NOTES ON CONTINUUM MECHANICS

ROUBEN ROSTAMIAN

ABSTRACT. Here are brief notes on some of the central topics of continuum mechanics.
These represent my take on the presentations in Gonzalez and Stuart [5], Gurtin [7], and

Chadwick [2].
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1. NOTATION

E; = the three-dimensional Euclidean space
Y = the linear space of vectors in E;
L =the linear space of second order tensors ¥V — ¥V

LT = the set of all tensors A € £ with det A >0

Leym = the linear subspace of symmetric tensors in £

Lkew = the linear subspace of skew-symmetric tensors in £
Ly, = the set of all symmetric and positive definite tensors
Loh = the linear space of orthogonal tensors in £

L7, = the set of all tensors Q € Loy, with detQ >0

2. VECTORS

Throughout these notes, E; refers to the three-dimensional Euclidean space. The ele-
ments of E; are points. The oriented line segment that extends from the point x to point y
is called a vector and is written v = y — x. We write V for the set of all vectors. Two vec-
tors u and v which are parallel and have common orientation are regarded equal. Thus,
V is the equivalence class of all vectors under this concept of equality.

We write |v| for the length of the vector v. The zero vector, written 0, is the vector of
zero length. The product av a vector v € V and a number « € R, is obtained by scaling
v’s length by the factor a. A negative a both scales and reverses v’s orientation. The sum
u+v of vectors u, v € V is the vector that coincides with the diagonal of the parallelogram
formed by u and v.

The vectors u,v,w € V are linearly independent if the equation au + fv + yw = 0,
a, B,y € R, implies thata = f =y = 0.

The scalar product u - v of vectors u,v € V is defined as u - v = |u| |v| cos 0, where
0 € [0, ] is the angle between u and v. Let us note that if u and v are orthogonal, then
u-v = 0. Also note that u - u = |ul?.

The vector product (also known as the cross-product) uxv of vectors u,v € V is a vector
w constructed as follows. If either of u or v is zero, or if u and v are collinear, then w is
the zero vector. Otherwise, w is a vector of length |u| |v| sin 8 and is perpendicular to the
plane formed by u and v. Here 6 € [0, ] is the angle between u and v, as before. The con-
ditions stipulated above determine w up to a multiplicative factor of £1. To disambiguate,
we pick the one which conforms to the right-hand rule. It follows then u xv = —v xu. The
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h = |w|cos ¢

h = |v| sin6

FIGURE 1. On the left: The area A of the parallelogram formed by the
vectors u and v is

A=lulh = ul|v]sin0 = [uxuv].
On the right: The volume V of the parallelepiped formed by the vectors
u,v, w is the area of the base times the height, that is

V =luxvlh=|uxv||w|cos¢ = |(uxv) w|=|[u,v,w]|

left diagram in Figure 1 shows that the area of the parallelogram formed by the vectors
isuand v is |uxuv|.

Proposition 1.
luxol* = Jullo|* — (u-v)* forallu,ve V. (1)

Proof. Let 0 € [0, 7] be the angle between u and v. We know that u - v = |u] |v] cos 0, and
|u x v| = |u| |v| sin 6. Therefore

% o* = [ul’ o] sin” 6 = Jul*Jo]*(1 - cos® 0)

= Jul*Jol? — Jul’|ol* cos® 6 = Jul*Jo]* — (u-v)*. O

The scalar triple product [u, v, w] of any three vectors u, v, w € Vis defined as [u, v, w] =
(u x v) - w. It follows from geometry that [u,v, w] is the volume of the parallelepiped
formed by the three vectors u, v, w. Consequently, [u, v, w] = 0 if and only if the vectors
are linearly dependent.

The right diagram in Figure 1 shows that the volume of the parallelepiped formed by
the vectors is u, v, and w is \[u v, w]| If the three vectors form a right-handed system,
then the absolute value signs are redundant and the volume is simply [u, v, w].

In the rest of these notes, we shorten the term scalar triple product to triple product.
Proposition 2. For anyu,v,w € V we have
[u,0,w] = [v,w,u] = [w,u,v] = —[u,w,v] = —[v,u,w] = —[w,v,u].

In words, the triple product [u, v, w] is invariant under the cyclic permutation of its members,
and it changes sign under a non-cyclic permutation.

Proof. Interchanging the first and second members of a triple product reverses its sign:

[u,v,w]=(uxv) - w=—(vxu)-w=—[v,u,w].
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Furthermore, from the observation that the triple product is zero if its vectors are linearly
dependent, it follows that

=[u,v+w,v+w|

= [u,v,v +w] + [u,w, v+ w]

= [u,v,v] + [u, v, w] + [u, w,v] + [u, w, w]

= [u,v,w] + [u, w,v].
We conclude that [u, v, w] = —[u, w,v], that is, interchanging the second and third mem-
bers of a triple product reverses its sign as well. The proposition’s assertion follows from
repeated interchanges of the triple product’s members; see Exercise 1. (]

A frameis an orthonormal triplet of vectors. The orthonormality of the frame {e;, e,, e}
is conveniently expressed in terms of the Kronecker delta 6;;:

ei-ej =0 i,j=123, )
where
1 ifi=j,
ij = e ®3)
0 ifi=j.

We say that the frame is right-handed if
€ Xe; =¢€3 exXe3=¢e;, e3xXe = e (4)

Throughout these notes all frames are right-handed. The right-handedness is implicitly
assumed even when it is not made explicit.

We will find it convenient to express the three equations in (4) as a single equation
involving symbolic indices i, j, k, similar to that in (2). Toward that end, let us observe
that for any i and j in the set {1, 2, 3}, we should be able to express the vector e; x e; as a
linear combination of the frame’s three vectors since the frame forms a basis for V. Thus,

3

e xe; = Z €;jkek; (5)

k=1
The coefficients €;j; are determined as follows. If i = j, then e; xe; = 0, while if i # j, then
e; x e; = xey, where k is that element of the index set {1, 2, 3} which is other than i and j.
The plus or minus sign is determined according to whether the sequence of indices i, j, k
is a cyclic or non-cyclic permutation of {1, 2, 3}. We conclude that the coefficients €; are
given by
1 ifijkis a cyclic permutation of 123,
€ijk = 1—1 ifijk is a non-cyclic permutation of 123, (6)

0  otherwise (that is, ijk contains a repeated index).

The €;jx is known as the permutation symbol or the alternator.

Any frame is a basis in V, and therefore any vector u € V may be be expressed as a
linear combination of the frame’s members.

u=1ue  +uye;+ uses. (7)
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The coefficients u;, u,, and us are called the components of u in the frame. Multiplying this
by e; we getu-e; = uje;-e;+uze;-e;+uses-e; = uy sincee;-e; = lande;-e; = e;-e; =0.
Similarly, u - e; = u; and u - e; = u3. We conclude that

u=(u-e)e +(u-e)e, +(u-e3)e;s forallueV. (8)

The summation convention. Although expressions such as (7) and (8) may be com-
pactly presented through the sigma notation u = Y. u;je; and u = Yo (u - €;)e;, it is
quite common to adopt a more economical notation by dropping the sigma symbol alto-
gether and writing them as u = u; e; and u = (u-e;) e;, under the implicit assumption that
terms involving repeated indices are summed over as the repeated index ranges over 1, 2,
3. This is known as the summation convention or the Einstein notation as it was introduced
by Albert Einstein in his paper on general relativity in 1916. By the same token, the vec-
tor multiplication in (5) may be expressed as e; x e; = €, ex. We will use the summation
convention wherever possible throughout these notes.

In the expression e; x e; = ¢;ji €, the symbols i and j are called free indices since
they may take on any of the values of 1, 2, 3, but their values are unspecified at the
moment. The symbol k is called a dummy index since it takes on the values 1, 2, 3 in
the summation and then it disappears. The name of a dummy index is immaterial. For
instance, €;jx ex = €;j; €, because both sides expand to the same thing upon the evaluation
of the implied summation.

To illustrate the economy of notation provided by the summation convention, consider
the frame {e;, e,, e;} and, following (8), express any two vectors u,v € V in terms of their
components in the frame as u = u; e; and v = v; e;, where the summation convention is
in force. Then the dot product of the two vectors takes the form

u-v= (uiei) . (vjej) = uivj e;- Ej = llil)j (Sl‘j = U;v;. (9)
In the last step of that calculation we have set v;5;; = v;. To see why, let’s revert to the

sigma notation, v;6;; = Z:;:l v;6;; and observe that as j runs from 1 to 3, the value of J;;

is nonzero only when j hits the value of i, and thus, the summation collapses to a single
term, v;.

In general, the expression a;d;; always collapses to g;, for any indexed variable a. This
is known as the transfer property of 6;;.

In the special case of v = u, equation (9) yields an expression for the length of u in
terms of its components in the frame:

||u||2 =u-u=ul;

As another application, let u = u; e; and v = v;e;, as before, and then calculate the
vector product u x v in terms of the components of u and v:

uxv = (ue;)x (vje;) = up;(e; x e;) = uv; (€;jx€x) = €;jxUiv; €. (10)

Building upon this calculation, we see that

(uxv)-w= (fijkuivj er)- (Wpep) = GijkuinWp(ek : ep) = GijkuinWp5kp = €jjkUiV Wk,
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where in the last step we have applied the transfer property of the Kronecker delta. We
conclude that

[u, v, w] = €;juvjwe. (11)

The special case of [e;, e;, ex] is particularly interesting, and therefore let us make a
record of it. From (5) we have e; x e; = €;;,e,. Therefore

[ei,ej, er] = (e; x ej) c €k = €ijp€p - € = Eijp5pk = €ijk,
that is
[ei e;, ex] = €ijk. (12)

3. LINEAR FUNCTIONALS

We deviate from our focus on the previous section’s three-dimensional vector space V
and consider a general, abstract, vector space X, not necessarily three-dimensional, and
not even equipped with a dot product. The generality is not essential to our work since
eventually we will apply the results to V, but the abstract nature of X helps to see the
lines of argument more clearly.

A functional is linear function f : X — R.! Let f be a functional on X and let N be its
null space, that is
N:{xeX: f(x):O}.

We leave the proofs of the following statements as exercises:

(1) N is a linear subspace of X, that is, if u and v are in N, and a, f € R, then
au+ fv € N.

(2) Suppose f is not identically zero (and therefore N is not the entire X). Then there
exists a q € X so that every x € X admits the decomposition

x=p+pq
where p € N and € R depend on x.

Hint: Let ¢ € X be such that f(q) # 0 (why is there such a ¢?) and p = x— fx)

f@*
Show that p € N.

Remark 1. Let M be the span of the vector g. What we have shown above says
that X = N + M where M is one dimensional. In other words, the null space of a
nontrivial function f : X — R is of co-dimension 1.

(3) Suppose X is equipped with a dot product. Then for each functional f there exists
aunique y € X so that

f(x)=x-y forallxe X.
Hint: First, address the easy special case when f is identically zero. Next, suppose

f is not identically zero and let N be its null space. From the previous problem
we know that the co-dimension of N is 1. Pick n to be a unit vector orthogonal

'The word “functional” is a short way of saying “a linear function whose range is R”. There is nothing
particularly deep about it.
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to N. Then any x € X may be deocomposed as x = p + fn where p € N. Show
that f(x) = x- (f(n) n) and therefore y = f(n)n.

Remark 2. The vector y is called the representation of f.

Remark 3. With only minor changes, the statement above generalizes to the
infinite-dimensional Hilbert space where it is called the Riesz Representation The-
orem.

(4) Let X be a vector space equipped with a dot product. Consider the linear mapping
A: X - X.Forafixed y € X, define f : X — R through f(x) = (Ax)-y. Verify
that f is linear. Let y* be a representative of f (see the previous problem). Then
(Ax) -y = x - y* for all x € X. This construction associates with every y € X a
unique vector y* € X. The mapping A* : y — y* is called the adjoint of A. Verify
that A* is linear.

Remark 4. In view of y* = A*y, we have the frequently used identity
(Ax) -y =x-(A%y). (13)

4. SECOND ORDER TENSORS

A linear function A : ¥V — V is called a second order tensor. We write L for the set of
all second order tensors®. Thus,if A € £, u,v € V, and «, B € R, we have

A(au + pv) = aAu + fAv.

We will encounter fourth order tensors later in these notes, but when there is no chance
of misunderstanding, we say tensor when we mean a second order tensor.

We equip the set of tensors with a linear space structure by defining the operations of
addition and scalar multiplication on that set, as follows:

(A+B)(u)=Au+Bu and (aA)u = a(Au) (14)
forall A, Be L,a € R,andu € V.

The zero tensor 0 maps every vector to the zero vector, and the identity tensor I maps
every vector to itself. Thus

ou=0, Iu=u, forallu e V.

In continuum mechanics, the adjoint A* of A (recall (13)) is traditionally called the
transpose of A and is written AT. Thus

u- (ATU) = (Au) ‘v forallu,v e V. (15)
It follows that
(A") = A, (eA+pB) =aA” +pB’, (AB)' =B'A
forall A,Be Landalla, f € R.
2Thus, a second order tensor is what is called a linear operator on the vector space V in operator theory

and functional analysis. Following the well-established tradition, we write Au rather than A(u) whenever
unambiguous, to indicate the action of the tensor A on the vector u.
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A tensor A is called symmetric® if AT = A, and skew-symmetric if if AT = —A. The
identity
1 1
A= E(A+AT) + 5(A—AT)
shows that any tensor may be expressed as the sum of a symmetric and skew-symmetric
tensors.

Theorem 1. Associated with any tensor A € L there are three numbers, called its principal
invariants and written 1;(A), 1,(A), 13(A), such that for allu,v,w € V we have:

[Au,v,w] + [u, Av, w] + [u,v, Aw] = 1,(A) [u, v, w], (16a)
[u, Av, Aw] + [Au, v, Aw] + [Au, Av, w] = 1,(A) [u, v, w], (16b)
[Au, Av, Aw] = 135(A) [u,v, w]. (16¢)

Proof. We will prove (16a) and leave the proofs of (16b) and (16¢) as exercises to the reader.
Pick any frame {e;, e, €5} and express u, v, w in terms of components, that is, u = y;e;,
v =vje;, w = wrer. Then
[Au, v, w] + [u, Av, w] + [u,v, Aw]

= [A(u;e;), vje;, wier] + [uie;, A(vje;), weer] + [uie;, vje;, A(wier)]

uiijk([Aei,ej, ec] + [e;, Aej, er] + [ei,ej,Aek]>
= uinWkMijk: (17)
where we have set

Miji = [Ae;, ej, ex] + [e;, Aej, ex] + [e;, e, Aer].

Let us verify that M is unchanged by a cyclic permutation of indices, that is, {i, j, k} —
{k, i, j}. We have

Myij = [Aex, e, e;] + [ex, Ae;, e;] + e, €;, Aej]
= [e;, ej, Aer] + [Ae;, e, ec] + [e;, Ae;, e

ijk-

Let us verify that M; j is unchanged by a non-cyclic permutation of indices, e.g., {i, j, k} —
{j,i,k}. We have

M = [Aej, e, e ] + [e), Ae;, e] + [e;, e;, Aey]

— [ei, Ae;j, ex] — [ei, e, Aex] — [ei, €, Aer]
= —Mijk.
Let us verify that M;; = 0 if any of its indices is repeated. Take, for instance, i = j.
Then
Mii = [Aei, e, ex] + [e:, Aes, ex] + [e;, €1, Aey ]
= [Aei: €i, ek] - [Aei» €, ek] + [eis €, Aek]
=0.

3The equivalent term in operator theory is self-adjoint.
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We see that M;j is unchanged by a cyclic permutation of indices, its sign reverses by a
non-cyclic permutation of indices, and is zero when any there are repeated indices. From
the previous lemma it follows that M;x = Ce;j for some C. The factor C may be evaluated
by taking taking any cyclic permutation of {1,2,3} for {i, j,k}. Thus, Mijx = €;xMzs.
Consequently, equation (17) takes the form

[Au,v, w] + [u, Av, w] + [u, v, Aw] = uw;wie;jiMzs,
which in view of (11) becomes
[Au, v, w] + [u, Av, w] + [u, v, Aw] = Myas[u,v,w], (18)
Comparing this with (16a) we conclude that 1;(A) = My, that is
11(A) = [Aey, es,e5] + [, Aey, e3] + [e1, €2, Aes].
To complete the proof, we observe that despite the appearances, M;,3; (and therefore

11(A)) is independent of the choice of the frame {e;, e,, e;}. Indeed, if it varied with the
choice of the frame, then (18) couldn’t hold since u, v, w are independent of the frame. [

Remark 5. The preceding proof establishes an explicit formula for the first principal in-
variant 1;(A). For future reference, here we summarize this here along with the corre-
sponding formulas for 1, and 13 which you will derive in the exercises:

11(A) = [Aey, ey, e3] + [e1, Aey, e3] + [eq, €5, Aes], (19a)
12(A) = [e1, Aey, Aes| + [Aey, ey, Aes] + [Aey, Aey, €3], (19b)
l3(A) = [Ael, Aez, A83]. (19C)

Let’s reiterate that the principal invariants 1;(A), 12(A), and 13(A) are independent of the
choice of the frame {e;, e,, e3}.

5. THE DYADIC PRODUCT

The dyadic product (also known as the tensor product) of vectors u,v € V, is the second
order tensor u ® v defined through its action on vectors:

u®v)x=w-x)u, forallxeV. (20)

Proposition 3. Forall A,B € L,u,v,w,a,b €V, and a, f € R, we have

(au+pv)@w=au@w+fvw, (21a
(u®v)T =vQu, (21b
(@a®b)(u®v)=(b-u)(a®v), (21c

)
)
)
A(u®v) =(Au)®u, (21d)
u®v)A=u(Alv), (21e)
A(u®v)B = (Au) ® (B'h), (21f)
nue®v)=u-v, (21g)
Lu®v)=0, (21h)
Bu®v)=0, (21i)
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Proof. Here we will verify the identities (21b) and (21g), leaving the remaining as exer-
cises.

To verify (21b), pick any x, y € L, and then calculate

x- [(wev)y] by (15) (e v)x] -y by (20) (0 -x)u] -y

=w-x)u-y)=x- [(u~y)v] byézo)x~ [(v®u)y].

Therefore, x- [(u®v)’ y—(v®u) y| = 0forallx € V. It follows that (u®v)’ y—(v®u) y = 0,
thatis [(u®v)! — (v ®u)] y = 0 forall y € V, and thus (u ® v) — v ® u = 0, whence
(u®v)! = v ®u, as asserted.

To verify (21g), recall the representation of 1;(A) in (19a) and evaluate the first term
on its right-hand side with A = u ® v:

[(u®v)er, e es] =[(v-e)u e es] =vi[u, e, es]

by (12)
=vi[ue, ez, €3] = uvi[e;, ez, €3] = uwi€i23 = ugy.

The last step is based on the observation that €;53 is nonzero only when i = 1.

Repeating the calculation with the second and third terms on the right-hand side
of (19a) we arrive at

by (9
11(u ® v) = Uy + Ugvy + UsD3 = UY; o) u-v.
O
6. COMPONENT FORM OF VECTORS AND TENSORS
Theorem 2. Let{e;, e,, e3} be a frame in V. Then for an A € L we have
A= (ei -Aej)ei®ej. (22)

Proof. Recall that according to (8), any u € V may be expressed as u = (u-e;) e;. Therefore
Au=A((u-e)e;) = (u-e;) Ae,.

Now, Ae; is an element of V, and again by (8) it may be expressed as Ae; = (Ae; - €;) e;,
and therefore

Au=(u- ej)[(Aej . ei)ei] =(Ae;-e)(u-e;)e;=(Ae;-e)(e;Qe))u.
Since u is arbitrary, it follows that A = (Ae; - e;) (e; ® e;). O
Corollary 1. Let{e;, e;, es} be a frame in V. Then the set
K={e®e; :ije{1,23}} (23)

is a basis for L, and in particular, the space L is 9-dimensional.

Proof. According to Theorem 2, any A € £ may be formed as a linear combination of the
elements of K. All that remains is to show that the set K is linearly independent. We
leave that for an exercise. (]
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Equation (22) expresses the second order tensor A as a linear combination of the basis
elements from K. The nine (scalar) coefficients a;; = e; - Ae; are the components of the
tensor A in the basis K. Thus, a tensor A may be expressed in terms of its components as
A = g;je; ® e; in the same way a vector u is expressed in terms of its components u = u;e;.
Let’s observe that

Au = (a;5e; ® e)) (upep) = a;ju, (e; @ e;) e, = a;ju, (e; - e,) e; = ajjuy ;€ = a;ju; e;.

We see that the components g;;u; of the vector Au are obtained by multiplying the matrix
[a;;] and the vector [u;]. This leads to the commutative diagram

A
u—— v=Au
{EI’CZ’ES}J 1\{81,82,83}
dij
S S V=AU
u] U; al]uj

Example 1. Let g;; and b;; be the components of the second order tensors A and B in the
basis K. Show that the components of C = AB relative to K are ¢;; = a;pb,;.

