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Solution to Exercise 13.2. The boundary value problem is

urr +
1
r

ur +
1
r2 uθθ = 0 in Ω,

u(r, 0) = 0 0 < r < a,

u(r, π) = 0 0 < r < a,

u(a, θ) = f (θ) 0 < θ < π.

We look for solutions of the form u(r, θ) = R(r)Ψ(θ) and arrive at the
familiar eigenvalue problem

Ψ′′(θ) + λΨ(θ) = 0, Ψ(0) = 0, Ψ(π) = 0

whose solution is given by

γn = n, λn = γ2
n = n2, Ψn(θ) = sin γnθ = sin nθ.

Then for R(r) we have the Euler equation

r2R′′
n(r) + rR′

n(r)− n2Rn(r) = 0,

whose general solution is

Rn(r) = Anrn +
Bn

rn .

We set Bn = 0 to avoid blowup at the origin. Thus we have con-
structed a series of functions un(r, θ) = Anrn sin nθ that satisfy the
PDE and the boundary conditions on the domain’s straight edges. To
meet the boundary condition on the curved edge, we form the solution
candidate

u(r, θ) =
∞

∑
n=1

Anrn sin nθ.

Enforcing the boundary condition leads to

f (θ) =
∞

∑
n=1

Anan sin nθ,

which is the usual Fourier sine series for f , and therefore

an An =
2
π

Z π

0
f (θ) sin nθ dθ,

whence we obtain

An =
2

anπ

Z π

0
f (θ) sin nθ dθ,

and arrive at the solution

u(r, θ) =
∞

∑
n=1

Anrn sin nθ, where An =
2

anπ

Z π

0
f (θ) sin nθ dθ.
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Solution to Exercise 13.3. The boundary value problem is

urr +
1
r

ur +
1
r2 uθθ = 0 in Ω,

u(r, 0) = 0 a < r < b,

u(r, π) = 0 a < r < a,

u(a, θ) = 0 0 < θ < π

u(b, θ) = sin θ 0 < θ < π.

We look for solutions of the form u(r, θ) = R(r)Ψ(θ) and arrive at the
familiar eigenvalue problem

Ψ′′(θ) + λΨ(θ) = 0, Ψ(0) = 0, Ψ(π) = 0

whose solution is given by

γn = n, λn = γ2
n = n2, Ψn(θ) = sin γnθ = sin nθ.

Then for R(r) we have the Euler equation

r2R′′
n(r) + rR′

n(r)− n2Rn(r) = 0,

whose general solution is

Rn(r) = Anrn +
Bn

rn .

Thus, we form the solution candidate

u(r, θ) =
∞

∑
n=1

�
Anrn +

Bn

rn

�
sin nθ.

Applying the boundary conditions specified on the curved edges, we
get

0 =
∞

∑
n=1

�
Anan +

Bn

an

�
sin nθ,

sin θ =
∞

∑
n=1

�
Anbn +

Bn

bn

�
sin nθ.

These are the Fourier sine series expansions of the functions 0 and
sin θ. We conclude that

Anan +
Bn

an = 0 for all n, and Anbn +
Bn

bn =





1 if n = 1

0 otherwise
.

Specifically, when n = 1 we have

A1a +
B1

a
= 0, A1b +

B1

b
= 1.
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We solve this linear system of two equations for A1 and B1 and obtain

A1 =
b

b2 − a2 , B1 = − a2b
b2 − a2 .

When n > 1 we have

Ana +
Bn

a
= 0, Anb +

Bn

b
= 0,

which implies An = Bn = 0. We conclude that the infinite series of the
solution actually consists of a single term:

u(r, θ) =
br

b2 − a2 − a2b
r(b2 − a2)

sin θ,

which may be rearranged into the more presentable form

u(r, θ) =
ab

b2 − a2

� r
a
− a

r

�
sin θ.
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Solution to Exercise 13.4. We need to solve the BVP

urr +
1
r

ur +
1
r2 uθθ + 1 = 0 in Ω,

u(r, 0) = 0 0 ≤ r ≤ a,

u(r, π) = 0 0 ≤ r ≤ a,

u(a, θ) = 0 0 ≤ θ ≤ π.

