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Solution to Exercise 13.7. This is very similar to the problem solved
in Sections 13.3 and 13.4. The only difference is the boundary condi-
tion f, which was given in (13.32), is now changed to

1 if0<6<Z,

0 otherwise.
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We begin with calculating f’s Fourier coefficients according to (13.30):
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The solution candidate u(r, 8) is the same as that in (13.34):

[e9) oo
u(r,0) = Ag+ Y Apr" cosn + Y B,r"sinné.
n=1 n=1
We evaluate this at » = a, equate the result to f’s coefficients, and
arrive at
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We conclude that
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Solution to Exercise 13.8. This is very similar to the problem solved
in Sections 13.3 and 13.4. The solution in expressed in the series (13.29a),
that is

u(r,0) = ao(r) + Y an(r)cosnf + Y_ by(r)sinne,
n=1 n=1
where the coefficients are the solutions of the ODEs (13.31). The outer
boundary condition is the same as f in (13.32) whose Fourier coeffi-
cients are calculated in (13.33). We thus have

£(6) % i )n sin nf. (14.64)
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As before, the solutions of the ODEs (13.31) are
ag(r) = Ao+ Aglnr, ay,(r) = Apr" + A", by(r) = Byr" +Byr™",

but unlike in the previous case, we don’t discard A and B since the
origin is not a part of the domain ). We thus arrive at the solution
candidate

o
u(r,0) = Ag+ Aglnr+ ) (Apr™ + Ayr™") cos n
n=1

(Bur™ + Byr ") sinnf. (14.65)
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We evaluate this at ¥ = a and equate the result to zero:
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and conclude that

Ag + AO Ina=0, (14666)
Apat 4+ A" =0, (14.66b)
Bna" 4 Bya™". (14.66¢)

We also evaluate (14.65) at r = b and equate the result to (14.64):
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and conclude that

Ao+ Aglnb = % (14.66d)

A"+ A7 =0, (14.66€)

B,b" +B,b" =Q,, (14.66f)
==

where we have set Q, = —_——. We solve the six equations (14.66)
for the six unknowns Ao, Ag, Ay, Ay, Bu, By, and obtain
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By = p2n — g2n Qu, Bu= _bZn — g2n =

We conclude that

ao(r) = m, ay(r) =0,
_ [ (/b)" (b/r)"
bu(r) = L —(a/b)2 - (b/a)> — 1] Qn,

and therefore

_In(r/a) [ 1 & 1-(-1)" (r/b)" (b/r)" :
ur8) = S/ +;n§1 n [1 “ (/b2 (b/a)2" —1] sinnf.

The adjacent diagram shows the temperature distribution in the annu-
lus with a = 1, b = 2. Red is hot, blue is cold.