Solution. From (22) and (15) we have AB = (e; - ABe;)e; ® e; = (Ale; - Bej)e; @ e;.
However,

Ale; = (e, -ATe) e, =(Ae,-e)e, = (e -Ae,)e, =ape,

Be; = (e, - Bej) e, = by ey,
and therefore
Ale; Be; = (aipe)) (byj eq) = aipbg; e, - €g = aipby; Spg = aipby;.
We conclude that C = AB = a;,b,; e; ® e, whence ¢;; = a;,b,;.

This slightly different but equivalent calculation does not invoke the components a;),
and b,; directly:

ATe; - Be; = [(ei - Aey) ep] . [(eq -Be;)e,] = (e; - Ae,)(eq - Bej) (e, - eg)
= (e;- Ae,) (eq - Be;) 6,q = (e; - Aep) (e, - Be)).
Choose whichever approach you prefer.

Note that ¢;; = a;,b,,; states that the matrix [c;;] is the product of the matrices [a;,] and
[bp il [l

What are the components of the tensor u ® v? Let’s calculate:
u®uv=_(ue)®vje;) =uvje; Ve;.
We conclude that the components of the tensor u ® v are u;v;.

Example 2. Let a;; be the components of the tensor A in the frame {ey, e, e3}, that is,
A = g;je; ® e;. Show that 1;(A) = aj.
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Solution. Recall the representation of 1;(A) in (19a). Let’s evaluate the first term on the
right-hand side:

[Aei, ez, e3] = [aij(e; ® e;) e, €5, €3] = [a;j(e; - ¢)) e, 5, €3]

by (12)
= [aij5j1 ei,ez,es] = [ail ei,ez,es] = 4p€jp3 = ar.

The last step is based on the observation that €3 is nonzero only when i = 1.

Evaluating the remaining terms on the right-hand side of (19a), we conclude that
1(A) = an +az + as = ai. g

Remark 6. Let us observe that the expression g;; is the trace of the matrix [a;;] of the
components of A in the frame {e;, e;, e5}. Since 1;(A) is independent of the choice of frame,
the equality 1;(A) = a; shows that the trace aj; is frame-independent. That’s despite the
fact that the individual components a;; vary with the frame. For this reason, the first
principal invariant, i;(A), is called the trace of A. We write this as

11(A) =tr A. (24a)

Example 3. Let a;; be the components of the tensor A in the frame {e;, e, 3}, that is,
A =ajje; ® e;. Show that

u(A) = - ((eA)” - u(a)), (24b)

Solution. As in the previous example, we begin with calculating the first term on the
right-hand side of (19b):

[e1, Aey, Aes] = [e1,a;i(e; ® e)) ey, aps(e, ® eg) es] = [ey1,aij(ez - e)) e, apq(es - ) ep]

= [el,aij52j ei,apq53q ep] = [e1, ai2 €i, ap3 ep] = aizapS[el, ei,ep] = Ai20p3€1ip-

In the summation over the index i in the term a;;ap3€y;p, the coefficient ey;, is zero
when i = 1, therefore we need to consider only i = 2 and i = 3. Expanding the sum or i,
we get:

[e1, Ae;, Aes] = axaps€rz)y + asap3€13)p.
Now, in the sum aj;a,3€12), the only nonzero term is obtained for p = 3 since €15, = 1
when p = 3 and is zero otherwise. Similarly, in the sum as;aps€13,, the only nonzero term
is obtained for p = 2 since €13, = —1 when p = 2 and is zero otherwise. We conclude that

[e1, Aey, Aes] = azya3s — aspas.

Evaluating the remaining terms on the right-hand side of (19b) in a similar fashion, we
arrive at

12(A) = (A22033a33011011022) — (3202301303141 G12)
Then it’s a matter of some straightforward (but tedious) algebra to show that the expres-
sion above is equivalent to (24b). O

A calculation similar to those in the previous two examples shows that
13(A) = [Aey, Aey, Aes] = ainajpaiseiji.

Expanding the summation as it was done in the previous example, leads to a sum of six
terms. A close inspection of the term reveals that the sum is exactly the determinant of the
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matrix [a;;]. For that reason, the third principal invariant, 15(A), is called the determinant
of A. We write this as

13(A) = det A. (24c¢)
Remark 7. An immediate consequence of (16a) is that

tr(aA+ fB)=atrA+ ptrB forall A,Be L, a,p €R.

and thus, in particular, the trace is a linear function from L to R. Immediate consequences
of (16c) are that for any A,B € £ and a € R:

det(aA) = o’ det A, (25a)
det(AB) = det A det B, (25b)
detI =1. (25c¢)

7. THE SCALAR PRODUCT OF SECOND ORDER TENSORS

In Section 4 we made the set V of the second order tensors into a linear space by
defining addition and multiplication by scalars in (14). In this section we equip V with
a scalar product, thus making it an inner product space. Specifically, we define the scalar
product A: B of the second order tensors A, B € L through

A:B = tr(ATB). (26)

If we expresses A and B in terms of their components relative to a frame {e;, e,, e;} as in
A=gje®ejand B="b, e, ® e,, we get

A:B= tr((aij e® ej)T(bpq e, ® eq)) = ajjbpg tr((ej ®e)e, ® eq))
by (21c) by (21g) .
=~ aijbyg tr((e,— ep)(e; ® eq)) = a;jbpq(e; - e,) tr(e; ® e;) vIE aijbq8ipd jq,
and therefore
A:B= a,-jbij. (27)

We conclude that A:B = B: A, and that A: A = g;;a;; > 0. One may verify along the
same lines that the definition in (26) satisfies all the requirements of the inner product.
We leave it for an exercise to verify that the basis I of L is an orthonormal set in terms
of this scalar product.

8. EIGENVALUES AND SPECTRAL REPRESENTATION

Proposition 4. Given a tensor A € L, there exists a nonzero vectoru € V such that Au = 0
if and only if det A = 0.

Proof. (a) Suppose that det A = 0. We wish to prove that there exists a nonzero vector u
so that Au = 0. By (24c) we have 13(A) = 0. Then by (19¢c), we have [Ae;, Ae,, Ae;] = 0
for any frame {e;, e, e;}. This implies that the set {Ae;, Ae,, Aes} is not linearly indepen-
dent, and therefore there exist numbers «;, a,, a3, not all zero, so that «;Ae; = 0, that is,
A(a;e;) = 0. Then u = ¢;e; has the property that it is nonzero and Au = 0.
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(b) Suppose that the unit vector u is such that Au = 0. We wish to show that det A = 0.
Pick unit vectors v and w so that {u, v, w} is orthonormal. Then by (24c) and (19c) we have
det A = 135(A) = [Au, Av, Aw] = 0 since Au = 0. O

A number A € R is said to be an eigenvalue of the tensor A if there exits a nonzero
vector v so that Av = Av, or equivalently, (AI — A)v = 0, where I is the identity tensor.
The vector v is called the eigenvector associated with the eigenvalue A.

It follows from Proposition 4 that A is an eigenvalue of A if and only if

det(AI — A) = 0. (28)

This is called the characteristic equation of the tensor A. The left-hand side of (28), which
according to the following theorem is a cubic polynomial in A, is called the characteristic
polynomial of the tensor A.

Theorem 3. The characteristic polynomial y(1) = det(AI — A) of the tensor A is a cubic in
A, and its coefficients are the tensor’s principal invariants:

X)) = 2 = 1,(A) A2 + 15(A) A + 13(A). (29)

Proof. In view of by (24c) and (19¢) the characteristic polynomial may be expressed as
x(A) = det(AI — A) = [(AT — A)ey, (AT — A)ey, (AT — A)es]
for an arbitrary frame {ey, e,, e3}. Let us expand that scalar triple product:
[le; — Aeq, e, — Ae;, Aes — Aes]
= [Aey, Aey — Aey, Aes — Aes| — [Aeq, Aey — Ae,, Aes — Aes].
The first term on the right-hand side expands to
[Aei, Ae; — Aey, des — Aes]| = [Aeq, ey, Aes — Aes| — [Aeq, Aey, Aes — Aes]
= [Aey, Aey, Aes] — [Aey, Aey, Aes] — [Aey, Aes, Aes] + [Aey, Aes, Aes],
while the second term on the right-hand side expands to
[Aei, Ae, — Ae,y, Aes — Aes] = [Aeq, Aey, Aes — Aes] — [Aey, Aey, Aes — Aes]
= [Aey, Aes, Aes] — [Aey, Ae,y, Aes]| — [Aeq, Ae,y, Aes]| + [Aey, Ae,, Aes].
Putting it all together we arrive at
x(A) = [Ley, dey, Aes] — [Ley, ey, Aes] — [Aey, Aey, Aes] + [Aey, Aey, Aes]
—[Aey, Aey, Aes] + [Aey, Aey, Aes] + [Aey, Aey, Aes] — [Aey, Ae,, Aes],
which we rearrange into
x(A) = [Ley, Aes, Aes] — [Ley, Aes, Aes] — [Ley, Aey, Aes] — [Aey, ey, Aes]
+ [Aey, Ae,, Aes] + [Aey, Aey, Aes| + [Aey, Aey, Aes| — [Aey, Ae,, Aes]
and further simplify
YD) =21 - Az([el, ey, Aes| + [er, Aey, e3] + [Ael,ez,eg])
+ A([el,Aez,Ae3] + [Aey, ey, Aes] + [Aey, Aey, e3]) — [Aey, Ae,, Aes].

In view of equations (19), we recognize the coefficients of A as A’s principal invariants,
and hence arrive at (29). ([
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Remark 8. Since the principal invariants 1;(A), 1,(A), 13(A) are real, the characteristic
equation y(A) = 0 has either one real root or three real roots. We conclude that an
arbitrary second order tensor A has either one eigenvalue or three eigenvalues.*

Proposition 5. Let v be an eigenvector of the tensor A, and let A be the corresponding
eigenvector. Then, for any polynomial f, the vector v is an eigenvector of f(A), and f(A) is
the associated eigenvalue.

Proof. From Av = Av we get
A?v = A(Av) = A(W) = AAv = V.

Then, by inductions, A*v = Afv, for all k = 1, 2,.... But an nth degree polynomial is of the
form f(x) = Y;_, axx*. Therefore

f(Awv = i arAFv = i aiv = fv,
k=0 k=0

as asserted. O

Theorem 4 (Cayley-Hamilton). Any tensor A satisfies its own characteristic equation in
the sense that

x(A) = A* — 1;(A) A% + 1,(A) A + 15(A)I = 0. (30)

Proof. The proof in the general case is rather tedious, so here we present a proof in the
special case where A has three eigenvalues, let’s say A1, A, A3, and that the corresponding
eigenvectors vy, v,, v3 form a basis for the vector space V.

Since eigenvalues are roots of the characteristic equation, we have y(1) = (A—2A;)(A—
A2)(A — A3), and therefore (30) is equivalent to

X(A) = (A= LI)(A - A,I)(A - AsD) = 0.

We observe that the order of the three parenthesized factors is immaterial since for any i
and j we have

(A - /LI)(A - /111) = AA2 - (Al + A])A'f‘ AiAjI,

which is unchanged under the interchange of i and j. Then we see that for any eigenvector
v; we have

x(A v, =(A- MDA - LIDA-AI)v; =0

since we may rearrange the parenthesized factors to put (A — A,I) as the last term, and
then (A — A4,I) v; = 0 since v; is an eigenvector.

Now, an arbitrary u € V may be expressed as a linear combination u = a;v;+a,0,+a303
due to the assumption that the eigenvectors form a basis. Then

x(Au = y(A)(o1v1 + a0y + a303) = a1 Y (A) vy + ¥ (A) vy + a3 Y(A) v; = 0.

We conclude that y(A) = 0 since u is arbitrary. O

4Tacit in this statement is that we account for multiple roots. Thus, the polynomial equation (A-1)2(A-2) = 0
has three roots, A = 1,1, 2.
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9. SYMMETRIC TENSORS

It’s possible to show, but we skip the proof here, that a symmetric tensor, i.e., one with
the property A = AT, always has three eigenvalues, and the corresponding eigenvectors
may be selected to be an orthonormal set.

For a symmetric tensor A we may express the principal invariants 1;(A), 1,(A), 13(A)
in terms of A’s eigenvalues Ay, A,, A5 as follows.

Theorem 5.

ll(A) = /11 + Az + /13, (313)
12(A) = Midy + Aads + Asdy, (31b)
l3(A) = /11/12/13. (31C)

Proof. The eigenvalues Ay, A,, A5 are the roots of the characteristic equation (29). Therefore
2 =1 (A) 2 + 1(A) A = 13(A) = (A — )X — A)(A = A3)

=23 — (A + Ay + A2+ (WA + Aods + A3A A — A1 4045,
The theorem’s assertion follows by comparing the left- and right-hand sides. O

Theorem 6 (Spectral representation). Let {e;, e,, es} be an orthonormal set of eigenvectors
corresponding to the eigenvalues Ay, A5, A3 of the symmetric tensor A. Then

3
A= Z /1,-e,- ® e;. (32)

i=1
Proof. In Exercise 11 you will show that I = e; ® e;. It follows that

3
A=Al = Ale; QR ¢e;) by 21d) (Ae) ®e; = Z(Aiei) ® e;. O

i=1

A symmetric tensor A is said to be positive semi-definite if u - Au > 0 for all vectors u,
and it is said to be positive definite if u - Au > 0 for all nonzero vectors u.

Let A as in the statement of Theorem 6. If A is positive semi-definite, then for any
u € V we have

3 3 3 3
u-Au=u- (Z Aiei®ei)u =u- (Z Ai(e,-~u)ei) = Z Ai(e;-u)(e;-u) = Z Ai(e;-u)? > 0.
=1 i=1 i=1 i=1

Since u is arbitrary, it follows that A; > 0 for i = 1,2, 3. In other words, if A is symmetric
and positive semi-definite, then its eigenvalues are nonnegative.

Remark 9. Let A be a symmetric positive definite tensor with an orthonormal set {e;, e,, e}
of eigenvectors, and the corresponding eigenvalues A, A;, A3, as in Theorem 6. Pick a
point o € Ej as the origin, and identify any point x € E; by the position vector that
extends from o to x. Then for any such x we have

3 3 3
Ax=) di(e®e)x =) Alei-x)e;= ) hxe;,
i=1

i=1 i=1
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/1282 Alel

F1GURE 2. The application of the symmetric and positive definite tensor
A to any neighborhood of the origin results in shrinking/stretching of
the neighborhood in the eigenvector directions e; and e, by the factors
Ay and 4.

where x; is the component of x along e;. We see that the effect of applying A to the
vector x = x;e;, amount to shrinking/stretching the components of x by factors of A;.
In particular, Ae; = A;e;, that is, vectors that are aligned with the eigenvector directions
simply get shrunk/stretched without a change in orientations. The overall effect is that
under the action of A, a neighborhood of the origin o deforms by shrinking/stretching by
the factors 4; in the directions e;. Figure 2 illustrates this effect in two dimensions.

Theorem 7. A positive semi-definite tensor A has a unique positive semi-definite square
root, A2, Specifically, if A has the spectral representation (32), then

3
AV =Y 2 e @, (33)

i=1
Proof. Clearly A'/? is positive semi-definite. Let us calculate:

(Al/Z)Z — (glil/zei ®ei)(]Z:,/1}/2ej ® ej) -

3 3 3

3 3
bY(:mC) Z Zﬁll/zllj/z(el . ej) €; ® €; = Z ZAJ/ZAj/z(S,] €; ® €; = Z A.i €; ® e = A,

i=1 j=1 i=1 j=1 i=1

3 3
A3 (e @ e (e ®e))
= =1

i=1 j

which shows that A'/2 is a square root of A. Indeed, it is the unique positive semi-definite
root, for if B is another positive semi-definite tensor with the property B> = A, then
according to Proposition 5, eigenvectors of B are eigenvectors of A, and the squares of
the eigenvalues of B are eigenvalues of A. Therefore by the by the spectral representation
theorem 6, B has the representation given in (33). O

10. SKEW-SYMMETRIC TENSORS

Recall that a tensor W is said to be skew-symmetric if W’ = —W. Let us observe that
for any two vectors u and v we have

u-Wo=WTu) -v=-Wu)-v=-v Wy, (34)
and in particular,

u-Wu=0. (35)

A skew-symmetric tensor, like all tensors in V, has at least one eigenvalue (see Re-
mark 8). Let A be that eigenvalue and the unit vector e; be an associated eigenvector.
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Thus, We; = Ae;, whence e; - We; = Ale;|?, which, in in view of (35), reduces to
Ales]* = 0. Since |le;] = 1, we conclude that A = 0. Thus, a skew-symmetric tensor
has either one eigenvalue which is zero, or three eigenvalues, all being zeros. Let us note
that the eigenvector e; satisfies We; = 0.

Let e, and e5 be vectors—not necessarily eigenvectors—so that {e;, e, es} forms a right-
handed frame V. Then by Theorem 2 we have W = (e; - We;) e; ® e; which expands into
a sum of nine terms:

W =(e;-We)e, ®e; +(e;-Wey)e, Qe, +(e3-Wes)es Q e;
+(e;-Wey)e; Qe, +(es-Weye, ® e
+(e;-Wes)e, ® e; +(e3-Wey)es Q e,
+(e3-We)es; Qe +(e; - Wes) ey ® es.

Each of the first three terms on the right-hand side is zero due to (35). In what remains,
all terms that involve We, are zero as noted in the previous paragraph. Furthermore, all
terms of the form e; - Wey are zero since e; - Wey = (We;) - e = —(We;) - er = 0 for
the same reason. Thus, we are left with W = (e, - Wes) e, @ e; + (e5 - Wey) e; ® e,. But
(e; - Wes) = —(es3 - Wey) according to (34), and therefore

W=w(es®e, —e,de3), wherew =e;-We,. (36)

Theorem 8. Let W be a skew-symmetric tensor, e; be an eigenvector of unit length, and ©
defined as in (36). Set w = w e;. Then

Wa=wxa, forallaeV. (37)

The vector w is called the axial vector of the tensor W.

Proof. We have
Wa=w(e;Qe,—e;Qe3)a=w ((ez -a)es; —(e3 -a)ez).
Moreover, we have a = (a - ¢;) e;, and therefore
wxa=(we)x(a-e)e,=w(a-e)e xe
=w [(a'eZ)el xe;+(a-e;3)e; ><e3] =w [(a'ez)el xe; —(a-e;3)es Xe1]-
Thus, we calculate
Wa-wxa=w [(92'0)(93—31 xez)—(e3-a)(e2—e3xe1)] =0,

where we have appealed to e; = e; x e, and e, = e3 x e; since {ej, e;, e;} is a right-handed
frame. O

Theorem 9. Let u and w be arbitrary vectors. Then W =v @ u —u ® v is skew-symmetric,
andw = u x v is W’s axial vector.

Proof. By (21b) we have

Wi =@wou-u®v) =weou) —-uev) =uv-vu=-(wu-u®v)=-W,
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and therefore W is skew-symmetric. Now, let us calculate

Wuxv)=w®u—-u®uv)(uxv)
= (u-(uxu))u— (v-(uxu))u = [u,u,v]v — [v,u,v]u.
The scalar triple products [u, u, v] and [v, u, v] are both zero, and therefore W(u x v) = 0.
We conclude that u x v points along W’s axial vector, and therefore w = c u x v for some

number c¢. We proceed to show that ¢ = 1. Toward that end, let us observe that for any
a € VYV we have Wa = w x a, that is

wW®u-u®v)a=(uxv)xa,
which expands to

(u-a)v—(v-a)u=c(uxv)xa. (38)
In particular, setting a = u this results in

(u-wov—wW-wu=cluxv)xu.
Form the dot product of both sides with v:

(u-u)(u~u)—(u~u)2=c((u><v)><u)~u.

The coefficient of ¢ is the scalar triple product [u X v, U, v], whose terms may be rotated

into [u, v, ux v], which then evaluates to (u x v) - (u x v), that is, |u x v|?. Thus we have
arrived at

[ullol® - (u - v)* = cuxof. (39)
Comparing this with (1) we conclude that ¢ = 1. ]
Remark 10. As we have shown that ¢ = 1 is in the above proof, equation (38) implies the
very useful identity
(uxv)xa=wWw-a)v—-v-a)u, (40a)
or equivalently
ax(uxv)=(a-v)u—(a-uwv, (40b)

which hold for all vectors u, v, @ € V. Here is a good way of remembering these identities.
On the left-hand side of (40a), regard v as the “near neighbor” and u as the “far neighbor”
of a. Then the right-hand side of (40a) reads: “the (dot product of @ with its far neighbor)
times the near neighbor, minus the (dot product of a with its near neighbor) times the far
neighbor”. The quoted mnemonic applies word for word to (40b).

See Exercise 17 for alternative ways of expressing the identities (40a) and (40b).

Remark 11. The article [3] has several alternative derivations of the identities (40).

