1),

Y =y(—}w2, T).

and

Assuming that 8 and ¥ do not 1nvolve T explicitly or 7' is a function of r only, we
take

B=Bo@'®", n>0, . .. . o (23)
Y =Yo+V1(0?) 4V ..., . L L (24)
where B4, ¥, Y1, s, . . . aTe constants.

The momentum equations are :

0= — %% ! {% (%er'2)+5a£ (%rﬂw')} , e .. (25)
p==2a 2 gari Zaman}. e
These equations have the integrals
Bo' =cr, .. . - . .. @20
= (c—-Pg)z+f(r) .. .. .. .. (2.8)

where

yr
1) = {B,+[ Gl }
Using the values of 8 and ¥ as given by (2.3) and (2.4) we have the solution in the

form

w=2mik e L2y
m



398 S. L. RATHNA : COUETTE AND POISEUILLE FLOW IN NON-NEWTONIAN FLUIDS

where

c\»! 2n+42

The constant K is evaluated by applying the boundary condition w(e) = 0.
We get
o= — 4 (a™—r™), .. . .. .. (2.10)
m

and
A%2m-1)
~ 16(m—1)

To complete the solution, we find the stress components for the state of motion
considered :

[270(2m—1)+71(4m~3)A*2@-D 4 14 (c—Pg)z+B.  (2.11)

A2 '
— — e\ 0 p2(m=1) +y,A2 2m-1) | _}_B’ 2.12
Prr = Do = (Pg C)Z 16(m l) r {270 Y14%r ( )

— _______A2 2("'—1){ -1

+71(4m—3)A22m=V 4 .}—B, (2.13)

p’o =p02 = 0,
Pe = Eor.

The total mass flux is

m+2
M= -—ffpwrdrdo = %— A .. .. (2.14)

We notice that the normal stress on the pipe wall varies linearly along the length
of the pipe.

The effect of ¥ is felt in the non-uniform distribution of pressure across a sec-
tion of the pipe. To investigate the effect of ¥, we may suppose the fluid to issue
from the pipe into the atmosphere at pressure p,, the latter exerting a force on the
output cross-section of the amount na2p,, such that

watpg = —fpzz,%-rdr. .. .. .. (2.15)
0
Using this equation to eliminate the constant B in (2.11) we get the formula
A2 a2(m—1)
= = —_ ———— —p2(m—1}
r, p, (Pq C)z+16(m-l) [270{ r }+
+7,42 {“4('"_1) 4(»'—1)} ] 2.16
71 2’m—l—r +-.. b/ i . ( . )

Let P be the force per unit area which the fluid exerts on the pipe walls, so that
P = —p,, evaluated at the wall.
From (2.16) we have

* I'\*[y 14 r\*
P—p, = cz+(5) [8_7%-'-8_(—2%%-—1-) (m42)2 (2) + .. ] (m+2)2, (2.17)
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where
p* = po—Pge
and
=M _ A olume of the fl second nit cross-section area
ma® = miz= " e o oW per per unit cross-section area.
.. (2.18)
According to (2.17) the excess pressure at the exit section is
_{T)? { Yo, N . 1")2 } .
P—p, = (E) %+m(m+2) Py 4 ... ¢ (m+2)2 .. (2.19)

When the fluid emerges from the tube, the result will be a ‘swelling’ of the
emergent column of liquid as has been observed by Merrington (1943). Equation
(2.19) shows that, at the exit section, the excess of pressure in the fluid can be
caused by the presence of ¥,, 7;, V2, ... if we assume them to be positive which
implies that ¥ must be positive definite in the indeterminate (w')2. Therefore the
equation (2.19) implies that the swelling should be emphasized by high flux and
small pipe radius.

Merrington attributes this swelling of the fluid to the elasticity of the liquid,
but the present work supports Reiner’s viewpoint that the effect must be entirely
due to cross-viscosity of the liquid.

ACKNOWLEDGEMENT

The suthor is greatly indebted to Prof. P. L. Bhatnagar, F.N.I., for his kind
help and guidance in the preparation of this paper.

REFERENCES

Braun, 1., and Reiner, M. (1952). Problems of cross-viscosity. Quar. J. Mech., 5, 43.

Merrington, A, C. (1943). Flow of visco-elastic materials in capillaries. Nature, Lond., 152,
663.

Oldroyd, J. G. (1958). Non-Newtonian effects in steady motion of some idealized elastico-
viscous liquids. Proc. roy. Soc., 245 A, 278,

Reiner, M, (1945). A mathematical theory of dilatancy. Amer, J. Math., 67, 350.

Rivlin, R, 8. (1948). Hydrodynamics of non-Newtonian fluids. Proc. roy. Soc., 193 A, 260.

Serrin, James (1959). Poiseuille and Couette flow of non-Newtonian fluids. Z. angew. Math.
Mech., 39, 295,

Truesdell, C. (1952). The mechanical foundations of elasticity and fluid dynamics. J.
Rational Mech. Anal. 1, 125.

Weissenberg, K. (1947). A continuum theory of rheological phenomena. Nature, Lord., 159,
310.

(@rticle {MR129716,
AUTHOR = {Rathna, S. L.},
TITLE = {Coul ette and {P}oiseuille flow in non-{N}ew onian fluids},
JOURNAL = {Proc. Nat. Inst. Sci. India Part A},
FIJOURNAL = {Proceedings of the National Institute of Sciences of India.
Part A. Physical Sciences},
VOLUME = {26},
YEAR = {1960},
PAGES = {392--399},
| SSN = {0547- 7565},
MRCLASS = {76.99},
MRNUMBER = {129716},
MRREVI EMER = {J. E. Adki ns},
}
\



rouben
Text Box
@article {MR129716,
    AUTHOR = {Rathna, S. L.},
     TITLE = {Coulette and {P}oiseuille flow in non-{N}ewtonian fluids},
   JOURNAL = {Proc. Nat. Inst. Sci. India Part A},
  FJOURNAL = {Proceedings of the National Institute of Sciences of India.
              Part A. Physical Sciences},
    VOLUME = {26},
      YEAR = {1960},
     PAGES = {392--399},
      ISSN = {0547-7565},
   MRCLASS = {76.99},
  MRNUMBER = {129716},
MRREVIEWER = {J. E. Adkins},
}



