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Chapter 9

Solution to Exercise 9.1. This is a special case of the IBVP (9.1)
whose solution is given in (9.9). The values of γn and λn are available
in (9.8). Since k = 1 and ℓ = 1 in this special case, we have

γn = nπ, λn = n2π2.

We evaluate the coefficients bn from (9.10):

bn = 2
Z 1

0
sin πx sin nπx dx.

However, according to (8.7), we have

Z 1

0
sin πx sin nπx dx =

Z 1

0
X1(x)Xn(x) dx =





0 if n ̸= 1,
1
2 if n = 1.

Consequently, all bn are zero except for b1 which is 1, and the solu-
tion (9.9) reduces to a single term

u(x, t) = e−π2t sin πx.

An alternative approach: We have seen that the solution of the prob-
lem is

u(x, t) =
∞

∑
n=1

bne−kλnt sin γnx.

Evaluate that at t = 0, set u(x, 0) = sin πx and γn = nπ. We get

sin πx =
∞

∑
n=1

bn sin nπx = b1 sin πx + b2 sin 2πx + b3 sin 3πx + · · · ,

from which it follows that b1 = 1 and the rest of the bn are zeros.
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Solution to Exercise 9.3. This is a special case of the IBVP (9.1)
whose solution is given in (9.9). The values of γn and λn are available
in (9.8). Since k = 1 and ℓ = π in this special case, we have

γn = n, λn = n2.

We evaluate the coefficients bn from (9.10) with help from the iden-
tity (8.33g) in Table 8.1 on page 120:

bn =
2
π

Z π

0
cos

x
2

sin nx dx

=
1
π

Z π

0

�
sin

�
n +

1
2

�
x + sin

�
n − 1

2

�
x
�

dx

=
1
π

"
− 1

n + 1
2

cos
�

n +
1
2

�
x − 1

n − 1
2

cos
�

n − 1
2

�
x

#π

0

= − 1
π

�
2

2n + 1
cos

�
(2n + 1)

� x
2
+

2
2n − 1

cos
�
(2n − 1)

� x
2

�π

0
.

Since the cosine of an odd multiple of π/2 is zero, the square bracket
evaluates to zero at x = π/2, and thus arrive at

bn =
1
π

�
2

2n + 1
+

2
2n − 1

�
=

8
π

· n
4n2 − 1

.

We conclude that

u(x, t) =
8
π

∞

∑
n=1

n
4n2 − 1

e−n2t sin nx
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Solution to Exercise 9.5. This is a special case of the IBVP (9.14)
whose solution is given in (9.21). The values of γn and λn are available
in (9.20). Since c = 1 and ℓ = 1 in this special case, we have

γn = nπ, λn = n2π2.

We are given f (x) = 0 and g(x) = sin πx. Therefore we may evaluate
the coefficients αn and βn from (9.23). Since f is zero, all αn are zero.
As to the βn, we have

βn =
2

nπ

Z 1

0
sin πx sin nπx dx.

However, according to (8.7), we have

Z 1

0
sin πx sin nπx dx =

Z 1

0
X1(x)Xn(x) dx =





0 if n ̸= 1,
1
2 if n = 1.

Consequently, all αn are zero except for α1 which is 1/π, and the solu-
tion (9.21) reduces to a single term

u(x, t) =
1
π

sin πt sin πx.
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Solution to Exercise 9.8. This is a special case of the IBVP (9.14)
whose solution is given in (9.21). The values of γn and λn are available
in (9.20). Since c = 1 and ℓ = π in this special case, we have

γn = n, λn = n2.

We are given f (x) = 0 and g(x) = cos x
2 . Therefore we may evaluate

the coefficients αn and βn from (9.23). Since f is zero, all αn are zero.
As to the βn, we evaluate it with help from the identity (8.33g) in
Table 8.1 on page 120:

βn =
2

nπ

Z π

0
cos

x
2

sin nx dx

=
1

nπ

Z π

0

�
sin

�
n +

1
2

�
x + sin

�
n − 1

2

�
x
�

dx

=
1

nπ

"
− 1

n + 1
2

cos
�

n +
1
2

�
x − 1

n − 1
2

cos
�

n − 1
2

�
x

#π

0

= − 1
nπ

�
2

2n + 1
cos

�
(2n + 1)

� x
2
+

2
2n − 1

cos
�
(2n − 1)

� x
2

�π

0
.

Since the cosine of an odd multiple of π/2 is zero, the square bracket
evaluates to zero at x = π/2, and thus arrive at

βn =
1

nπ

�
2

2n + 1
+

2
2n − 1

�
=

8
π

· 1
4n2 − 1

.

We conclude that

u(x, t) =
8
π

∞

∑
n=1

1
4n2 − 1

sin nt sin nx.