11. ORTHOGONAL TENSORS

A tensor Q € L is said to be orthogonal if it preserves the dot product in the sense that
Qu-Qu=u-v, forallu,veV. (41)
Since Qu- Qv = u- Q' Qw, the definition (41) may be written as
u- (QTQ —Iv=0, forallu,veV,
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from which it follows that QTQ = I. Conversely, if Q € L is such that QTQ = I, then
clearly (41) holds. We conclude that the condition

0'0=1 (42)
is an equivalent definition of the orthogonality of a tensor Q € L.
Let us observe that (41) implies that
|Qu| = u| forallu eV, (43)

that is, an orthogonal tensor preserves vector lengths.

If Q is orthogonal, equation (25b) implies that det(Q” Q) = (det Q)? = 1, thatis, det Q =
+1, and therefore Q is invertible. It follows that

0'=0", 00"=1I (44)

The orthogonal tensor Q is said to be proper orthogonal is det Q = 1, and improper or-
thogonal if det Q = —1. If Q is improper orthogonal, then —Q is proper orthogonal. From
now on we assume that our orthogonal tensors are proper orthogonal unless explicitly
stated otherwise.

In view of (42), we have
Q(Q-ND=0'0-0'=1-0"=(1-Q)'=—(Q-D".

Then det(QT(Q — I)) = —det(Q — I). But according to (25b), and since since detQ = 1,
we have

det(QT(Q — I)) = det(Q") det(Q — I) = det(Q — I)

It follows that det(Q — I) = — det(Q — I), and therefore det(Q — I') = 0. We conclude that
O has an eigenvalue equal to 1. Therefore, there exists and eigenvector, say e;, so that
Qe; = e;. Let us point out in passing that by applying Q7 to this equation we get e; =
QTey, and therefore e, is also and eigenvector of Q7 corresponding to the eigenvalue 1.

Theorem 10. Let the unit vector e; be an eigenvector of the proper orthogonal tensor Q,
and let e, and es be unit vectors so that {e,, e;, e3} forms a right-handed orthonormal frame
in V. Then, there exists a 0 € [—m, ] so that

O=e;Qe; +(e2Qe,+e3Qe;3)cost — (e; ®e; —e; ® ey)sinb, (45a)
or equivalently, (due to Exercise 11):

O=e®e;+(I—e; ®e;)cost —(e; Qe; —e3 R ey)sind. (45b)

Proof. The representation of Q in (45a) is a particular application of the general tensor
representation (22) in terms of the nine basis elements in (23). Deriving (45a) amounts
to calculating the nine components e; - Qe;. The calculation of five of the components is
straightforward, but that of the remaining four, whose values have been left blank in the
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following display, requires some effort:

e;-Qe =e -e =1, (46a)
er-Qe;=(Q'e)) e, =€ - e, =0, (46b)
e -Qe;=(Q'e))-es=e; -5 =0, (46¢)
e;-Qe  =e;-e; =0, (46d)
e;-Qe; = (46e)
e Qes = (46f)
es-Qe =e3-e =0, (46g)
e3-Qe; = (46h)
e;3- Qes = (461)

To calculate the missing values, let us observe that according to (46b), Qe, is perpendic-
ular to ey, and therefore co-planar with the vectors e; and es. It follows that Qe; is a linear
combination of e, and es, that is, Qe, = ae,+ase; for some scalars @, and 3. Since e, is a
unit vector, by (43) we have |Qe;| = 1. But |Qe;|? = (aze; + azes) - (aze, + azes) = a? + a2,
and therefore a2 + a2 = 1.

Similarly, according to (46c¢), Qes is perpendicular to e;, and therefore co-planar with
the vectors e; and es. It follows that Qe; = f,e; + fses for some scalars ff; and S5, and

BB =1,
Additionally, since e; - e3 = 0, from (41) we get Qe, - Qes = 0. It follows that
Qe; - Qe; = (e + azes) - (frez + Pses) = axfia + a3fs = 0.
Finally, referring to (19c) and (24c), we have:
135(Q) = [Qey, Qez, Qes] = [eq, azez + azes, frez + fres]

= (31 x (azez + 05363)) - (Bzez + fses) = (azes — azey) - (Poes + Pses)
=mfs—asfy =1,

where the final step is due to detQ = 1.

detQ

To summarize, we have the following four relationships among the four coefficients
az, a3, fo, and Bs:

Gras=1, Pi+fi=1 mfytafs=0, afs—afp=1
A close inspection leads to the following solution to the system:
a, =cosf, as=sinf, f,=—sinf, f;=cosH,

for some —7 < 6 < . This enables us to fill in the missing parts in (46). We have:

e;-Qe; = e, (aze; + aze3) = oy = cos b, (47a)
e;-Qe; = ey (frez + fses3) = B, = —sin, (47Db)
es;-Qe; = e (aze; + aze3) = a3 = sin b, (47¢)
e;-Qe; = e; - (fre2 + fses) = B3 = cos 0. (47d)
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This, together with the equations in (46) indicates that only five of the nine components
of the summation (22) survive and we get:

O=eQe;+(e;Qez)cos0 —(e; ® e3)sinf + (e; ® e,) sinf + (e3 @ e3) cos b,

which is equivalent to (45a). |

It is left to an exercise to show that
1(Q)=1+2cosf, 1,(Q)=1+2cosh, 1n(Q)=1. (48)
Remark 12. In view of (29) and the principal invariants found in (48), the characteristic
polynomial of Q is
YD) =2 - +2cos)A* + (1 +2cosO)A — 1
= -1A%—21cos +1).
The discriminant of the quadratic factor is 4(cos? 6 — 1), which is negative for any 6 other

than 0 or 7. Therefore, under this restriction, the characteristic equation has only one
real root, and Q has only one eigenvalue.

12. AN ORTHOGONAL TENSOR AS A ROTATION

Theorem 10 shows that any orthogonal tensor has the representation (45a). Here we
wish to investigate that representation’s geometric significance.

Recall that e, in (45a) is the sole eigenvector of Q. We are now going to show that that
applying the orthogonal tensor Q to an arbitrary vector u € V a amounts to rotating u
by the angle 6 about the axis spanned by e;. More generally, applying Q to any subset
B C V amounts to rotating /3 about that axis by 6.

Figure 3 depicts the vectors of the frame {e;, e;, e;}, where e; is the eigenvector of Q.
It also shows:

« an arbitrary vector u;

« the result Qu of applying Q to u;

« the vectors a and b which are the orthogonal projections of u and Qu onto the
“equatorial plane”, that is, the plane spanned by e, and es.

We observe that the component of u along e, is (u - e;)e;, whence the component of u on
the equatorial plane is @ = u — (u- e;)e; = u — u;e; in the component notation u; = u-e;.
To determine an expression for b, we apply (45a) to u:

Qu=(e;®e)u+(e; e, +e;@es)ucostd —(e; @ es —e; ® ex)usinb,
= (e; -u)e; + ((ez ‘u)e; + (es - u)e3) cos @ — ((e3 -u)e, — (e, - u)e3) sin @
= use; + (uze, + uses) cos 0 — (uze, — uzes) sinf.

The projection of Qu onto the equatorial plane is obtained by removing the e; component.
Thus, b = (uze; +use;) cos 0 —(use; —uses) sin 0. Then, a straightforward calculation with
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FIGURE 3. Applying the orthogonal tensor Q rotates the world by an
angle 0 about the axis spanned by the eigenvector e;. In particular, the
(arbitrary) vector u goes into the vector Qu. The projections of u and
Qu onto the equatorial plane are a and b.

the expression obtained for a and b shows that |a|* = |b|* = u2 + 42, and that

a-b=wu-ue)- ((uzez + uzes) cos O — (uze, — uzes) sin 9)
= (U} +u2) cos 0. = |a] |b| cos b,

from which we conclude that the angle between the vectors a and b is 0, as asserted.

13. THE EXPONENTIAL FUNCTION

We define the exponential of a tensor A via
o« 1 1
A n 2
=) —A"=T+A+-A"+--. 49
; n! 2 (49)

It can be shown (proof later) that this series converges for any A € £, and therefore e? is
well-defined. Moreover, since A" is in L for any n, then erel.

Let X(¢) = e, t € R. Then it is not difficult to show that X(t) is the unique solution
of the initial value problem

X() = AX(), X(0)=1I, (50)
of the tensorial differential equation where X (t) indicates the derivative ‘%X ).

Proposition 6. For any A € L we have

dete?t = !, (51)
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(proof will be provided later)

Proposition 7. Let W be a skew-symmetric tensor. Then Q = eV is orthogonal.

Proof. We know that X(t) = %! is the solution of the initial value problem
X)) =WX(®), X(0)=1I,
Let R(t) = X(1)X()". Then
R=XX"+XXT = WX)XT + X(WX)T = W(XXT) +(XX)")WT = WR — RW.

Since R(0) = X(0)X(0)" = I, we see that R(¢) is the (unique) solution of the initial value
problem

R=WR-RW, R(0)=1I.
But we observe that R(¢) = I is also a solution of that initial value problem. By uniqueness,
we conclude that R(t) = I. Consequently, X(t)X(¢)! = I, that is, X(¢) is an orthogonal
tensor for all t. But X(t) = e"!. Therefore, e”! is an orthogonal tensor for all t. In
particular particular, eV is an orthogonal tensor. (]

14. POLAR DECOMPOSITION

Lemma 1. Let R be an orthogonal tensor andV be a symmetric positive definite tensor. Then
RTVR is symmetric and positive definite tensor.

Proof. The tensor R'VR is clearly symmetric. We need to show that the quadratic form
u-RTVRu > 0 for all nonzero vectors u. To see that, we recall that according to Theorem 7,
the tensor V has a unique symmetric positive definite square root which we write as V1/2,
Then

u-R'VRu =Ru-VRu = Ru-VY*V'?Ru = V'/?Ru - V'/*Ru = |[V/?Rul? > 0,

which shows that RTVR is positive semi-definite. Moreover, if the quadratic form is zero,
then V/2Ru = 0, but since V/2 is positive-definite, it is invertible, and therefore upon
applying the inverse of V'/2 to the previous result, we see that Ru = 0. Then applying R”
(that is, R™!) to this, we arrive at u = 0. In conclusion, the quadratic form is zero only
when u is zero, which indicates that R”VR is positive-definite. O

Theorem 11 (Polar decomposition). An invertible tensor A € L admits a right polar de-
composition

A=RU, (52)
and a left polar decomposition

A=VR, (53)
where R is orthogonal, and U andV are symmetric and positive definite. The tensors R, U,V
are uniquely determined by A.

Proof. According to the exercises 15 and 16, the tensors ATA and AAT are symmetric
and positive definite, and therefore by Theorem 7 they have symmetric positive-definite
square roots, say U and V, respectively. Thus

ATA=U? AAT =VZ
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Let
R=AU"!, P=V'A (54)

Let us show that both R and P are orthogonal tensors:
R'R=(AU) (AU™") = (UT'AT)(AU™Y) =UT'ATAU™ =U'U%U " = 1,
PP’ = (v'A)(V'A) = (VIA)(ATV) =V IAATV =V VY = L

The first equation in (54) is equivalent to (52). To complete the proof of (52) we need to
show the uniqueness of the decomposition. Toward that end, let’s suppose that A admits
and alternative right polar decomposition A = R’U’, where R’ is orthogonal and U’ is
symmetric and positive definite. Then

ATA = (R/U/)T(R/U/) —URTRU’ = U/Z,

that is, U’ is a symmetric and positive definite square root of ATA. But according to
Theorem 7, such square root is unique, and therefore U’ = U. Then

R =AU"!'= AU ' =R,

which proves the uniqueness of the right polar decomposition. The uniqueness of the left
polar decomposition may be proved in the same way.

The second equation in (54) implies that A = VP. In order to arrive at (53), we need to
show that P = R. For that let’s observe that PPT = I and therefore

A=VP = (PP")VP =P(P'VP).

According to Lemma 1, the tensor PTVP is symmetric and positive definite, therefore,
A= P(PTVP) is a right polar decomposition of A. But we have already seen that the
right polar decomposition is unique, and therefore it should agree with A = RU in (52).
We conclude that P = R, completing the proof of (53). O

Remark 13. The name “polar decomposition” is associated with equations (52) and (53)
in a loose analogy with the polar representation of complex numbers z = re, where the
rotation e in the complex plane in likened to the action of the orthogonal tensor R in
the polar decomposition.

Remark 14. A simple shear is a deformation in the Cartesian x—y given by the mapping

x\ X+ 2ytany _ 1 2tany X
()= C75")=6 ) 6) %

The mapping preserves the y coordinates of the points, therefore the points move in the
horizontal direction. The horizontal displacement, 2y tany, is proportional to the y coor-
dinate, therefore points with greater y are displaced by proportionally greater amounts.
The constant of proportionality is taken to be 2tany for at least two reasons. First, the
algebra is simpler this way compared to what it would have been with a generic propor-
tionality constant, say, c. Second, the angle y turns out to have a geometric interpretation
as we shall see toward the end of the calculations.

The gradient F of the mapping defined in (55), and the corresponding right Cauchy-
Green strain tensor are

_ (1 Z2tany T 1 2tany
F_<O 1 ) C_FF_<2tany 1+4tan2y>'
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\//Tzez
U R
- —_

FIGURE 4. A homogeneous deformation with the deformation gradient
F = RU acts on any neighborhood of the origin by shrinking/stretching
the neighborhood along the eigenvectors e; and e, by the factors A,
and /4, followed by a rigid rotation by the orthogonal tensor R. The
eigenvalues of U are the square roots of the eigenvalues A, and A, of
the right Cauchy-Green strain tensor C = FTF.

The eigenvalues and eigenvectors of C are

-1
/11:1/0'2, 81:<01.>, 1220'2, 62:<O_),

where o = (1 — siny)/ cosy. Since U? = C, the eigenvectors of U coincide with those of
C, and its eigenvalues are /A; = 1/0 and /A; = o. Letting P be the matrix with columns
e; and e,, and L be the diagonal matrix with the eigenvalues of U on the diagonal, we
have U = PLP™!, and therefore

c -1\ (1/c 0\ [oc -1 ! cosy siny
U= 1 = s 1+sin’y | -
o 0 o 1 o siny  — 5,

Finally, we calculate the orthogonal tensor R:

. -1
_ 1 2tan cosy smy cos sin
R=FU" = <0 1 Y) (siny ”5“121’) - <—Sil’1y}/ cos§> ’
cosy

which represents a clockwise rotation by the angle y. Figure 4 illustrates the effect of ap-
plying the deformation gradient F to a neighborhood of the origin. The neighborhood
shrinks/stretches along the eigenvectors e; and e, of U by the factors +/A; and /4, fol-
lowed by clockwise rigid rotation by the angle y.

15. MORE TENSOR ALGEBRA
Lemma 2. Let e be a unit vector. Then the tensor Q = I — 2e ® e is orthogonal.

Proof. From (21b) we see that Q = Q. Therefore
0'0=(I-220e)I-2¢Qe)=1—-4eRe+4(eRe)exe)=1.
In the last step we have made use of the identity (21c). O

Lemma 3. The tensor Q defined in the previous lemma is a reflection operator about the
plane perpendicular to e.
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Proof. We have:
Qe=(I-2e®e)e=e—2(e-e)e=—e.
Moreover, for any vector ¢’ such that e’ - e = 0 we have:

Qe =(I-2eQe)e’ =¢ —2(e’-e)e=¢. O

Lemma 4. Let the tensor Q be as in the previous lemma. If Qu = —v for a vector v, then v
must be a multiple of the vector e.

Proof. We have Qv = (I —2e ® e)v = v — 2(e - v) e. Setting this equal to —v we get
v=(e-v)e. O

Lemma 5. Let {e;, e,, s} and {e], €}, €5} be two frames in E3, and let
O=¢€®e. (summation overi!)

Then Q is orthogonal and Qe; = € for each i, and thus, the orthogonal transformation Q
rotates the frame {e}, e,, 3} to the frame {€], €}, €}}.

Proof. From (21b) we see that QT = e; ® e/, therefore:
Q'0=(e;®@¢€)(e/®e)=(c; €)(e;@e)=5(e;@e)=e;De =1,

which shows that Q is orthogonal. Here we have applied the identity (21c) and the result
of Exercise 11 that e; ® e; = I. To complete the lemma’s proof, we calculate

Qe =(e;®ej)e; =(ej-e)e;=d;e; =e|. O

The next two lemmas, due to Chao-Cheng Wang, are collectively known as Wang’s
Lemma.

Lemma 6 (Wang’s Lemma, Part 1). Let A € Ly, have eigenvalues Ay, A3, A3 and let
{e1, €2, 3} be a corresponding orthonormal set of eigenvectors. If the eigenvalues are distinct
then:

(a) A=1e;Q@e; + e, ®e; + Aze; Q es;
(b) The set{I, A, A%} is linearly independent;
(c) span{I, A, A%} = span{e; ® e;,e; ® e, e3 ® e3}.

Proof. Part (a) is a restatement of the Spectral Theorem 6. For part (b), we need to show
that A? + BA +yI = 0 implies that @ = § = y = 0. To see this, apply the two sides of the
equation @ A% + A +yI = 0 to the eigenvector e; to get aA? + fA; +y = 0 fori = 1,2,3.
We see that this quadratic equation has three distinct roots, and therefore its coefficients
must be zero.

As to part (c), let M = spanfe; ® e;,e; @ ey, e; ® e3}. From Exercise 11 we know
that I = Y, e; ® e;. Furthermore, A = Y, Lie; ® e; and A? = Y, \%e; ® e;. Therefore
I,A, A% € M. But by part (b), {I, A, A%} is linearly independent, therefore it is a basis for
the three-dimensional space M. (]

Lemma 7 (Wang’s Lemma, Part 2). Let Ay, A, A3 be the eigenvalues of A € Ly, and
suppose that A3 = A, = Ay. Let e be a unit eigenvector corresponding to the eigenvalue A;.
Then we have:



NOTES ON CONTINUUM MECHANICS 29

(@) A=1e®e+ (I —e®e).
(b The set{I, A} is linearly independent;
(c) span{l, A} = span{e ® e,] — e ® e}.

The proof of this lemma is left for Exercise 31.

16. ISOTROPIC FUNCTIONS
Much of this section’s analysis is due to R. S. Rivlin and J. L. Ericksen [21]. The pre-
sentation here follows the significantly simplified version in [7].

A subset of A of L is said to be invariant under L., if A € A implies that QAQ” € A
forall Q € L. Some frequently occurring invariant subspaces are listed in the following
lemma whose proof is left for Exercise 32.

Lemma 8. The following subsets of L are invariant under L yp:

+ + +
[/, [/sym, L > L Eorth; [“orth'

sym>
Note: In the rest of this section, .4 signifies an invariant subset of £ under Ly, We are
interested in generally nonlinear functions g : A > Rand G : A — L.

A function g : A — R is said to be isotropic if

g(A) = g(QAQ") forall A€ Aandall Q € Lo, (56)

A function G : A — L is said to be isotropic if
QG(A)Q" = G(QAQ") forall Ae Aandall Q € Loy, (57)
Lemma 9. Suppose g : A — R is such that
g(A) = g(QAQ") forallAe AandallQ € L},

Then g is isotropic.

Proof. We need to show that g(A) = g(QAQT) for all Q € L. By the lemma’s hypoth-

esis we already know that this holds when Q € £ , . It remains to show that it also holds

for Q in Lo \L7 ;. But if Q is of the latter type, then —Q is in L, , therefore for such

orth* orth’
a Q we calculate

8(0AQ") = g((-Q)A(-Q) = g(A). O
Lemma 10. Suppose G : A — L is such that
0G(A) Q" = G(QAQ") forallAe AandallQ € L],

Then G is isotropic.

We leave the proof of this lemma for Exercise 33.
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16.1. Scalar-valued isotropic functions. Recall the definition a scalar-valued isotropic
function in (56). The determinant, viewed as a (nonlinear) function from £ to R, is
isotropic since det(QAQT) = (det Q) (det A) (det Q) = det Aforall A € £ and Q € L.
As another example, the trace, viewed as a (linear) function, from L to R, is isotropic since

tr(QAQ") = tr((QA) (Q")) = tr((Q") (QA)) = tr A

for all A € £ and Q € L. Here we have applied the identity tr(AB) = tr(BA) from
Exercise 12.

Lemma 11. The three principal invariantsy; : L — R, i = 1,2,3, are isotropic functions.

Proof. In the two examples above we have observed that i; = tr and 13 = det are isotropic.
It remains to verify that i, is isotropic. For this, recall (24b) on page 13, and observe that

(QAQT)? = QA?QT, hence tr((QAQT)?) = tr(QA?QT) = tr(A?). O

Lemma 12. The function g : A C Lgm — R is isotropic if and only if there exists a
function § : R® — R such that

g(A) = §(1(A), 15(A),135(A)), forall A€ A. (58)

Proof. If g is of the form (58), then it is isotropic since by the previous lemma we have

g(QAQ") = (1(QAQ), ,(QAQ"), 15(QAQ"))
= §(1(A), 12(A),13(A)) = g(A) forall A€ Aand Q € Loy

As to the converse, assume g is isotropic. We wish to show that g(A) depends solely
in the invariants of A, that is, the invariants of A suffice to determine the value of g(A).
To put it in yet another way, if A and B have the same invariants, then g(A) = g(B).