We look for solutions of the form u(r, θ) = R(r)Ψ(θ) of the homoge-
neous PDE and arrive at the familiar eigenvalue problem

Ψ′′(θ) + λΨ(θ) = 0, Ψ(0) = 0, Ψ(π) = 0

whose solution is given by

γn = n, λn = γ2
n = n2, Ψn(θ) = sin γnθ = sin nθ.

Then we expand the unknown solution u(r, θ) and the give heat source
q(r, θ) ≡ 1 into series of the eigenfunction Ψn(θ).

u(r, θ) =
∞

∑
n=1

Rn(r)Ψn(θ),

1 =
∞

∑
n=1

QnΨn(θ).

The coefficients Qn are readily found through the usual formula

Qn =
2
π

Z π

0
Ψn(θ) dθ =

2
π

Z π

0
sin nθ dθ = − 2

nπ
cos nθ

����
π

0

=
2

nπ

h
1 − cos nπ

i
=

2
nπ

h
1 − (−1)n

i
.

We now substitute the solution candidate into the PDE:
∞

∑
n=1

�
R′′

n(r)Ψn(θ) +
1
r

R′
n(r)Ψn(θ) +

1
r2 Rn(r)Ψ′′

n(θ)

�
+

∞

∑
n=1

QnΨn(θ) = 0.

Considering that Ψ′′
n(θ) = −λnΨn(θ) = −n2Ψn(θ), we simplify and

rearrange the result into

∞

∑
n=1

�
R′′

n(r) +
1
r

R′
n(r)−

n2

r2 Rn(r) + Qn

�
Ψn(θ) = 0,

and we conclude that

R′′
n(r) +

1
r

R′
n(r)−

n2

r2 Rn(r) + Qn = 0,

which is better expressed as

r2R′′
n(r) + rR′

n(r)− n2Rn(r) = −r2Qn, n = 1, 2, . . . .
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These are nonhomogeneous versions of Euler’s equation. The general
solution of the corresponding homogeneous equation for each n is given
in (13.11). To avoid the singularity at the origin, we take Bn = 0. All
there remains is to find a particular solution of the nonhomogeneous
equation and add to the solution of the homogeneous equation.

Considering the special structure of the equation, it makes sense to
look for a particular solution of the form Cr2. Plugging that guess into
the ODE we obtain 4Cr2 − n2Cr2 = −Qnr2, whence C = Qn

n2−4 . We
conclude that

Rn(r) = Anrn +
Qn

n2 − 4
r2.

That is good for all positive integers n except for n = 2. So we take
a closer look at the n = 2 case, where we have

r2R′′
2 (r) + rR′

2(r)− 4Rn(r) = −Q2r2.

Luckily, Q2 = 0, so that equation reduces to

r2R′′
2 (r) + rR′

2(r)− 4Rn(r) = 0,

whose general solution is R2(r) = A2r2 + B2/r2. We set B2 = 0 to
avoid the singularity, and therefore

R2(r) = A2r2.

We thus arrive at the solution candidate

u(r, θ) =
h

A1r +
Q1

12 − 4
r2
i

sin θ + A2r2 sin 2θ

+
∞

∑
n=3

h
Anrn +

Qn

n2 − 4
r2
i

sin nθ. (14.63)

This satisfies the PDE and the boundary conditions on the lamina’s
straight edges. The boundary condition on the curved edge implies
that
h

A1a+
Q1

12 − 4
a2
i

sin θ + A2a2 sin 2θ +
∞

∑
n=3

h
Anan +

Qn

n2 − 4
a2
i

sin nθ = 0.

It follows that

A1 =
1
3

Q1a , A2 = 0, An = − Qna2

an(n2 − 4)
, n = 3, 4, . . . .

Substituting this into (14.63) and simplifying, we arrive at

u(r, θ) =
4a2

3π

r
a

�
1− r

a

�
sin θ +

2a2

π

∞

∑
n=3

1 − (−1)n

n(n2 − 4)

�� r
a

�2
−

� r
a

�n
�

sin nθ.

The adjacent diagram shows the temperature distribution in the lam-
ina. Red is hot, blue is cold.