Thus, take A and B in Ly, and let 1y, 15, 13 denote their common invariants. Then A
and B share the common characteristic equation:

B2+l —13 =0,

and therefore they have the same eigenvalues. It follows that, their spectral decomposi-
tions look like these:

AZZAiei®ei, B:Z/lief@)ef,
i i
where {e/}}_, to {¢;}>_, are frames. Let Q be the orthogonal transformation that rotates the
frame {e;}}_; to {e/}?_, as in Lemma 5, that is, e/ = Qe;, i = 1,2,3. Then by (21f) we have:
Qe ®e)Q" =(Qe)®(Qe) = ¢ ®e].
It follows that QBQT = A, whence:

g(A) = g(OBQ") = g(B). O
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16.2. Tensor-valued isotropic functions.

Theorem 12 (Transfer Theorem). IfG : A C Ly, — L is isotropic, then any eigenvector
of A is an eigenvector of G(A).

Proof. Let A;, i = 1,2,3, be the eigenvalues, and e; be an orthonormal set of the corre-
sponding eigenvectors of A. By the Spectral Theorem we have A =), Lie; ® e;.

Let Q =1 — 2e; ® e;. By Lemma 2, Q is orthogonal, and thus, by (21f) we get:
QAQT = Z /I,Q(ei ® ei)QT = Z A,‘(Qe,‘) ® (Qei) = Z Aiei ® e = A.
In the last step we have used Lemma 3 whereby Qe; = —e; ifi = 1 and Qe; = e; otherwise.

Now, since G is isotropic, we have QG(A)QT = G(QAQT) = G(A), whence QG(A) =
G(A)Q, therefore QG(A)e; = G(A)Qe; = —G(A)e;.

We see that Q maps the vector G(A)e; to its own negative, hence by Lemma 4 we
conclude that G(A)e; is a multiple of e;, and therefore e, is an eigenvector of G(A). O

The next theorem is central to all modern theories of continuum mechanics. The proof
is somewhat long and technical and it’s often omitted in textbooks on the subject. For
instance, it is stated without proof in [5], page 31. The presentation in these notes is
modeled after that in an appendix in [7].

Theorem 13 (Rivlin-Ericksen). The function G : A C Ly, — Ly is isotropic if and

only if
G(A) = aol + ;A + a,A*  forall A€ A, (59)

where oy, a1, and a, are scalar isotropic functions of A.

Proof. If G has the form in (59), then it is trivial to verify that it is isotropic. Here we prove
the converse. Thus, we pick an arbitrary A € A and consider three cases, as follows.

Case 1: A has three distinct eigenvalues.

According to the Spectral Theorem we have A = ), A;e; ® e;. By the Transfer Theorem
(Theorem 12), G(A) has the same eigenvectors as A, therefore it has a spectral decompo-
sition of the form G(A) = Y, fie; ® e;. Then from Lemma 6 we deduce that

G(A) = ay(A) I + a1(A) A + ax(A) A (60a)

Case 2: A has eigenvalues A, = A5 # A;.
As in the Case 1, we have A = ), L;e; ® ¢; and G(A) = ), fie; ® e;, with f; = f.
Therefore, with an appeal to Exercise 11 we have
G(A) = pre; ® e+ fr(e; ®e; +es®es3) = fre; ® ey + fo(I — e @ ey),

We see that G(A) is a linear combination of e; ® e; and I —e; ® e;. Therefore by Lemma 7
we have
G(A) = ag(A) I + a;(A) A+ 0 x A% (60b)

Case 3: A has eigenvalues A; = A, = 4.
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Wehave A=) .lie; Qe = Ai(e; Qe; + e, e, + e3 ® e3) = A1, and therefore any
nonzero vector in V is an eigenvector of A, and by the Transfer Theorem, an eigenvector
of G(A). We conclude that G(A) is a multiple of identity, and therefore

G(A) = ap(A)I +0x A+ 0x A% (60c)

We see that G(A) has the form (60a) in general, where the coefficients a; and @, may
be zero in some special cases. It remains to show that the coefficients @y, @; and @, are
isotropic scalar functions, that is, they are of the form (12). Toward that end, pick an
arbitrary Q € Ly, and compute:

G(QAQ") = a)(QAQ) I + o, (QAQT) QAQ" + 2, (QAQT) (QAQT ).

The left hand side equals QG(A)QT by isotropy. On the right hand side the expression
(QAQT)? expands to QA?Q. Therefore we get:

0G(A)Q" = a(QAQ") I + o,(QAQ") QAQ" + c:(QAQ") QA*Q,
which simplifies to
G(A) = %(QAQ) I + a1(QAQ") A + (QAQ") A%,
By subtracting this from (60a) we obtain:
(0(A) = 2(QAQN))I + (a1(A) — 1 (QAQN)) A + (a2(A) — @(QAQ)) A% = 0,
and thus, by the linear independence of the set {I, A, A*} we conclude that
a(A) = 2(QAQ"), @ (A) = ;(QAQ"), @ (A) = ax(QAQ")

for all Q € L, indicating that the scalar-valued functions ¢; are isotropic. O

Remark 15. By Lemma 12, the coefficients a, &; and @, in the Rivlin-Ericksen theorem
are functions of the invariants of A. Thus, a fully expanded version of (59) reads:

G(A) = @ (11(A), 12(A), 15(A))
+ a1 (11(A), 15(A), 15(A)) A
+ &2 (ll(A), lz(A), l3(A))A2. (61)

17. TENSOR CALCULUS

This section presents an overview of the calculus of scalar fields ¢ : E; — R, vector
fieldsu : Es — V, and tensor fields A : E; — L. To simplify the exposition, we as-
sume that the function are defined everywhere in E; and are differentiable as many times
as needed. These assumptions are by no means vital and may be severely restricted in
obvious ways.

17.1. The gradient of a scalar field. The gradient of a scalar field ¢ : E; — R is the
vector field grad ¢ : E; — V with the property that its value at a point x € Ej satisfies

grad¢(x)-q = %gb(x +€eq) o forallq e V. (62)
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Given a constant (i.e., independent of x) frame {e;, e,, e}, let us represent the point x
and the vector q in terms of components in that frame, as in x = x;e; and q = ge;, and
then introduce ¢ : R* — R via ¢(x1, 2, x3) = #(x,e,). Then

d d -~ -
%gb(x +eq) = %qﬁ(xl +€q1, %2 + €qo, x3 + €q3) = P (X1 + €q1, X2 + €2, X3 + €G3) G,

where ¢ is the partial derivative of ¢ with respect to its ith argument. Evaluating the
result at € = 0 yields

d ~ .
%gé(x +€q) o $:(x1, x2,x3) g = ¢ i(x1, %2, %3) €; - q,
which, in view of (62), implies that

grad ¢(x) = </§,i(x1, X2, X3) €;. (63)

Remark 16. The gradient defined in (62) is independent of any reference frame, there-
fore so is the component representation (63). The individual components, ¢ ;(x1, x2, x3),
however, are very much dependent on the choice of the reference frame.

Remark 17. The notation ¢;,l- for the partial derivative of ¢~ with respect to its ith argument
is used quite widely within the context of tensor analysis in general, and in continuum
mechanics in particular. We will adhere to that notation throughout the rest of these
notes.

Remark 18. Beware that in our textbook the distinction between ¢ : E; — R and ¢~ :
R® — R is intentionally blurred—in page 47 this is called “a slight abuse of notation”—and
¢ is used as the equivalent of ¢ ;.

17.2. The gradient of a vector field. The gradient of a vector field v : E3 — V is the
tensor field gradv : E; — L with the property that its value at a point x € E; satisfies

(grad v(x))q = %v(x +€eq) e forallq e V. (64)

Given a constant (i.e., independent of x) frame {e;, e,, e}, let’s represent v in compo-
nents, as in v(x) = v;(x) e;. Moreover, let’s represent the point x and the vector ¢ in terms
of their components in that frame, as in x = x;e; and q = g;e;. Finally, for i = 1,2,3, let
U; : R’ = R be defined trough 3;(x1, x,, x3) = v;(xpe,). Then

d d . .
%v(x +eq) = %vi(xl +€q1, X, + €Ga, X3 + €q3)e; = Uy j(x1 + €q1, X2 + €42, X3 + €g3) e,

where 7;; is the partial derivative of 0; with respect to its jth argument. Evaluating the
result at € = 0 yields

d . . ~
%v(x +€q) o = vi,j(x13x2ax3) eqj = U;,i(x1, X2, x3) € (ej -q) = 0;(x1, X2, x3) (&; ® ej)q,
which, in view of (64), implies that
gradv(x) = 0 j(x1, X2, x3) €; ® e;. (65)

Thus, 3; ;(x1, x2, x3) are the components of grad v(x) relative to the {ey, e;, es} frame.
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17.3. The divergence of vector and tensor fields. The divergence of the vector field v
is the scalar field divo : E; — R defined through

dive = trgradv. (66)

If gradv is expressed in terms of components relative to a frame as in (65), then (66)
implies that
dive = 5i,i~ (67)

The divergence of the tensor field A is the vector field divA : E; — V with the

property
(divA)-q = div(ATq), forallqe V. (68)

The presence of the transpose in that definition may look odd, but that is exactly what is
needed for generalizing the Divergence Theorem, familiar from calculus, to tensors.

If A is expressed in components relative to a frame, as in A = d;; ¢; ® e;, then the
components of div A relative to the frame may be calculated as follows. From (21b) we
have AT = d;je; ® e;, and therefore ATq = G;;(e; ® e;)q = dj; (e; - q) e, and therefore
by (67),

div(A"q) = aij (e; - q) = (@ e) - 4,
then in view of (68) we conclude that

divA = (,Nlij’j e;. (69)

17.4. The curl of a vector field. The curl of the vector field v is the vector field curlv :
E; — V defined through

(curlv) x q = (gradv — (gradv)') q¢ forallq € V. (70)

If v is expressed in components relative to a frame as in v = v; e;, then
curlv = €Dk €] (71a)
= (032 — Dy3) €1 + (013 — U31) €x + (D21 — D12) €3. (71b)

See page 53 of the textbook for details of the calculation.

17.5. The Laplacian of scalar and vector fields. The Laplacian of the scalar field ¢ is
the scalar field A¢ : E; — R defined through

A¢ = div grad §. (72)

If we express the points x € E; in terms of components along a constant (i.e., independent
of x) frame {ey, e, €3} as x = x;e;, and let ¢(x1, x2, x3) = P(x;€;) as we did earlier, then the
Laplacian of ¢ may be expressed as

Ap=¢. (73)
See page 54 of the textbook for proof.
The Laplacian of the vector field v is the vector field Av : E; — V defined through
Av = div grad v. (74)
In terms of components this takes the form
Av =15 e;. (75)
See page 54 of the textbook for proof.
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18. FUNCTIONS OF TENSORS

Here we learn how to calculate derivatives of functions defined on L.

18.1. Scalar-valued functions of a tensor. The derivative of the scalar-valued function
Y : L — R is a tensor-valued function Dy : £ — L defined through

Dy(A):B = dilﬁ(A + €B) K forall Be L. (76)
€ €=

Let A = g;je; ® e; express the tensor A relative to a frame {e;, e;, es}. Then Yy(A) =
V(aije; ® e;) leads to

DY(A) = == e @ ey (77)
ij

See page 60 of the textbook for a proof.

Example 4. Let§/ : £ — R be defined as /(A) = ;A: A. Let us show that Dy/(A) = A.
Let A = ajje; ® e; relative to some frame {e;, e,, es}. Then according to (27) we have
(A) = 3a,qap, and therefore
0 Jd /1 1/0a da oJa
A :7(—(,1 a ):—(7‘an +a 7‘0(]): ‘an = 0,i04i0pg = G
da;; ¥ (A) da; \ 2 pg%pq 2\ 9a;, pg T Gpq day; da;; pq = 9piQqjlpq = Gij

Then by (77) we have DY(A) = a;;e; @ e; = A.

Theorem 14. Lety : L — R be defined as y(A) = det A. Then
Dy/(A) = (det A) AT for all invertible A € L, (78)

where AT is the transpose of the inverse of A.

Proof. For any B € L and € € R we have
_ 1 -1 _ _1 _ A1 _ _ A1
A+eB_eA(61+A B) = eA( I-A B) = eA(/u A B),
where we have set A = —1/e. Then by (25a) and (25b) we get
det(A + eB) = —e*(det A) det(AI — A!B)
and then by (29)
U(A + €B) = —*(det A)(P —L(AT'B) 2% + 1,(AT'B) A — ,3(A-IB)

= (det A)(—e3/13 + 1(A'B) €A% — 1,(A'B) €1 + 15(A7B 63)

= (det A)(l +1(A7'B) € + 1,(A'B) € + 15(A™'B) e3>.
Then

%w(A + €B) = (det A)(LI(A*B) + 1,(A"'B) (2€) + 15(A"'B) (362)),
whence
Dy(A):B = %rﬁ(A + eB)’ = (det A) 1,(AT'B).
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Recalling (24a) we have 1;(A™'B) = tr(A™'B), and recalling (26) this is the same as AT : B.
We conclude that

Dy(A):B = (det A)(AT:B) forall Be L,

which is equivalent to (78) since B is arbitrary. O

Corollary 2. Consider a time-dependent tensor A(t). We write A for its derivative with
respect to time. Then

% det A = (det A) tr(A™'A) = (det A) AT : A. (79)

Proof. Let /(A) = det A, and let A(t) = a;; ¢; ® e; in some frame {ey, e;, e3}, where a;; =
a;;(t) and dij = da;;/dt. Then by the chain rule

d d Y . oy .
g et A= g e ® ) = 5 dy =5 O
d . 4 . A
= a;{j ((ei ®e;):(e,® eq))apq - (8;{] € ej) ; (apq €® eq) = Dy(A):A.

Substituting for Dy/(A) from (78) we get
d .
p det A = (detA)AT:A,

as asserted. O

(See page 62 of the textbook for an alternative proof.)

Remark 19. Since tr(AB) = tr(BA) and A:B = B: A, the equations (79) may be equiva-
lently expressed as

% det A = (det A) tr(AA™") = (det A) A: AT (79-alt)

19. INTEGRAL THEOREMS

In the following, B is a “nice” domain in E5, and 9B is the domain’s boundary. We write
dV for the infinitesimal volume element when integrating over B, and we write dA for
the infinitesimal volume element when integrating over 9B.

Here we are going to derive several forms of the Divergence Theorem starting from
the basic theorem of Gauss for scalar functions defined in a Cartesian coordinate system
in RY. Specifically, let ¢ := Q c R? — R be a sufficiently smooth scalar field, and let
n = (ny, ny, ...ng) be the outward unit normal vector at any point on the boundary of Q.
Then Gauss’s theorem, which we state here without proof, is

L j—i dv = A mda (80)

We restate this for functions ¢ : B C E; — R as
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Theorem 15 (Gauss). Let ¢ := B C Es — R be a sufficiently smooth scalar field, and let n
be the outward unit normal vector at any point on the boundary of B. Then

AgradqﬁdV = AB ¢ndA. (81)

The well-known Divergence Theorem for vector fields is an immediate consequence
of Gauss’s theorem.

Theorem 16 (The Divergence Theorem for vector fields). For a sufficiently smooth vector

fieldv : B —> V we have
/divudV:/ v-ndA, (82)
B B

where n is the outward unit normal to the boundary. The quantity on the right-hand side
of (82) is call the flux of the vector field v across the boundary.

Proof. Recalling (67), that is, dive = 0;;. Then according to (80) version of Gauss’s theo-

rem
/divvdV=/ﬁ,-,l—dV=/5,-n,—dA=/v-ndA,
B B B B

as asserted. It’s also possible to achieve the same result by applying the (81) version of
Gauss’s theorem, although the calculation would be a little bit longer. We have

diVU = 131"1' = ﬁi,j 5,']‘ = 5i,j e; - ej = (ﬁi,j ej) e = (gradﬁ,-) - €,

and therefore, by (81)

/divvdV:/(gradﬁi)~e,-dV:/ﬁin~eidA:/(5iei)~ndA:/v-ndA. O
B B OB 9B 9B

Theorem 17 (The Divergence Theorem for tensor fields). For a sufficiently smooth tensor

field A : B—V we have
/diVAdV = / AndA, (83)
B aB

where n is the outward unit normal to the boundary.

Proof. Recalling the definition (68) of the divergence of a tensor, for any vector q € ¥V we
have

/(div A)-qdV = /div(ATq) av & / ATq-ndA P9 / An - qdA,
B B B aB
which is equivalent to (83) since q is arbitrary. O

Theorem 18 (The Generalized Divergence Theorem). Letu be a vector field and A a tensor
field on a domain B C Es. Then we have

/(u ® div A + (grad u) AT> dv = / u® AndA, (84a)
B

B

or the equivalent transposed version:

/ ((div A)® u + A(grad u)T) dv = / (An) ® udA. (84b)
B JB
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Proof. To prove the (84b) variant, pick any constant vector q € V and calculate

/(An ®u)qdA = / (u-q)AndA ™Y /div((u @) A) dA.
B B B
Now, referring to equation (215) of Exercise 24, we have
div((u -q) A) =Agrad(u-q)+ (u-q)div A,
and then, by equation (216) of Exercise 25:
grad(u - q) = (gradu)’ q + (gradq)"u = (gradu)’q
since grad g = 0. Thus, we have
div((u -q) A) = A(gradu)’ q + (u-q)divA,= A(gradu) q + ((div A)® u) q.

We conclude that

,/as(An u)qdA = /B<A(grad u) q+ ((div A u) q) dv,
which is equivalent to (84b) since q is arbitrary. O

Remark 20. Let us take note of two special cases of (84a).
(1) If u is any constant vector field, then grad u = 0, and (84a) takes the form

u®/divAdV:u®/AndA,
B 9B

which reduces to (83) since u is arbitrary.
(2) If A is the identity tensor, then div A = 0, and (84a) takes the form

/gradude/u@ndA.
B )

Forming the trace of each side and noting that tr grad u = divu and tr(u ® n) =
u - n, this reduces to (82)

For future reference, let us summarize here the component forms of the previous three
theorems.

Gauss’s Theorem: /d),j dv = / én;dA (85)
B aB

The Divergence Theorem for vectors: / v;,;dV = / vin;dA (86)
B B

The Divergence Theorem for tensors: /aij,j av = / ajjn;dA (87)
B oB

Theorem 19 (Stokes Theorem). Let S be a “nice” surface with a boundary curve C. Then
for a sufficiently smooth vector field v defined in a neighborhood of S we have

A(curl v) -ndA= /Cv -tds, (88)

where n a unit normal to S, and t is a unit tangent to C. See page 57 of the textbook for the
details of how n and t are oriented.
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20. NEWTONIAN MECHANICS

Newton’s law of motion, f = ma, relates the acceleration a of a point mass m due to
the force f applied to it. In this section study the implications of Newton’s law regarding
the motion of system of interacting masses, and—through passing to a limit—the motion
of a continuum.

Note: In this section we suspend the summation convention. There are no
implicit summations over repeated indices!

20.1. The linear momentum. Consider a system of n particles P; of masses m;, i =
1,2,...,n, tracked through the position vectors r; relative to a fixed point O in E;.

Let ﬁ be the resultant of the forces acting on P;. According to Newton’s Law of Motion
we have R
mo; = fi, i=12,..,n (89)

The force ﬁ may be regarded as being derived from two sources:

(1) forces acting on P; due to interaction with the other particles;
(2) forces acting on P; by agents other that the particles P;, (j # i).

Forces of the first kind are called internal forces. Let F;; be the force exerted on the par-
ticle P; by the particle P;. We assume that F;; points in the direction P;,P;. According to
Newton’s law of action/reaction, we have F;; = —F}; for all i and j. In particular, F; = 0
for all i.

Forces of the second kind are called external forces. We write f; for the resultant of the
external forces acting on P;. Thus, Newton’s law of motion (89) takes the form

n
m,»lBi :fi+ZFij’ i= 1,2,...,n. (90)
j=1
Summing up over all particles we get
n n n n
Zmivi = Zfi+ ZZF"J"
i=1 i=1 i=1 j=1

but since F;; + Fj; = 0, that double-sum is zero. Thus, the internal forces are eliminated

and we are left with . .
Z mv; = Z fi. (91)
i=1 i=1

20.2. The angular momentum. Continuing with the previous subsection’s system of n
particles, we take the cross product of r; with (90)

n
rixmivi=ri><fi+ri><ZFij,
J=1

n n n n
Zrixmiﬁi:Zrixfi—i-Z(rixZFij). (92)
i=1 i=1 i=1 j=1

and sum over i:
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The second term on the right-hand side is zero. That’s the consequence of the identity

n o n n o n n
Z Z aij = Z Z(aij +aj) - Z Qji,
i=1

i=1 j=1 i=1 j=i

which holds for any summand a;;. In effect, it says that to add up all the entries of a square
matrix, we

(1) add up the diagonal and below-diagonal entries;

(2) add up the diagonal and above-diagonal entries;

(3) subtract the diagonal entries because they have been double-counted.

Applying that identity with a;; = r; x F;j, we see that

n n n n n n n
ZriXZFij:erisz’j:ZZ(riXEj+rijji)_ZriXEi
= i=1

i=1 i=1 j=1 =1 j=i
n n n
= ZZ(ri_rj)XFij_ZriXE'i =0,
i=1 j=i i=1

because (i) F;; = —Fj;; (ii) F; = 0; and (iii) (r; — r;) x F;; = 0 since F;; is aligned with r; —r;.
Thus, equation (92) reduces to

n n
ZrixmiﬁiZZrixfi. (93)
i=1 i=1

20.3. The continuum. Consider the domain B; C Es, parametrized by time ¢, as a rep-
resentation of the motion and deformation of a continuum. Think of B; as a collection
of infinitesimal elements, resembling the system of n particles analyzed in the previous
subsections. We saw that the internal forces drop out of the body’s equations of motion,
therefore here we concern ourselves with the external forces.

The external forces acting on B, are classified into two types: body forces and surface
forces. Body forces act on each infinitesimal element within the body. Typically that
would be the force of gravity, measured as force per unit mass. Surface forces act on B;’s
boundary, measured as force per unit area, called the traction. Writing b for the body
forces, t for tractions, and p for the density, equations (91) and (93) take the form

/&pdvz/bpdv+/ tdA, (94)
B, B, 9B,

/rxﬁpdV:/rxbpdV—i-/ rxtdA, (95)
B, B, 9B,

where dV and dA are the infinitesimal volume and surface elements, respectively.

Remark 21. If all fields under consideration are bounded, then from (94) we get
‘/ tdA‘ < /|l3p - bp| dV < k(t) vol(B,), (96)
B, B,
where k(t) = maxg, [vp — bpl, and vol(B,) is the volume of B;. It follows that

‘/ tdA‘ — 0 as vol(B;) — 0. (97)
9B,
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Moreover, by dividing (96) through by the area of B,’s boundary, area(dB;), we see that
1 / tdA‘ < k(1) VOl(Bt)’
area(dBy)! /op, area(oB;)
If B, represents of a family of nested self-similar domains of representative lengths &, then
vol(B,) is proportional to §° while area(dB;) is proportional to §2. We conclude that
1
area(dB;)
We will need both (97) and (98) in our proof of the existence of the Cauchy stress. In

our textbook, the condition (98) is stated as an assumption, without proof, on page 80,
equation (3.1).

/ tdA‘—>0 as§ — 0. (98)
B,

21. THE CAUCHY STRESS TENSOR

Lemma 13. Let B be the deformed state of a body at a fixed time t. For any interior point
x € B, let t(x,n) be the traction vector on an arbitrary surface patch through x having the
unit normal vector n. Then

t(x,—n) = —t(x,n). (99)

Proof. Figure 5(a) shows that patch through x as the disk D. We build a right cylinder of
height on that encloses D as shown, and write S* and S~ for the cylinder’s top and bottom
surfaces, and Sy, for its lateral surface. Applying (97) to the cylinder, we have

At(f,n)dA+/yt(§,—n)dA+/$1t(f,m)dA—>0 ash — 0,

where m represents the unit outward normal at any point on the lateral surface S;. As
h — 0, the integral over S, vanishes, while the integrals over S* and S~ converge to
integrals over the disk D, leading to

/D (t(g, n) + t(Z, —n)) dA = 0.

We wish to conclude that t(x, n) + t(x, —n) = 0. Indeed, if that were not the case, then
(t(f, n)+t(&,—n) ) -a would be positive in a small neighborhood of x, for some vector a.
If D is small enough to be contained entirely within that neighborhood. then the integral

above (dotted with a) will evaluate to a positive quantity, contradicting the fact that it
must be zero. g

Theorem 20 (The Cauchy Stress Theorem, Part 1). The traction tensor t(x, n) of Lemma 13
is linear in n, and thus, there exists a second order tensor field S : B — L, so that

t(x,n) = S(x)n, forallx € B. (100)
The tensor S(x) is called the Cauchy stress at x.

Proof. Pick a point x in the interior of B and pass a surface through x with a unit normal
n in an arbitrary direction. Let Tj, be a triangle within that surface with edge lengths
proportional to h. Construct a tetrahedron with the base Tj, and the opposite vertex at
some point, say o, as in Figure 5(b)), whose edges are parallel to a frame {e;, e,, e5}. Orient
the tetrahedron so thatn-e; > 0fori = 1,2,3. Let’s write Tj, 1, Ty 2, Ty 3 for the tetrahedron’s
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FIGURE 5. On the left, as the height & of the cylinder goes to zero, its top
and bottom surfaces converge to the disk D. On the right, As the shaded
triangle triangle shrinks toward x, the entire tetrahedron shrinks to-
ward x.

faces that go through the vertex o, and note that the outer normals to these faces are —e;,
i=1,2,3.

Applying (98) to the tetrahedron, we get

1 n
area(m(/ﬂ“"’f)d‘q"';/Tmt(—ei,f)dfl) -0 ash—0. (101)

Let P, : T, — Tj; be the orthogonal projection map of T, onto Tj,;. This projects the
area element dA of T, to an elements of area (n-e;)Tj, on Tj,;, therefore an integration over
the triangle T,; may be performed on the triangle T, according to

/ H—ey £)dA = / t(—e P7(E)) (n - e)dA,
T T,

h

and thus

A t(n,&)dA+ lzn;/n” t(—e;, &)dA = A t(n,£)dA + lznl: A t(—ei,Pi_l(g')) (n-e)dA,
- / (t(n, £+ Y (n- e)t(-e, (@) ) da
i=1

Ty

Furthermore, let us observe that area(T},;) = (n - e;) area(T;), and therefore

area(dAy,) = area(T,) + zn:(n -e;)area(Ty) = (1 + z”: n- e,—) area(T,) = carea(Ty),

i=1 i=1

where we have letc = 1+ )1, n - e;. Multiplying (101) by the constant ¢ we obtain

C n
area(9y) u tn.£)dA+ ), l Hoend) dA)
= [ (1008 + Y-t (e, P@) ) da,

area(Ty) Jr,
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which, according to (101) converges to zero as h — 0. But as h goes to zero, the tetrahe-
dron shrinks to x, and therefore by the Mean Value Theorem the integral on the right-
hand side converges to

n
t(n,x) + Z(n . ei)t(—e,«, Pi_l(x)) =0.
i=1
Since, P;!(x) = x, we conclude that (resorting now to the summation convention):
by (99)
tn,x)=—-(n-e)t(-e,x) "= (n-e)t(e;,x). = (t(ei,X) ® ei) n,

whereby S(x) = t(e;, x) ® e;. O

Remark 22. The proof above concludes with S(x) = t(e;, x) ® e; which may give the false
impression that S(x) may depend on the choice of the frame. That it is not the case is
evident from t(n, x) = S(x)n since neither n nor t(n, x) depend on the frame.

Theorem 21 (The Cauchy Stress Theorem, Part 2). The Cauchy tensor S(x) established in
Part 1 satisfies the equation

pv = div S + pb. (102)

Proof. Recall the balance of linear momentum equation (94) and substitute for # from (100):

/épdvszpvar/ SndA.
B, B, dB;

Apply the Divergence Theorem (83) to replace the surface integral by a volume integral

/13pdV=/bpdV+/dideV,
B, B, B,

and then collect the terms:
/(p& - divS—pb) v = 0.
B

t

This holds for any domain B,, and therefore the integrand is zero. O

Theorem 22 (The Cauchy Stress Theorem, Part 3). The Cauchy stress S(x) established in
Part 1 is a symmetric tensor at each x, that is

S(x) = S(x)"  forall x € B. (103)

Proof. Recall the balance of angular momentum equation (95). Form the cross product of
that equation with an arbitrary constant vector a:

a></r><13pdV=a></r><bpdV+a></ rxtdA,
B, B 9B,

then rearrange/regroup terms as

Lp(ax(rx(é—b»dV:/aBtax(rxt)dA.

Then apply (210b), to expand each of the integrands:

/Btp<r®(13—b)—(13—b)®r)adV:AB(r®t—t®r)adA.

't
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This holds for all a € V, therefore

Lp(r@(ﬁ—b)—(ﬁ—b)@r)dV:/aBl(r®t—t®r)dA. (104)

In view of (102), the left-hand side of (104), let’s call it the LHS, reduces to
LHS = / <r ® divS — (div S) ® r) av.
By

As to the right-hand side of (104), we evaluate the integral of r ® t by substituting ¢ = Sn
from (100) and then applying the Generalized Divergence Theorem 84a from page 37:

/ r®tdA:/ r®3ndA=/(r@divs+(gradr)sT)dv:/(r@divs+sT)dv,
dB; dB; B B

't 't
where in the last step we have inserted gradr = I. Taking the transposes of all terms in
this equation we see that

/ t®rdA=/((div5)®r+s)dv,
9B, B,

and therefore the right-hand side of (104), let’s call it the RHS, evaluates to
RHS = /(r ®@divS+S" — (divS)®r — s) v,
B,

Then the equation LHS = RHS = 0 simplifies to

/(ST —S)dv =o.
B

Since B; is arbitrary, it follows that sT—s=o. O

22. THE INTERPRETATION OF THE CAUCHY STRESS TENSOR

The Cauchy stress tensor S at a point x within a body B assigns to any unit vector n a
traction vector t = Sn. The traction t measures the force per unit area acting on a plane
perpendicular to n passing through the point x. In this section we are concerned with
a small neighborhood of x within which the tensor may be assumed to be essentially a
constant.

Pick an arbitrary frame {e;, e,, es} and express S in components as S = o;;e; @ e j.s
From (22) on page 11 and the symmetric of S we know that o;; = e; - Se; = Se; - e;. But
Se; is the traction on the plane perpendicular to e; through x, and the dot product of that
vector with e; is its component along e;. We conclude that o;; is the is the e; component
of the traction acting on the plane perpendicular to e;.

Figure 6 provides a visualization of this observation. There we see a cube positioned
so that its faces are perpendicular to the vectors of the frame {e}, e,, e;}. Imagine that the
cube is so small that the stress S is effectively constant throughout. Then the tractions
on the cube’s colored faces are Se;, Se;, Ses, each of which have been decomposed into
vectors parallel to ey, e;, and e, revealing the nine components ¢;;. That said, we must

SHere we are following the tradition of using the symbols o;; for the components of S.
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€3

Se, o

e

FIGURE 6. The vectors Se;, Se,, Se; are true to-scale depictions of trac-
tions on the faces of the cube due to the stress tensor given in (106),
assuming that the S is constant within the cube.

recall that by Theorem 22, the stress tensor is symmetric, and consequently o;; = 0.
Therefore, in Figure 6 we have

012 =021, 023 =032, 031 =013. (105)

That figure is an accurate to-scale representation of the case where the components of S
relative to the frame {e;, e,, e;} are

1.5 09 08
09 1.0 09]. (106)
08 09 1.2

Cauchy expresses the symmetry conditions (105) in his 1827 article [1] as:

Théoréme II. — Si par un point quelconque d’un corps solide on méne deux
axes qui se coupent a angles droits, et si I'on projette sur I'un de ces axes la
pression ou tension supportée par un plan perpendiculaire a Uautre au point
dont il s’agit, la projection ainsi obtenue ne variera pas quand on échangera
entre eux ces mémes axes.

English translation with help from Google Translate:

Theorem II. - If through any point of a solid body we pass two axes which
intersect at right angles, and if we project onto one of these axes the pres-
sure or tension supported by a plane perpendicular to the other at the point
in question, the projection thus obtained will be equal when these axes are
exchanged.

Remark 23. In modern notation, the theorem quoted above says that m - Sn = n - Sm
for any two perpendicular vectors m and n. Nowadays we know that S is symmetric
and therefore v - Su = u - Sv for any two vectors u and v. Those vectors need not be
perpendicular!
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x = ¢(X)
X = gp(x)

B/

FIGURE 7. The deformation ¢(X) maps the body B C E; to B’ C Es. The
inverse of ¢ is . A neighborhood Q of X is mapped to a neighborhood
w of x = ¢(X).

23. KINEMATICS

A body is an open domain in E;. A deformation of the body is a mapping ¢ : B — E;.
We write X for a generic point in B, and x = ¢(X) for the image of X under the mapping.
We introduce the notation B’ = ¢(B) for the deformed state of B. We assume that the
mapping ¢ is one-to-one, that is, distinct points of B remain distinct in B’. We also assume
that ¢ is continuously differentiable, and call F(X) = Grad ¢(X) the deformation gradient
at X. We further assume that det F(X) > 0 for all X € B. Finally, wecallu = x — X =
¢(X) — X the displacement of the point X. Figure 7 depicts such a deformation.

23.1. Measures of deformation. Expanding ¢ into a Taylor series about a point X, € B
we get

$(X) = p(Xo) + F(X,) (X — Xo) + O(X — Xo|),

and thus, we see that F(X,) acts as a linear operator in a small neighborhood of Xj,
stretching/distorting/rotating the material about X,.

The measure of distortion provided by F is not perfect since it’s quite possible for F(X)
to be an orthogonal tensor which rotates but does not distort.

To provide true measure of distortion, we apply the Polar Decomposition Theorem
(page 25) to isolate the rotation part, as in F = QU, where Q is orthogonal and U is
symmetric and positive definite. We consider U as the true measure of the distortion. We
recall from the discussion in Section 14 that U? = FTF, and therefore calculating U calls
for evaluating the square root of the tensor F'F. That is somewhat a nontrivial task as
it requires the knowledge of the eigenvalues and eigenvectors of F'F. To save ourselves
the trouble, we simply take C = U? as the measure of strain instead. This carries the same
amount of information as U but is simpler to calculate as it involves merely composing
FT with F. The symmetric and positive definite tensor

C=FTF, (107)

is called the right Cauchy—Green strain tensor.

«—

This comes too early;
the ‘Grad’ notation
is defined a couple of
pages later.
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An alternative measure of distortion in provided by the left polar decomposition F =
VQ (see (53)), whereby V2 = FF'. This leads to the definition

B =FFT, (108)

called the left Cauchy—Green strain tensor. The right Cauchy-Green strain tensor finds its
use mostly in modeling fluids, while the left Cauchy-Green strain tensor finds its uses in
modeling solids.

Remark 24. Let the deformation map ¢ consist of rotation and parallel translation, as in
¢(X) = ¢ +0OX, where x is a constant vector and Q is a constant orthogonal tensor. Then
F = Grad ¢(X) = Q, and therefore

C=F'F=Q0"Q0=1

C, being an identity map, induces no distortion, as expected. We see that B = I for the
same reason.

23.2. Motion. The motion of a body B is a continuous deformation ¢, of B parametrized
by the time t. We call B the body’s reference configuration, and B, = ¢;(B) its current
configuration. We assume that ¢, is the identity map, that is, ¢o(X) = X for all X € B.
We write g, = ¢;*. Thus, if x = ¢,(X), then X = y,(x). Also

X =yi(x)= ¢t<¢t(X))’ x=¢(X) = ¢t(‘/’t(x))«

23.3. Material and spatial fields. In view of the one-to-one mapping between B and B;,
any time-dependent scalar-, vector- or tensor-valued field Q(X,t) defined on B, induces
a time-dependent field w(x,t) on B; through

w(x,t) = AX,t), where x = ¢,(X). (109)

A field expressed in terms of the points X of B, such as Q(X,t), is called a material field.
A field expressed in terms of the points x of B, such as w(x, t), is called a spatial field.

Instead of using distinct symbols such Q and w for the corresponding pairs of material
and special descriptions of a field, we will often find it more economical to use a single
symbol with the subscripts m for “material” and s for “special”. Thus, given the material
field Q as above, the corresponding spatial field may be expressed as

Qy(x,t) = Q(X,t), where x = ¢,(X), (110)

that is,
Q(¢(X).1) =Q(X,1), Q(x,1) = Q(g:(x).1), ((110-alt)
Similarly, given the spatial field w, the corresponding material field may be expressed as
wn(X,t) = w(x,t), where x = ¢,(X), (111)

that is,
wm(lpt(x), t) =w(x,t), own(X,t)= w((p,(X), t). ((111-alt)

Following [7] and [2], we write Grad, Div, Curl for the gradient, divergence, and curl
of material fields, and grad, div, curl for the gradient, divergence, and curl of spatial fields.
In [5], the ‘Grad’, ‘Div’, and ‘Curl’ are written

vX vX. vX x
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while ‘grad’, ‘div’, and ‘curl’ are written

Al V. V* x

Consider a material field Q(X, t) defined on the body B. For our current purposes, Q

make be scalar-, vector-, or tensor-valued. We write Q for the rate of change of Q with
respect to time. That is

. d
QX,t) = —Q(X,1).
(X.0) = SQ(X.0)
That holds no surprises. On the other hand, consider a spatial field w(x,t). What is its

time derivative? The point x moves with time, therefore it needs to be differentiated too.
We define the total time derivative of w as

_ %(w(@(x), ). (112)

o(x,t)

x=¢(X)

or equivalently, as

S(x,1) = [a<w(¢t(X), t)) ((112-alt)

ot

X=¢,(x)

As ¢:(X) tracks the motion of the point that originates at X, © measures the rate of
change of w as viewed by an observer who moves along with that point.

23.4. Velocity and acceleration. The point X of the body B undergoing the motion ¢,
is located at x = ¢,(X) € E; at time t. The velocity V(X,t), and the acceleration A(X,t) of
that point are given by

9 o
V(X,1) = §¢t(x), AX,t) = ﬁﬁbt(x), (113)
These are expressed as material fields. The equivalent expression as spatial fields are
d
v(x,t) =V(X,t) = —¢(X) , (114a)
X=p(x) Ot X=gp,(x)
82
a(x,t) = A(X, t) = S¢(X) : (114b)
X=py(x) Of X=y(x)

23.5. Time derivatives.

Theorem 23. Let ¢; be a motion of the body B, and let v(x,t) be the spatial description of
its velocity field. Consider an arbitrary scalar-valued spatial field w(x,t) defined on B,. Then
the total time derivative & of w is given by

®= 2—6: + (grad w) - v. (115)

Proof. This is an immediate consequence of applying the chain rule of differentiation to
the definition of the total derivative in (112), and the definition of the velocity in (114a):

% <w(¢t(X): t))

B, t) = _ grad o(x, 1) - %@(X) i (Z—C:(x, . O

X=y(x)

X=gpi(x)
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Corollary 3. Let ¢, be a motion of the body B, and let v(x, t) be the spatial description of its
velocity field. Consider an arbitrary vector-valued spatial field w(x,t) defined on B;. Then
the total time derivative w of w is given by

. 0
w= [Tv: + (grad w)v. (116)
In particular, the total time derivative of the the velocity field is given by
. d
v= a—l: + (gradv)v. (117)

Proof (version 1, without indices). Pick an arbitrary constant vector a € V. Applying the
result of Theorem 23 to the scalar field w - a we get

_d(w-a)
ot

(w-a) + (grad(w . a)) -gradov
From the definition of the total time derivative in ((112-alt) we see that (w-a) = w - a.
Furthermore, from the formula (216) of Exercise 25 and the fact that grad a = 0 we obtain
grad(w - a) = (grad w)’ a, and thus we arrive at
_9w) 7\ bys) (w)
a=—"-a + ((gradw) a) vo=

Assertion (116) follows since this holds for all @ € V. (]

a+ ((grad w))u -a.

Proof (version 2, with indices). Let w = w; e; in some arbitrary but constant frame {e;, e,, e5}.
Expressing (115) in terms of components along that frame o = %—‘;’ + w, jv;, and applying
this to the component w;, we get

and therefore

We conclude the proof by observing that

w; jUj e = Wi,jvk5kj €; = W jUk (ek ’ ej) €;
=w; Uk (e;®e;) e = (Wi,j(ei ® ej)) (v ex) = (gradw) v,

where we have made use of (65). O

23.6. The transformation of volume integrals. Considering that the mapping ¢, of
the reference configuration B to the deformed configuration B, is one-to-one, any integra-
tion over B may be expressed as an integration over By, and vice versa. We write dVx and
dV, for the differential volume elements in B and B;, respectively. In terms of an arbitrary
frame {e,, e, €3}, dVy is the volume of the parallelepiped formed by the vectors the three
vectors dX; = dXj el, dX, = dX; e2, and dX; = d X3 e3, which (see Figure 1 on page 4) is
given by the scalar triple product

dVX = [Xm, dXz, dX3]
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) €3

d.X'3
dXs

de

dx;

(31

FiGURE 8. The motion ¢; takes the infinitesimal volume dVx element
spanned by the vectors dX;, dXz, dX5 to the infinitesimal volume dV,
element spanned by the vectors dx;, dx,, dx;.

Under the motion ¢, the three vectors dX;, dX,, dX; are mapped to dx; = F(X,t)dX;,
dx, = F(X,t)dX,, dx; = F(X,t)dX;, where F(X,t) = grad ¢;(X) as visualized in Fig-
ure 8. The volume of the deformed element it

dVy = [F(X,1)dX;, F(X,1)dX,, F(X,1)dX;] = 13(F(X, 1)) [dX;,dX,,dX5]

according to (16a). We conclude that dV, = 15 (F(X, t)) dVx = det F(X,t)dVx due to the
definition of the determinant in (24c). This observation leads to

Theorem 24 (Transformation of volume integrals). Consider the motion ¢; of the body
B, and let B; = ¢;(B) as usual, and let w(x,t) be any scalar field defined on B;. For any
subdomain Q C B, let Q; = ¢,(Q). Then we have

/ w(x, ) dVy = / w(¢:(X),t) det F(X,t)dVx. (118)
Q

Q

Remark 25. The scalar field det F(X,t) that enters the previous considerations is called
the Jacobian of the deformation ¢;. The equation dV, = det F(X,t) dVx indicates that the
Jacobian provides a measure of the local change of volume. Thus, det F(X,t) > 1 indicates
a local expansion (dilation) of volume, while det F(X,t) < 1 indicates a local contraction
(compression) of volume. If the material is incompressible, then det F = 1 throughout. In
all cases, det F > 0 as postulated in this section’s opening paragraph.

23.7. The time derivative of an integral over a moving domain. We would be inter-
ested in calculating the derivative with respect to time of the integral on the left-hand side
of equation (118). That would amount to calculating the time derivative of its right-hand
side, and that would necessitate calculating the derivative of the Jacobian, det F(X,t). We
break up the calculation into the following two lemmas.

Lemma 14. Consider the motion ¢, of the body B. Let v(x,t) be the spatial description of its
velocity field, and let F(X,t) be the material description of the deformation gradient. Then

d
aF(X, t) = grad v(x, 1) ) F(X,t). (119)
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Proof. Let us calculate
d d 7]
&F(X’ t) = o Grad ¢;(X) = Grad gqbt(X) = GradV(X,1t)

= Grad(u(q&t(X), t)) = grad v(x, t)‘ ) Grad ¢,(X),
which is equivalent to (119) since Grad ¢,(X) = F(X,t). O
Lemma 15. Under the assumptions and notation of of the previous lemma, we have

2 (det FCX, 1) = det F(X, ) divu(x, ) (120)

x=¢:(X)
Proof. The formula (79-alt) on page 36 for the differentiation of a determinant tells us

7} 7}
= detF(X.1) = (det F(X.D) tr ((mF(X, t)) F(X, t)) .
But according to (119)
0 1 _
(gF(X, t)) F (X, 1) = grad o(x, t)‘x:@m,
and therefore
0
= det F(X,t) = (det F(X,1)) tr( grad v(x, t)‘x:wx)).
Recalling the definition of the divergence in (66) leads to the desired result. O

The above lemma, along with the transformation Theorem 24, lead to Reynolds Trans-
port Theorem which is an indispensable tool for applying laws of physics to continua.

Theorem 25 (Reynolds Transport Theorem). Consider the motion ¢, of the body B, and let
v(x,t) be the spatial description of its velocity field, and w(x,t) be any scalar-valued spatial
field defined on B; = ¢+(B). Then, for any subdomain Q C B we have

i/w(x,t)de:/<a—w+(gradw)~v+wdivv) dv, (121a)
dt Q, Q, ot
- / (a—w+div(wv)) dv, (121b)
o\ ot
ow
=/—de+/ wv-ndA, (121¢)
o, Ot o0,
:/(a')+a)divv)de, (121d)
Q

where Q; = ¢4(Q), 3Q; is Q;’s boundary, n is the outward unit normal to 9Q;, and @ is the
total time derivative of w.

Proof. By the theorem of transformation of volume integrals (24) on page 50, we have

d d
m /Q t w(x,t)dV, = o /Q w(¢(X),t) det F(X,t)dVx

-,

%(w(qbz(X), t)) det F(X, 1) + o((X), t)% det F(X,0)| dVy.
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Let us expand the individual terms within the square brackets. By the chain rule of dif-
ferentiation we have:

%(a)(qﬁt(X), t)) = gradw’( . %(j)t(X) + aa—c:‘(

#(X)1) $:(X)1)

dw dw
= grad w‘(@(X),z) V(X t) + E‘((ﬁ,(X),t) = ((grad ) v+ 5)‘(@(&[),

and by (120) we have

o (pi(X), t)% det F(X, 1) = w(¢(X), 1) det F(X, £) div v’ (0002)

== (k)leU detF X,t .
We C()nclude that

d 0w
— w(x, t)dV, = ( rad w 'v+—+wdivv>‘ det F(X,t)dVy,
i [, otenav= [ (@)% (p0) deFXOAV
which, by the theorem of transformation of volume, reduces to (121a). The variant (121b)
is obtained by applying the identity (212) of Exercise 21 to (121a). The variant (121c) is
obtained by applying the Divergence Theorem to (121b). The variant (121d) is obtained
from (121a) and the property of the total derivative established in Theorem 23 on page 48.

O

Remark 26. The representation (121c) of Reynolds Transport Theorem is a generalization
to three dimensions of the one-dimensional Leibniz’ differentiation formula:

d b(t)

p b(t) 9 P ; y /
dt Juy T [@ o fCet)dx+ f(b@), )6 (1) = f(a(t),t)d' ).

We say the motion ¢; of a body B is volume-preserving or isochoric if the volume of
any part Q C B remains unchanged in the course of the motion. In that regard we have:

Corollary 4. Consider the motion ¢; of the body B. F(X,t) be the material representation
of the deformation gradient, and v(x,t) be the spatial description of the velocity field. If the
motion isochoric, then det F(X,t) = 1 and divu(x,t) = 0 forall X € B,x € By, and allt > 0.

Proof. In the transformation of volume integral formula (118), take w(x,t) = 1. Then
vol(Q) = vol() = / 1dV, = /det F(X,t)dVy.
Q Q

Thus, /Q det F(X,t)dVx = vol(Q) for all Q, and therefore det F(X, ) is identically equal
to 1.

As to the Corollary’s second assertion, take w(x,t) = 1 in Reynolds Transport Theo-
rem. Then from (121c) for any Q C B we get

d d .
0= $VOI(Qt) = 5[){ 1dV, = /Qt divo dVy.

Since Q is arbitrary, we must have divo = 0. O
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X = ¢t(X)
X =yi(x)

B,

FIGURE 9. The deformation ¢;(X) maps the body B C E; to B; C E;
at time t. The inverse of ¢, at time ¢ is ¢,. An arbitrary part Q of B is
mapped to Q.

23.8. The transformation of surface integrals.

Theorem 26. Consider the motion ¢; of the body B, and let F(X,t) be the corresponding
deformation gradient. Let w(x,t), w(x,t), A(x,t) be spacial descriptions of arbitrary scalar,
vector, and tensor fields on B;. For any subdomain Q C B, let N(X) and n(x) be the outward
unit normals to the boundaries 0Q and 9<Y;, respectively. Then

/ o(x,)n(x)dA, = / w(¢(X),1) G(X,t) N(X)dAy, (122a)
aQ, IQ
/ w(x,t) - n(x)dA, = / w(:(X).t) - (G(X,t) N(X)) dAx, (122b)
Flo} 9Q

Alx, D) n(x)dA, = / A(¢:(X),t) G(X, 1) N(X) dAy, (122¢)
FloN 9Q

where G(X, t) is the second order tensor G(X,t) = (det F(X, t)) F7T(X,t). Figure 9 provides
a visualization aid.

Proof. Consider a patch P of the boundary of 9Q parametrized as x = y (&, &), where &
and &, are Cartesian coordinates in the parameter space. The infinitesimal rectangle with
sides d¢; and dé&, (therefore area d&,d¢,) in the parameter space is mapped to a parallel-

17 7
ogram of area dAx in a tangent plane of 9Q defined by the vectors ox d¢;. and % dé,.
2

o0&

ox ox . . >

The cross product g dé x % d¢, equals, in magnitude, the parallelogram’s area and
1 2

points along the unit normal N to the boundary. Thus:

ox ox ox ox
Ndax = 25 dé x o d, = (851 "ot ) dt, dé,. (123)
The parametrization in terms of (&, &) of the patch P carries over to the image P; of P
under the mapping x = ¢,(X). The parallelogram on P, has area dA, and is defined by
the tangent vectors

J d
a—§1¢t(x(§1,§z>) d& and a—gza(x(gl,gz)) dé.

The cross product of these then equals, in magnitude, to the parallelogram’s area and
points along the unit normal n to the surface. We apply the chain rule to these and write
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F(X,t) = Grad ¢,(X), as usual, to simplify the resulting expression:

ndA, = (a%@(x(&,gz)) a8, ) » (a%qst (x(6.8)) d:

_ (F% &) x (F% )

_ (X, (pOX
_(Faa;l) (Fagz)dgldgz
:(detF)F—T(%x%

where in the last step we have applied the identity (211) from Exercise 19. Comparing
this with (123) we conclude that

) déy dé,

ndA, = (detF) FFTN dAx (124)

which suffices to conclude the proof. (]

24. CONSERVATION LAWS

24.1. The conservation of mass. Consider the motion ¢, of the body B, and let B, =
¢:(B) and v(x, t) be the velocity field associated with the motion. Let p(x, t) be the density,
i.e., mass per unit volume, of the body in the deformed state B;. We assume that total mass
of any subdomain Q of B remains constant during the motion, that is

d
» L Pl =0

where Q; = ¢:(Q). Then, according to equation (121b) of Reynolds Transport Theorem

we have
d
/ (a—’l; + div(pv)) dv, =0,

Q

This holds for any subdomain €;, and therefore the integrand is zero everywhere:
J
ait) + div(pv) = 0. (125)

This expresses the principle of conservation of mass in our context.

24.2. Integrals with respect to to density. An interesting, and often useful, conse-
quence of the conservation of mass equation (125) is

Theorem 27. Let ¢, be the motion of the body B as before, B, = ¢:(B), and let w(x,t) be
any scalar-, vector-, or tensor-valued field defined on B;. Then for any subdomain Q; of B,
we have

% L | w(x,t) p(x, 1) dVy = L | o(x,1) p(x, 1) dV, (126)

where o is the total time derivative of w.
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F1GURrE 10. Two observers see the motion of the ball differently.

25. FRAME-INDIFFERENCE

The axiom of material frame-indifference is a very basic tenet of continuum mechanics
although it was formally identified as such by Oldroyd only in 1950 [10]. In the 1950’s
and 1960’s the axiom was brought into the mainstream of continuum mechanics by Trues-
dell, Noll, and other researchers and became variously known as the principle of frame-
indifference, isotropy of space, material objectivity, material reference invariance. As in [5],
we will refer to it as the principle of material frame-indifference, or just frame-indifference
for short.

Two observers equipped with independently moving reference frames will see a given
motion differently; see the illustration in Figure 10. Their observations will be related
through a possibly time-dependent translation and rotation that reflects their positions
relative to each other.

To be precise, the positive vector x of a point P € E5 viewed by one observer appears
as a position vector
x" = q() + Q1) x (127)
to the other, where q(¢) is the translation vector and Q(¢) is an orthogonal tensor. The
motion x = ¢;(X) of a body B viewed by one observer appears as

x" = ¢;(X) = q(t) + Q(1)(X) (128)
to the other. Applying the chain rule of differentiation, we see that the deformation gra-
dients

F(X,t) = Grad ¢,(X), F*(X,t) = Grad ¢;(X)
are related through F*(X,t) = Q(#)F(X,t) or
F* = QF, (129)

for short.

25.1. The transformation of the Cauchy-Green tensors. We may obtain the rela-
tionship between other kinematic indicators as seen by the two observers. For instance,
let

F=RU =VR, F'=RU"=V'R' (130)
be the polar decompositions of the deformation gradients. Then from (129) and (130); we
see that F* = QF = Q(RU) = (QR)U. Since OR is an orthogonal tensor, what we have
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here is a polar decomposition of F*. On the other hand, the polar decomposition of F* is
given as R*U™ in (130),. By the uniqueness of the polar decomposition (see Theorem 11
on page 25) we conclude that R* = QR and U* = U. The right Cauchy-Green strain
tensors, as seen by the two observers, are C = U? and C* = U*?, and therefore

C'=C. (131)

Similarly, may may show (see Exercise 37) that the left Cauchy-Green tensors B = V2
and B* = V*? are related through

B* = QBO". (132)

25.2. The transformation of the velocity gradient and the rate of strain. The ve-
locity gradients for the two observers may be obtained from (119) as

I:“(X, t) = grad v(x, 1) a0 F(X,1), I:“*(X, t) = grado”(x",1)| F*(X,1).

¢ (X)

We substitute for F* from (129), and also for its time derivative from F* = (QF)" =
QF + QF in the second of the two equations above, and obtain

QF,

)F + OF = grad v* x",t
OF+QF =g ( )x*:q),*(X)

where F = F(X,t) and Q = Q(¢). Then, substituting for F from the fist equation we arrive
at

)F + Q gradv x,t‘ F = gradv” x*,t‘ F,
OF + Qegrado(x.0) |  F=gradv'x'n| 0

We see that the F cancels from the two sides. We then solve for grad v* and thus obtain
the transformation rule for the velocity gradient:

* * _ o T T
gradv*(x ’t)‘x*:gb;‘(x) = Q00" + Qgradv(x, t)‘x=¢[(X) o (133)
The symmetric part of grad v
1
D(x,t) = 5 (grad v(x,t) + grad v(x, t)T) (134)

is called the rate of strain® and plays a central role in fluid mechanics. The rate of strain
seen by the starred observer is

D*(x*,t) = %(grad v*(x*,t) + grad v*(x", t)T).
Substituting from (133) we see that
1/ .
D*(x",t) = 5 <QQT +00" + Q(grad v(x,t) + grad v(x, t)T)QT>.

But since Q is orthogonal, we have QQ” = I, and therefore QQT + QQT = 0. We conclude
that

D*(x*,1) = Q(t) D(x,t) Q(t)". (135)

°In [5] (page 134) the rate of strain is denoted by L. In all other literature that I have checked, the rate of
strain is denoted by D.
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25.3. The transformation of stress. Consider the motion ¢; of a body B and let B, =
¢:(B), and let S(x, t) be the associated stress field. Thus, at any point x € By, the traction
at x on a plain with a unit normal n is t = Sn.

A second observer moving relative to the first one according to (128), sees that traction
as t* = §*n*, where n* = Qn and t* = Qt = QSn. It follows that QSn = $*On for all n,
and therefore

S =080". (136)

25.4. The principle of material frame-indifference. The characteristics property of a
material from the point of view of continuum mechanics is its constitutive equation which
relates the stress in it to its deformation.

For instance, the stress resulting from a given deformation in a body made of steel
would generally be very different from the stress in a body of the same shape subjected
to the identical deformation, but made of rubber or water. There is a vast variety of
materials, and correspondingly there is a vast variety of constitutive equations. These
tend to be categorized into special classes, such as elastic materials, plastic materials,
fluid, gases, etc.. In all cases, the constitutive equation expresses the stress S(x,t) at a
point x at time ¢ in terms of the history of deformation:

S(x,t) =F(¢ps : s <)

In general, F is functional in the sense that it may depend on the history of the material’s
deformation up to the current time ¢. In the simplest cases F depends on the current
deformation ¢; (elastic materials) or current time derivative q.bt (fluids). We will study the
details of elastic materials and fluids later in these notes, but for now those distinctions
are not essential.

The principle of material frame-indifference asserts that the a material’s constitutive
equation is independent of the observer. That is, two observers viewings the motion of
a body, and acutely aware of the transformation rules (129), (131), (132), (135), and (136),
should find that stresses and deformations are related through an identical rule for both
of them.

The gist of the idea of the principle of material frame-indifference is illustrated by the
following well-known and very simple example.

The simplest elastic system, often encountered in elementary courses, is a massless
linear spring, modeled with the constitutive equation F = kx, known as Hooke’s Law,
where F is the force that stretches the spring, and x is the change in the spring’s natural
length due to the application of the force F. This constitutive equation is characterized by
a single constant, k, called Hooke’s constant. The linear dependence of F on x is immaterial
for example that we are going to present; a nonlinear constitutive equation F = f(x) will
do just as well, and that’s what we will use here.

Attach a mass to one end of the spring and attach the other end to the axle of a hori-
zontal platter and spin the system with a constant angular velocity; see Figure 11(a). The
spinning spring extends by some amount, say §, due to the action of centrifugal force.
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FIGURE 11. On the left, the mass-spring system spins on a horizontal
platter and the spring stretches by §. On the right, the mass-spring
system is suspended from a fixed support and the spring stretches by 6.
Are the tensile forces equal in the two experiments?

In a second experiment, suspend the same mass-spring system from a fixed support
as in Figure 11(b). The spring now stretches due to gravity. Suppose that this extension
also happens to be §. It seems intuitive to conclude that the force of gravity equals to the
centrifugal force.

What is the logic behind that conclusion? It’s the principle of material frame-indifference!
Consider an observer, Alice, riding on the spinning platter. From Alice’s point of view,
the spinning spring in Figure 11(a) is stationary, and so it looks identical to the suspended
spring of Figure 11(b). The spring has been stretched by &, therefore the force acting on
it is f(8) in both cases. From the point of view of Bob, a stationary observer on the lab
floor, the spinning spring is stretched by the amount §. Bob has no force measurement
data for this experiment, but he accepts the principle of material frame-indifference, and
therefore applies the same constitutive equation to the spinning spring and, noting that
it has been stretched by &, concludes that the tensile force in it is f(5).

Admittedly, this instance of the application of the principle of material frame-indifference
is so nearly trivial that it does not inspire confidence in its utility. In the following sec-
tions, however, we will see the principle’s tremendous impact on the formulation of the
constitutive equations.

26. ELASTIC MATERIALS

An elastic material is one whose Cauchy stress tensor S(x, ) at the point x = ¢,(X)
is determined solely by the gradient of deformation at that point. Thus, its constitutive
equation is

S(x,1)| S(F(X,1),X) (137)

x=¢(X) T

for some function S : £ x B — Loym.

The explicit occurrence of X as the second argument of § in (137) allows for the con-
stitutive equation to vary from point to point. In the special case where § is independent
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of the second argument, the material is said to be homogeneous. Otherwise the material
is inhomogeneous.

Most of this section’s discussion focuses on a single point X in the body, therefore
there is no gain in emphasizing the dependence of S on X. Thus we simply write the
constitutive equation as:

S = S(F). (138)

26.1. Frame-indifference. Recall the two observers scenario introduced in section 25.
The deformation gradients seen by the two observers are F and F* = QF. Therefore the
stresses are S = S(F) and $* = S(F*) = S(QF). Note that both observers use the same
constitutive equation S in accordance with the principle of material frame-indifference.
Thus from (136) we conclude that the constitutive equation of an elastic material subject
to frame-indifference must satisfy:

S(QF) = QS(F)Q" forallF e LandallQ € L},.. (139)

This may be put in a more symmetric form through the following trick. Consider the
polar decomposition F = RU of F and let Q = RT in (139). Since QF = RTRU = U, we
get S(U) = RTS(F)R, or equivalently:

S(F) = RS(U)R", forallF =RU € L. (140)

The right Cauchy-Green strain tensor is defined through C = F'F = U?. Therefore the
preceding formula may be expressed as S(F) = RS(C/?)R'. Thus, we introduce the func-
tion S through

5(C) = §(Cc'/?), (141)
and arrive at:
S(F) = RS(C)R”, forallF € L, (142)

where F = RU, and C = U?. In summary, the principle of frame-indifference implies that
the constitutive equation of an elastic material has to obey the identity (142).

26.2. Symmetry groups and isotropy. In this section we introduce the concepts of
symmetry group and isotropy of an elastic material. These concepts are tied to a specific
point of the material; the symmetry and isotropy properties may vary from point to point.

Suppose we rotate an elastic body B by an orthogonal tensor Q about a point p € B. If
the material’s elastic response’ to arbitrary experiments is indistinguishable before and
after the rotation at the point p, then we say that Q a symmetry transformation of the ma-
terial p; see Figure 12. For instance, the ordinary salt, sodium chloride, is normally found
in crystalline form, consisting of cubic crystals. Rotating a sample of salt by 90 degrees
about an axis perpendicular to the crystal faces, or by 120 degrees about an axis along
a diagonal of the crystals, results in a material which is mechanically indistinguishable
from the original. Therefore those rotations are symmetry transformations of salt crys-
tals. In contrast, the ordinary rubber’s behavior is insensitive to orientation, therefore
any rotation is a symmetry transformation.

TThat is, stress induced by a deformation.



NOTES ON CONTINUUM MECHANICS 60

F1GUrE 12. The body has been rotated about a point p by a an orthog-
onal tensor Q. If the elastic behavior of the rotated material is indistin-
guishable from that of the non-rotated one at the point p, then Q is a
symmetry transformation at p.

To quantify the effect of a symmetry transformation, let us consider an elastic body B,
and without loss of generality, let’s pick the rotation center p to be the origin. We subject
B to two experiments as follows.

In the first experiment we subject B to a deformation ¢. Thus, every point X € B
moves to x = ¢(X). The gradient of deformation is F(X) = Grad ¢(X).

In the second experiment, we rotate B about the origin through an orthogonal tensor
Q € L}, and then apply the deformation ¢. A point X moves to QX due to the rota-
tion, and then it moves to x = ¢(QX) due to the application of ¢. The gradient of the

deformation is

F(X) = Grad ¢‘QX Grad(QX) = Grad ¢‘QXQ = F(0X)O.

We conclude that F(0) = F(0)Q. If Q is a symmetry transformation of the material
point at the origin, then the stress at the origin due to the deformation gradients F(0) and
F(0)Q should be identical, that is, S(F(O)Q): S(F(O)), for all deformations ¢, where Sis
the constitutive function of the material at the origin. Since ¢ is arbitrary, the deformation
gradient F(0) is arbitrary tensor in £*. Furthermore, since there is nothing special about
the point selected as the origin, our findings applies to any point in B. We summarize this
as:

S(FQ) = 8(F) forallF € L. (143)

The set of all symmetry transformation of a material at a point p is called the material’s
symmetry group at p. Generally, a material’s symmetry group is a subgroup of the proper
orthogonal group, £}, , but if the symmetry group is the entire £, , the material is said
to be isotropic® at p. Thus, a material is isotropic at a point p if

S(FQ,p) = S(F,p) forallFe£*andallQ € L}, (144)

8From the Greek isos="equal” and tropikos="related to turn”.
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26.3. Combining frame-indifference and isotropy. We have seen that the principle
of frame-indifference implies that and elastic material’s constitutive function, S, must
satisfy the condition (139) or the equivalent (142). If, additionally, the material is isotropic,
then the constitutive equation must satisfy the condition (144). The following proposition
explores the consequences of these. Isotropic tensor-valued function were defined in

section 16.2 on page 31.

Proposition 8. Suppose that the elastic material is isotropic. Then the functions S and §
defined in (138) and (141) are isotropic, that is, for any rotation Q we have:

OS(F)Q" = S(QFQ") forallF € L, (145)
0S(C)Q" = 8(QCQ") forallCe L} (146)

sym*

Proof. The identity (139), which expresses the frame-indifference of the stress, holds for
all choices of F € L and rotations Q. Thus we may replace F by FQ in it. This gives
S(QFQT) = QS(FQT)QT. However S(FQ") = S(F) by the isotropy condition (144). This
proves (145).

To prove (146), pick an arbitrary positive-definite C € L} ., andletU € L]  Dbe its

sym> sym
unique square root, that is, C = U?. Then, according to the definition (141), for any
rotation Q we have:

0S(C)Q" = QS()Q” (by (141))
S(QuQ") (by (145))
S((QUQ™)*)  (by (141))

= S(Qu*Q"
= 5(0cQn.
O
Corollary 5. Under the assumptions of the preceding proposition we have:
S(F) = 5(B)
where B = FFT is the left Cauchy-Green strain tensor.
Proof. Consider the polar decomposition F = RU. We have:
B = FFT = (RU)(RU)" = (RU)(UR) = RU?R = RCR,
therefore
S(F) =RS(C)R"  (by (142))
= S(RCR")  (by (146))
= S(B).
O

Theorem 28. The constitutive equations of an isotropic elastic material is necessarily of the
form;
S =S(F) = 8(B) = aI + a,B + o, B%, (147a)
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where F is the deformation gradient, B = FF" is the left Cauchy—Green strain tensor, and the
a;, i =0,1,2, are scalar-valued isotropic functions of B, that is, they depend on B’s principal
invariants 1;(B), 1,(B), 13(B).

Proof. According to (146), S is an isotropic function over L, Then (147a) is an immedi-

ate consequence of Theorem 13 on page 31. O

Remark 27. The constitutive equation (147a) is not as simple as it may seem at first glance.
Its coefficients are functions of B’s invariants, therefore the fully expressed form of the
equation is
S = 8(F) = $(B)
= a0 (1(B).12(B).15(B) )T + a1 (1(B). 12(B). 13(B) ) B + cta11(B). (B 15(B) ) B
Corollary 6. The constitutive equation (147a) may be expressed equivalently as:
S= ﬁOI + ﬁlB + ﬁzBil, (147b)

where B is as before, and where the scalar-valued coefficients f;, i = 0,1,2, depend onB’s
principal invariants 1;(B), 1,(B), 13(B).

Proof. According to the Caley-Hamilton theorem, B satisfies its own characteristic equa-
tion, that is:

B® —1;(B)B? + 1,(B)B + 13(B)I = 0.
Multiplying through by B™! we get:
B? — 1;(B)B + 1,(B)I + 13(B)B™"! = 0.
Thus, we may eliminate B? in (147a) in favor of B:
S = oI + o B + a, B
= ool + B+ oy (1B — 1,1 —13B7")

= (a'o - 0{2[2)1 + (a1 - 6{2!1)3 - 6(2!3B71.

27. ELASTICITY: SIMPLE SHEAR

A homogeneous elastic cube is placed in the Cartesian coordinate system with its faces
parallel to the coordinate planes, as in Figure 13(a). Tractions are applied to the cube’s
surfaces to deform it into Figure 13(b) according to x = ¢(X) defined by

X1 = X1 + CXZ,
X2 = Xz,
x5 = X,

where ¢ = tan @ is the angle of inclination of the deformed cube.
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FIGURE 13. Subfigure (a) shows the deformation of the cube in a simple
homogeneous shear in the x; direction. Subfigures (b) and (c) show the
cube’s before and after configurations with the x; axis pointing towards

the viewer.

The components of the deformation gradient F are Fj; = ¢; ;:

1
F=|(0
0

S = O
-0 O

and therefore the left Cauchy-Green tensor and its inverse are

1+¢® ¢ 0 1 —C
B=FF' =| ¢ 1 0o, Bl=|-c 1+¢c
0 0 1 0 0

The characteristic polynomial of B is
detQI —B) = -GB+AHA2+B+cHA—1,
therefore B’s invariants are
uB)=3+c% LB)=3+c% 1B)=1.
Then from (147b) we get
S = fo(c)I + B1(c*)B + Ba(c*)B™,

or in components:

Si1 Siz2 Sis 1 00 1+c¢2 ¢ 0 1
521 522 523 = ﬂo 0 1 O]+ ﬁl C 1 0+ ﬁz —C
531 532 533 0 0 1 0 0 1 0

Bo+ P+ P2+ Czﬁl (B1 — Pa)e
= (Br — B2)c Po+ P1+ P+
0 0

From
Siu=Sn=c(Pr—P2). Siz=(P1—P2)e
we conclude that
S11— S22 = ¢Sy

0
0].
1

—C 0
1+c¢2 0
0 1

0
0

Bo + B1 + Po.

This universal relationship between the stress components holds for any shearing exper-

iment, independent of the type of elastic material.
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28. FLuiDs

An fluid is a material whose Cauchy stress tensor S(x,t) is determined solely by the
gradient of the velocity v(x, t):

S(x,t) = g(grad u(x, t)). (148)

We begin with the analysis of the restrictions that frame-indifference places on the con-
stitutive function S.

Consider a fluid body B and a deformation ¢; : B x [0,00) — B; C E; defined by
¢:(X) = Xo + (X ~ Xo) (149)

for an arbitrarily fixed point X, € E; and an arbitrary constant tensor A € L. Let us study
the properties of this deformation. We have:

$o(X) = X, Grad ¢,(X) = e,

q;t(X) = AeM(X - Xo), Grad ¢}(X) = Ae. (150

Let v(x, t) be the corresponding spatial velocity field, that is,
v(x,t) = gl;,(X), where x = ¢,(X).
Applying Grad to this, we get via the chain rule
gradv(x,t) Grad ¢;(X) = Grad (/;t(X ), where x = ¢,(X).

Substituting for Grad ¢; and Grad gl;, from (150), this becomes grad v(x,t)e?’ = Ae?!
which simplifies to:

gradov(x,t) = A. (151)
This reveals the purpose of introducing that particular motion in (149)—we are subjecting
the fluid to a motion with a prescribed velocity gradient.

Now consider two frames moving relative to each other, as in Section 25, whose mo-
tions are related through the transformation (127) on page 55. The gradient of velocity in
the starred frame is given in (133). Substituting for grad v(x,t) from (151), we get

gradv”(x*,t) = 00" + QAQ". (152)

Let us observe that the tensor Q(t)Q(t)” that appears above is skew-symmetric. This is

because Q(t)Q(t)" = I, therefore Q(1)Q(t)" + Q(1)Q(t)" = 0.

From the constitutive equation (148) and the calculation in (152) we see that the stress
in the starred frame is given by:’

s* = $(gradv*) = 5(QAQ" + 0Q")
Therefore, according to the transformation of stress in (136) on page 57, we get:

5(QAQ" +QQ") = 08(A)Q" forall A€ £andall Q € L1y, (153)

Note that both observers apply the same constitutive function, S, to calculate stress. That’s frame-
invariance!
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Let us split A into symmetric and skew-symmetric parts A = D + W, where:
1 1
D= 5(A+AT), W = E(A—AT).

Now, let Q(t) = e W!. Then Q(t)T = e "'t = ¢"!. We note that the Q()Q(t)" = I, and
therefore Q(t) is orthogonal. Furthermore, note that Q(t) = —We™W!, and in particular,
Q(0) = I and Q(O) = —W. Substituting this choice of Q(¢) in (153) and evaluating the
result at t = 0 we see that S(A — W) = S(A). But since A — W = D, we conclude that:

S(A)=S(D), forall AcL,
that is, S(A) depends only on the symmetric part of A.

Going back to (153), we replace the arguments of § on both sides by their symmetric

parts. The argument on the left hand side reduces to QDQT since Q(t)Q(t)T is skew-
symmetric as noted above. We conclude that:

S(ODQ") = QS(D)QT forall D € Ly, and all Q € L],

and thus, S : Leym — Lgym is an isotropic function in the sense defined in Section 16.
Then according to Theorem 13 we have:

R N 1

S = S(gradv) = S(D) = oI + ;D + a,D?, where D = 3 (gradv + (grad v)T), (154)
and where the scalar coefficients ¢;, i = 0, 1, 2, are functions of the invariants of D.
Remark 28. Although this result bears some resemblance to the constitutive equation (147a)
for elastic materials, note that (147a) was obtained under the assumption of the isotropy
of the material while we made no assumption on isotropy in deriving (154).

29. INTERNAL CONSTRAINTS

Up to this point in these notes, we have considered materials that are capable of under-
going arbitrary motions ¢, as long as the mapping ¢, is one-to-one and the deformation
gradient F(X,t) = Grad ¢;(X) is such that det F(X,t) > 0 at all X and ¢. Realistic models
of some materials, however, call for further restrictions on the class of deformations that
they can sustain. The most prevalent of these are incompressible materials which are only
capable of motions that do not change volume locally. We know that the deformation gra-
dient F(X,t) expresses expansion/contraction factor of volume at the point X, therefore
the motion of an incompressible material necessarily satisfies the additional constraint of
det F(X,t) = 1.

Other types of constraints are possible. For instance, automobile tires have nylon or
steel cords embedded within rubber to stabilize the ride and enhance durability. As an-
other example, a sheet of fabric can be be deformed easily in many ways, but the threads
that make up the fabric are practically unstretchable.

The limitation of a material to deform in certain ways is called that material’s internal
constraint.'® The internal constraint is expressed as {(F) = 0, where { is a scalar-valued

10A material may have more than one type of constraint, for instance it may be incompressible and at the
same time be unstretchable along embedded fibers. To simplify the exposition, here we limit the discussion
single constraints.
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function of the deformation gradient F. The frame-invariance of the constrain implies
that
{(QF)={(F) forallFeL*andQ € L},
This may be simplified by replacing F by the right polar decomposition RU, and picking
O = R”, whence
def
{(F) = {(QF) = {(R"RU) = {(U) = {(C"*) = 2(C),
where C is the right Cauchy—-Green strain tensor. We conclude that the most general
internal constraint has the form

AMC) =o0. (155)

A deforming body resits forces that attempt to violate its internal constraint by devel-
oping internal reaction forces exhibited by a stress N which we call the constraint reaction
stress, or just reaction stress for short. It can be shown (but we won’t do this right now)
that the reaction stress N and the rate of strain D (see (134) on page 56) are orthogonal
in the scalar product of of the space L of second order tensors (see (26) on page 14), that
is

N:D=0. (156)
This, along with (155), enables us to characterize N. We state this as

Theorem 29. The the constraint reaction stress N of a material with the internal con-
straint (155) is related to the deformation gradient F through

N =aF A¢ FT, (157)
where a is a scalar, A\c = DA(C) is the derivative of A, and C is the right Cauchy-Green
tensor corresponding to F.

Proof. Let C = ¢;; e; ® e; be the component representation of C in some frame {e;, e, es}.
We apply the chain rule of differentiation to calculate the time derivative of A(C):

i(c) _ 6/1(c,~j e ® ej) (;
60,-]- v
According to (77) on page 35, the factors w in the equation above are the compo-
ij

nents of the tensor A¢ that expresses the derivative of A(C). The factors c;; are clearly the

components of the tensor C. Then by (27), the time derivative of A may be expressed as
MC) = A¢:C. (158)
In Exercise 39 you will show that C = 2FTDF, where D is the rate of strain. Therefore

A(C) = 24¢: FTDF "9 Ztr((FTDF)T/IC> - Ztr(FTDF)LC) - 2tr((FTD) (F)Lc))

b
P 2w ((FA) (F'D) ) = 2u((FAcF")D) " 2(FacF") D,
It follows that the constraint A(C) = 0 is equivalent to the statement that the tensors
FAcFT and D are orthogonal in the inner product of the space of second order tensors L.
But according to (156), the reaction stress N is also orthogonal to D. Since this holds for
all strain rates D, it follows that N is a multiple of FAcFT. O

Corollary 7. The constraint reaction stress N of an incompressible material is a multiple of
identity, that is, N = —pl. The factor p manifests itself as pressure.
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Proof. The deformation gradient F of a motion that preserves the local volume satisfies
detF = 1, therefore detC = det(F'F) = 1. Thus, according to (155), the function A is
given by

A(C) =detC — 1.

Then by (79) on page 36 we have
A(C) = (det €) tr(C7'C) = (detC) C':C = C':C
since det C = 1. By comparison with (158), we conclude that
Ae=Cr'=FF)'=F'FT,

whereby (157) reduces to
N = aFF'FF = al.

The corollary’s assertion follows by setting & = —p. (]

29.1. Incompressible isotropic elastic materials. In equations (147) we have the gen-
eral forms of constitutive equations for (unconstrained) isotropic elastic materials. The
left Cauchy—Green strain tensor B in those equations can be any symmetric positive def-
inite tensor. If the material is incompressible, however, then the possible deformations
are limited to those with det B = 1 and the resulting stress has an added pressure term
—pI according to Corollary 7. The pressure term merges with the ool or fI terms in those
equations and results in the following constitutive equations for incompressible isotropic
elastic materials:

S =—pl +a;B+ a,B%, (159a)
S=—pl+pB+p,B7, (159b)

where a1, a, f1, f; are functions of the invariants (;(B) and t,(B) only, since 13(B) =
detB=1.

29.2. Incompressible fluids. in equation (154) we have the general form of the consti-
tutive equation for a general (unconstrained) fluid. The strain rate tensor D can be any
symmetric tensor. If the fluid is incompressible, however, then the possible motions are
limited to those with divergence-free velocities, i.e., divv = 0 (see Corollary 4 on page 52)
and the resulting stress has an added pressure term —pI according to Corollary 7. The
pressure term merges with the aoI in (154) and results in the following constitutive equa-
tions for incompressible fluids:

S=—pl+a,D+ a,D?, 160
p

where a; and a3, are functions of the invariants 1,(D) and 13(D) only, since
1
u(D)=trD = E(tr gradv + tr(grad v)T> =divo = 0.
Incompressible materials obeying the constitutive equation (160) are known as Reiner—

Rivlin fluids, named after Markus Reiner and Ronald Rivlin who independently arrived at
that representation in the 1940s.
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29.3. Newtonian fluids and the Navier-Stokes equations. The special case of (160)
where a; = 2y is a constant and @, = 0, corresponds to what are called Newtonian fluids.
All other fluids are called non-Newtonian. Thus, the constitutive equation of a Newtonian
fluid is

S = —pI + 2uD. (161)
The coefficient i which is the sole characteristic of a Newtonian fluid is called the fluid’s
viscosity."! Let us calculate the divergence of S. The divergence of the pressure term —pI
may be calculated by applying the result of Exercise 24, whereby

div(—pI) = I grad(—p) — pgradI = —grad p.
As to the divergence of D, we recall the definition of the Laplacian Av = divgradv of

a vector field in (72). Additionally, in Exercise 26 you will show that div((grad v)T) =
grad div v. Therefore
divD = %( div(gradv) + div((grad U)T)) = %(Au + grad div v) = %Av,
where the last step is due to divv = 0. We conclude that
div S = pAv — grad p,
and therefore, the equation of motion (102) results in
pv = pAv — grad p + pb,

where v is the material derivative of the velocity field v. This may be expressed in terms
of spatial derivatives according to (117) on page 49. We conclude that the equations of
motion of an Newtonian fluid are

p(i—lt) + (grad U)U) = pAv — grad p + pb, (162a)
divo = 0. (162b)

This is the well-known Navier—Stokes system of equations of the motion of a Newtonian
fluid. In the three-dimensional space, the vector equation (162a) and the scalar equa-
tion (162b) constitute a set of four equations in the four unknowns consisting of the three
components of the velocity vector v and the scalar pressure p.

30. FLuiDs: SIMPLE SHEAR

Consider the steady-state shearing motion of Reiner—Rivlin fluid in the Cartesian co-
ordinate system according to x = ¢;(X) defined by

X1 = X1 + Cth,
X = Xy,
x3 = X,

where c is a constant. This is intended to model the shearing of a fluid filling the gap
between the parallel places x, = 0 and x; = h, where the lower plate is stationary while
the upper plate slides in the x; direction with steady velocity U. See Figure 14. From
the description of the equations of motion above it follows that ¢ = U/h. The material

110ne of the earliest statements regarding viscosity, i.e., internal friction in fluids, occurs in Book II of New-
ton’s Principia, where in the modeling of fluids as continuous media, he hypothesizes: “the resistance arising
from the want of slipperiness in the parts of a fluid is, other things being equal, proportional to the velocity
with which the parts of the fluid separate one another” (Passage quoted from page 447 of Truesdell [23].).
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F1GURrE 14. The top plate slides horizontally at a steady speed U, while
the bottom plate is stationary, shearing the fluid that fills the space be-
tween the two. The traction ¢ on the top place is not necessarily hori-
zontal.

representation of the velocity vector V. = %q& ¢ relative to the Cartesian coordinates is
V(Xi1, X3, X3) = (¢X5,0,0). But x, = X,, and therefore the spatial representation of the
velocity field is v(xy, x2, x3) = {(cx2, 0,0). The we calculate the velocity gradient, the rate
of strain, and its square

0 ¢ 0 (U 2t 0o
gradv=|0 0 0, D=_|1 0 0], Dzzzo 1 0f.
0 0 0 00 0 0 0 0

We see that 1;(D) = tr D = 0, which indicates that the motion is isochoric, and 13(D) =
det D = 0. Moreover, we have tr(DZ) = ¢?/2, and therefore, by applying (24b) we get

CZ

o) = - ( (D)~ u(D?)) = -

It follows that the coefficients «; and a, in (160) are functions of c?, and therefore the
matrix representation of the stress tensor is given by

1 0 O c 0 1 0 czl 0 0
S=-pl0 1 0 +a1(c2)51 00 +a2(c2)z 0 1 of
0 0 1 0 0 O 0 0 O
Letting k; = o (Cz)% and k; = a(c?) %, this takes the form
1 0 O Ky Ki 0
S=—p0 1 0]+|xk1 k2 O].
0 0 1 0 0 O

Note that x; is an odd function of ¢ while «, is an even function of c.

Remark 29. If the pressure p is constant throughout the fluid, the stress calculated above
is constant (both in space and time), and therefore the equation of motion (102) is satisfied
with zero body force.

Remark 30. The normal vector to the sliding plate is n = (0, 1,0), therefore the traction
on the plate is
K1
t=Sn=|-p+ky|.
0
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The traction’s x; component, k1, is necessary to overcome the fluid’s viscosity and main-
tain the plate’s rightward motion. The traction’s x, component, —p + k5, is an interesting
feature. It indicates that a vertical force (beyond what is necessary to counteract the
pressure) is needed to keep the plate at a constant elevation. That extra force, k,, which is
entirely due to the third term in the Reiner—Rivlin constitutive equation, is notably absent
in the case of a Newtonian fluid.
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31. FLuiDps: POISEUILLE FLOW

In the classical Poiseuille'? flow, a Newtonian fluid is pushed down
a long pipe of circular cross-section. The motion, described through
the Navier—Stokes equations, leads to a parabolic velocity profile, a
pressure that’s constant over the tube’s cross-sections, and drops lin-
early along the tube’s axis. At the tube’s outlet, the fluid’s pressure
equals atmospheric pressure, and the exiting fluid jet continues its
motion while maintaining its cylindrical shape.

Merrington in the 1943 article [9] referring to “certain anomalous
liquids” such as rubber solutions, pointed to a distinct swelling at the
outflow of a tube through which a pressurized non-Newtonian fluid
is forced to move. The adjacent photograph, illustrating the phenom-
enon, is taken from that article. The article does not attempt to pro-
vide quantitative justification for the phenomenon. The swelling is
ascribed to the release of certain elastic strains developed under the
pressure in the fluid.

Rathna’s 1960 article [11] shows that the swelling can be explained in the context of
Reiner—Rivlin fluids. In this section we will present a special case of her calculations in a
self-contained form.

31.1. The formulation of the problem. Consider a steady flow of an incompressible
Reiner—Rivlin fluid, whose constitutive equation is given in (160), through a vertical tube
of radius R. We install a cylindrical (7, , z) coordinate system with the z axis aligned with
the tube’s axis and pointing up, and where r measures the perpendicular distance from
that axis. We assume axial symmetry, and therefore none of the variables depends on the
angular coordinate 6. We look for motion with the velocity v = (u,, up, u,) parallel to the
z axis. The velocity components in the (r, 0, z) coordinates are

u- =0, u=0, wu,= ¢(r)a

where, as we will find out, u, is negative as the fluid moves downward. With the help of
the formulas in Appending A, we calculate

0 0 0
gradv=| 0 0 0],
#’r) 0 0

where a prime indicates derivative with respect to r. Then the rate of strain D and its
square are:

) 0 0 1 . 100
D:Eg[)'(r)o 0 o0f, D2=Z¢7’(r)20 0 0f.
100 00 1

We note that tr gradv = divo = 0, indicating that the flow is isochoric, as it should be
in an incompressible fluids. The principal invariants of D are 1;(D) = trD = 0, 13(D) =
det D = 0, and with the help of equation (24b)

7= {0 (09) = L

12pronounced Poa’~zo-ee-a.
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It follows that the coefficients «; and a, in the constitutive equation (160) are functions
of ¢’(r)?, and therefore the stress is

1 0 0 1 0 0 1 1 1 0 0
S=-p(r,2)|0 1 0[+-¢'(MNar(¢)?)[0 0 0|+ -¢'(Na(¢')?)[0 0 0

0 0 1 2 1 0 O 4 0 0 1
To simplify the notation, we introduce

K0) = FO@F0F). k@) = 0O a0, (163

whereby

1 0 0) (ko(r) 0 Kkq1(r)
S=—pr.2)l0 1 o[+ 0 o o | (164)
0 0 1 ki(r) 0 Ka(r)

Then we apply the formulas (232) and (233) to calculate

P
0 a—f K; + %Kz
(gradv)v =|0|, divS=—-|o0 |+ 0
P
0 LIk + iy

Then, observing that " + %K = %(FK)/ , the equation of motion (102) takes the form

d 1 ’
0= —;p(r, z)+ ;(I‘KZ) (165a)
0=0, (165b)
0= _9 (r,z) + 1(ric )/ - (165¢)
e P TPE

where p is the fluid’s (constant) density, and g is the gravitational acceleration.

Now we proceed to solve this set of partial differential equations. Differentiating (165a)
with respect to z and (165c) with respect to r and subtracting the results we obtain

(}(rkl)/)/ = 0, whence

%(FK])/ =c, (166)

/ ~ A .
for some constant ¢. Then (rkl) = cr, and therefore rx; = %rz + ¢, where ¢ is another
constant. Evaluating this at » = 0 we see that ¢ = 0. We conclude that

ki(r) = gr. (167)

Plugging this into (165c), we see that the equation reduces to %p(r, z) =c— pg,and
therefore

p(r.z) = (c— pg)z + f(r) (168)

for some function f(r). Then according to (165a) we have

)= %(”Kz),~ (169)
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31.2. Introducing the details of the constitutive equation. This is as far as we can
go without specifying the details of the fluid’s properties. To continue, let us choose

Ofl(f) =&, az(g) = Cy,

where n, ¢;, and c, are positive constants.!® Recalling the definitions of k; and x, in (163)
¢'(r)as (¢2(r)) = cr, we have

K0) = 2 e (§0P)" = e, (1702
Ko(r) = %qS'(r)z. (170b)

In particular, from (167) and (170a) we get Sr = $¢/(r)***!, whence ¢'(r)***! = —r which
we rewrite as

¢'(r) = Ar", (171)

where we have set

1 c \m-1
m=1+ , AZ(*) .
2n+1 Cq

Integrating (171) we get ¢(r) = 2™ + K. The constant of integration, K is determined by

imposing the no-slip boundary condition ¢(R) = 0. We conclude that
A
o(r) = —a(R'" —rm). (172)

Recalling that ¢(r) is the vertical component of the velocity, we see that the velocity is
negative, and therefore the fluid moves downward, as intended.

Inserting for ¢’(r) from (171) into (170b), we get
Kao(r) = %Azr“’"’”, (173)
and therefore, in view of (169) we have

f/(r) _ (2m ; De, AZp2m3,

which leads to

2m —1)c _
fr) = 7(8 (- i)z AP L K (174)
and then, from (168)
2m—1
p(r,z) = %Azrz(m_l) +(c—pg)z+K. (175)

The integration constant K is to be determined.

BThe parameter @, need not be a constant. The more general case of az(£) = ¢y + ¢1& + c2% + -+ is treated
in [11].
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31.3. The stress components. Having determined expressions for p(r, z) in (175) and
k1(r) and k,(r2) in (167) and (173), we evaluate the components of stress in (164) and
obtain:

Sir =82z = —p(r,2) + k2(r) = —ﬁAzrﬂm_l) —(c—pg)z—K, (176a)
Spo = —p(r,z) = —7(22;__13;2 A _ (¢ — pg)z — K, (176b)
S =S =ra(r) = o, (176¢)
Srg = Sor = Spz = Sz9 = 0. (176d)

In particular, the traction at the pipe’s outlet, where the outward unit normal is n =
(0,0, —1), is determined from t = Sn = (-S,,,0,-S,,).

Remark 31. 1t is significant to note that the vertical component of the traction, that is S,
calculated in (176a), generally varies with r. This is a characteristic of non-Newtonian
fluids. The constitutive equation’s D? term is absent in a Newtonian fluid, therefore ¢, = 0,
and the r-dependent term in (176a) drops out.

If p, is the atmospheric pressure, then the force exerted by the atmosphere on the
pipe’s exit is 7R?py. This is counteracted by the (variable) normal traction on the fluid’s
surface at the exit. The balance of forces is expressed through

21 R
/ / S,.rdrdf = —R*p,.
o Jo

Plugging S,, from (176a) into this, setting z = 0, and carrying out the integration, we

obtain the value of K: )
c

K=—- _ AZRZ(m_l),
Po 8m(m — 1)
and thus we arrive at the final representation for
Cy 1 _ —
Sir =5z = mAz (mRz(m b pim 1)> —(c—pgz + po. (177)

31.4. Why does the fluid swell at the exit? The S,, calculated in (177) is the normal
traction, that is, pressure, that the fluid exerts on the tube’s walls. Note that S,, varies
with z. At the outlet we we have z = 0, and on the wall we have r = R, therefore pressure
exerted on the tube’s walls, let’s call it P, is

c

_ — 2 A2p2(m-1)
P= Srr|z:0,r:R = po — %A RA™Y,

and therefore c
P — po = ——=A?R¥m~D.
8m
I must have made a sign error somewhere, because this is supposed to be

P—po= o= AR,

The excess, P — p,, over the atmospheric pressure causes the swelling of the fluid as
observed in Merringon’s experiment [9]. The excess is proportional to c,. In a Newtonian
fluid, where we have ¢, = 0, there is no such swelling. Rathna [11] remarks that the
Merringon’s explanation of the cause of swelling as being due to elastic effects is not



NOTES ON CONTINUUM MECHANICS 75

warranted. In this section we have seen that Merringon’s effect can be explained solely
in the context of non-Newtonian fluids.

31.5. The mass flux. The mass flux (mass of fluid passing through the tube per unit time)

1S
2t R ARm+2
M=—/ / p¢(r)rdrd9=77[p .
0 0

m+ 2
Following Rathna [11], we introduce

M A

:anz Cm+2

m
5

which measures the volume of fluid passing through a unit cross-section of the tube, per

unit time. We see that
2
DY o b g
R (m + 2)? ’

and therefore the excess pressure at the exit may be expressed as

(m+1)%; (T\*
Pop="p %)

We repeat Rathna’s conclusion that the excess pressure, and therefore the amount of
swelling, increases with higher flux and smaller pipe radius.

32. FLuips: COUETTE FLOW

This section on the Couette flow of non-Newtonian fluids is based on parts of Serrin’s
article [22]. The intent is to explain the Weissenberg effect [24] which, among other things
highlights the tendency of a non-Newtonian fluid to climb a spinning rod immersed in it.

As in Serrin’s work, we take the fluid’s constitutive equation as S = —pI + o;D +
a;D?, where a; and a; are positive constants. Rathna [11] and Rathna and Bhatnagar [12]
generalize the calculation to a fluids where «; and a, are certain functions of the second
invariant i,(D).

32.1. Solving the equations of motion. In the cylindrical coordinates (r, 8, z) with the
z axis pointing up, consider the concentric cylinders r = r; and r = r;, z > 0, where
ry < r,. The space between the cylinders is filled with an incompressible fluid of prescribed
volume V. The inner and outer cylinders are rotated at constant angular velocities v, and
w,, respectively. We wish to study the fluid’s motion at steady-state.

Let us look for a solution where the velocity field is v(r, 0, z) = rw(r)ey, that is, fluid
particles at distance r from the rotation axis move about the axis in horizontal circular
paths at a steady angular velocity w(r). Then according to (227), the velocity gradient,
expressed in the cylindrical coordinates, is

0 —-w() 0

gradv = (rw(r)), 0 0
0 0 0
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and therefore the rate of strain D, and its square are

1 0 ro’(r) 0 1 r2e’(r)? 0 0
D= -|ra/(r) 0 o0, DP°=-| o0 r’o’(r)> 0.
2l o 0o 0 oo 0o 0

We see that
1
uD)=trD=0, (D)= 2 [(trD)2 - trDZ] = —frac14r*o’(r)?, 13(D) =detD =0

Since divo = tr D = 0, the velocity field v is consistent with the incompressibility con-
straint. Moreover, we note that

—rw(r)?
(gradv)v = 0
0
Applying the constitutive equation S = —pI + ;D + a,D?, assuming a; and a;, are

constants, we calculate the stress

100 1 0 ro’(r) 0
S=—-p(r,0,2)]0 1 0 +Ea1 ro’(r) 0 0
0 0 1 0 0 0
r2e’(r)? 0 0
+-a,| O rro’(r)? of. (178)
4 0 0o 0

Then we apply the formula (233) to calculate the divergence of S:

’
a
af ag(irzw/(rf)

divS=|_19p 1(1.3 1,
—;;4‘6{172 Erw(r)
_9%
0z

We substitute these into the equation of motion p(grad v)v = div S + pb, where the force
per unit mass is b = —ge,. We get:

P 1, , o\
—pro(r)* = _781: + 052(17’20) (r)z) ; (179a)

10p 1,1, , !

0=-1 11 179b
rae+a1r2(2rw(r)>, (179b)
ap

0= %2 _ . 179
o, P8 (179¢)

From (179¢) we see that p(r,0,z) = —pgz + f(r,0) where f(r,0) is to be determined.
Substituting this into (179b) leads to

d 11, ,,\
S f0) == (50 ().

and therefore

f(@r,0) = a1%<%r3w/(r))/9 + h(r),
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where h(r) is to be determined. We note, however, that what we have obtained indicates
that f(r,0) increases linearly in 0, and therefore it cannot be 27-periodic, as it should. We
conclude that the coefficient of 0 is zero, that is

1/1 4
[0 = k), - (5r() =0,
r
and therefore %r%}’(r) = A = a constant. It follows that ’(r) = 2Ar~3, and therefore
o(r) = —Ar? +B,
where B is another constant.

The constants A and B may be determined by applying the boundary conditions w(r;) =
w; and w(r;) = w,. We get
2

2
Wy — W1 rswy — réwy
A= —— réir}, B=-2:t-—1° 5 12 (180)
r;—n ry—n

We plug the expression for w(r) and p(r, 0, z) = —pgz + h(r) into (179a) and obtain
H(r)= pr(B - Ar_z)2 — 4o, A%,
whence
h(r) = %szr2 — pABInr — %pAzr—2 + A+ C
for some constant C. Thus, we arrive at

p(r,0,z) = —pgz + h(r).

32.2. The analysis of the free surface. The pressure on the fluid’s open surface is the
atmospheric pressure po. Letting p = p, in the preceding equation gives the equation of
the height of the fluid’s free surface z as a function of r:

2(r) = é (h(") - po).

Then we calculate the slope of the free surface z/(r) = p—lgh’ (r). For convenience, we
rearrange previously calculated h’(r) and express this as

A? B,\* 4
Z'(r) = — r2<l—r2) i .
gr A p

The «, that enters in this expression is what defined the fluid’s non-Newtonian character.
When «a, is zero, the fluid in Newtonian. We see that effect of a, in the equation above
is to reduce the slope of the free surface. To gain a better understanding, let us consider
two special cases.

(181)

Case I: The inner cylinder stationary, that is, w; = 0, while w, > 0. Plugging w; = 0
in (180) we see that B/A = 1/r?, and therefore (181) takes the form

2\ 2

r 4o
r2<1_2) _ oz

Ty P

We see that in the case of a Newtonian fluid, that is, a, = 0, we have z/(r;) = 0 and
Z’(rz) > 0, and the fluid’s free surface takes the shape depicted in Figure 15(a).

2

Z(r)

5
w1=0 8r
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(/.)1:0
602>0

_ =
(a) (b) (©

w; >0 - <y e
Wy = 0
d (e) (f)

FIGURE 15. In the first row we have a Couette flow where the inner
cylinder is stationary while the outer one rotates. The free surface of a
Newtonian fluid (subfigure (a)) contacts the inner cylinder horizontally.
In a non-Newtonian fluid, the fluid climbs up the inner cylinder (sub-
figures (b) and (c)). The angle of contact with the outer cylinder may
be positive (b) or negative (c). In the second row we have a Couette
flow where the outer cylinder is stationary while the inner one rotates.
In a Newtonian fluid (subfigure (d)) the fluid is repelled from the inner
cylinder. In a non-Newtonian fluid, the fluid may be repelled from (sub-
figure (e)) or climb up (subfigure (f)) the inner cylinder.

In the case a non-Newtonian fluid, that is a; > 0, we see that z/(r;) < 0, indicating
the that fluid climbs the inner cylinder. The slope at the outer cylinder may be positive
or negative, depending on the parameter values. Figures 15(b) and 15(c) depict the two
possibilities.

Case II: The outer cylinder stationary, that is, w; = 0, while w; > 0. Plugging w; = 0
in (180) we see that B/A = 1/r, and therefore (181) takes the form
2

20 =

@y=0

We see that in the case of a Newtonian fluid, that is, a; = 0, we have z’(r;) > 0 and
Z’(r;) = 0, and the fluid’s free surface takes the shape depicted in Figure 15(d).

In the case a non-Newtonian fluid, that is a, > 0, the value of z’(r;) may be positive or
negative, depending on the parameter values. The fluid will climb up the inner cylinder
if 2’(r;) < 0, that is,

or equivalently,
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which holds if r; is sufficiently small. If r; < r,, this reduces to the particularly simple

criterion
o
r <2 l
P

Figures 15(e) and 15(f) depict the two possibilities.

32.3. What is wrong with the previous analysis? We began the previous subsection
by stating that

The pressure on the fluid’s open surface is the atmospheric pressure p.
Letting p = py in the preceding equation gives the equation of the height
of the fluid’s free surface z as a function of r.

That statement is not true. The correct statement is that at a point of the free surface
with the outward unit normal n, we should have —pyn = Sn. To analyze the consequences
of this, let the free surface be given by the equation z = ¢(r). Then n = c<—¢’(r), 0, 1>,

with ¢ = 1//1+ ¢’(r)?, is the outward unit normal to the free surface, expressed in
components along the cylindrical coordinate system. In view of the expression (178) cal-
culated for the stress tensor, the equation —pon = Sn takes the form

<—p + iazrzw’(r)z) (') —¢'(r)
(;alm’(r[))) (~¢'()) |= P <1)

Since ¢’(r) and «’(r) are not identically zero, the middle equation requires that a; = 0.
The third equation requires that p = p,, and therefore the first equation reduces to a; = 0.
Thus, we have reached an impasse. No fluid satisfies the balance of tractions on the free
surface!

Where have we gone wrong? The problem lies at the very initial assumption that the
velocity field is of the form v(r,0,z) = rw(r)ey. This subsection’s calculation indicates
that that assumption is untenable if the fluid has free surface open to the atmosphere. In
that connection, Serrin [22] remarks that “as long as the free surface remains relatively
horizontal (i.e. at relatively low speeds of rotation) the discrepancy should not be serious”.
Unfortunately in practically all experimental results that demonstrate the Weissenberg ef-
fect, the fluid climbs dramatically up the inner cylinder, rendering the “relatively horizon-
tal” assumption inapplicable. The articles [11, 12] make no mention of this calculation’s
limitation at all. Let us note that the issue raised here is not specific to non-Newtonian
fluids. The problem persists even in the case of Newtonian fluids.

The proper determination of the fluid’s free surface requires the analysis of a velocity
field of the form v(r, z) = n(r, z)e, +rw(r, z)ep + {(r, z)e,. Even in the case of a Newtonian
fluid where @; = 2y and a; = 0, the equations of motion would be a nontrivial system
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PDEs
1
p(”’?r +n. — rwz) = ’u<2<r(rn)’)r t M2z + grz) - Prs
1, 1 5
p(f(r )N+ rwz{:) = ,u(—z(r W)y + ra)zz),
r r
1
P(Ugr + §§2) = ﬂ(;(’{r + rq:), + 28, + ’7r2> — Pz — P8

1
;(W)r + gz =0,

where an r or z subscript indicates a derivative with respect to that variable. The first
three equations are the equations of motion, while the last equation expresses the incom-
pressibility constraint divw = 0. This system of four couple PDEs in the four unknowns 7,
w, {, p, is to be solved numerically with techniques applicable to free boundary problems.
See Cuvelier and Schulkes [4] for a survey of such methods, and Zhang and Babuska [25]
regarding convergence and error estimates for a very simple free boundary problem.

33. ErLASTICITY: THE SPINNING CYLINDER PROBLEM

This section is based on pages 158-160 of Chapter 4 of [2]. Also see Green and Zerna [6],
page 100.

Consider an incompressible and isotropic elastic body in the form of a cylinder of
length L and radius R in its undeformed configuration, and made of a Mooney rubber'
whose constitutive equation is

S = 8(F) = —pI + [a + f1.(B)| B - BB,

where a and f are positive constants, and p is the pressure due to the constraint reaction
stress.

Figure 16 depicts the spinning cylinder. We install a frame {e;, e,, es} so that e; is
aligned with the cylinder’s axis. We spin the cylinder about e; at a constant angular
velocity w while keeping the frame stationary, and allow the motion to reach steady-state.
The cylinder will expand (become fatter) in the radial direction due to centrifugal forces
and shrink in the axial direction in order to maintain a constant volume, as the material
is incompressible. Let AL be the cylinder’s length while spinning. Then the radius will be
A~12R. We wish to calculate the measure of deformation, A, as a function of the angular
velocity of the spin, w.

We begin with describing the motion ¢;. A material point at the location X = X;e; +
X,e; + Xzes goes to x = ¢,(X) where x = x;e; + x2e; + x3e3 is given by

x1 = AXy,
Xy = A71/2 (Xz cos wt — X3 sin a)t), (182)
X3 = 1712 (Xg sin wt + X3 cos wt).

We see that the deformation ¢;(X) is linear in X, and therefore it may be expressed as a

tensor, say M(1), acting on X, as in ¢,(X) = M(¢) X. Either by inspecting the equations

14Named after Melvin Mooney who was among the early investigators of modern continuum mechanics.
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FIGURE 16. At the top, the rubber cylinder spinning about the e; axis
with angular velocity . On the bottom left, the dotted rectangle is the
silhouette of the undeformed cylinder, while the filled region depicts
the barreled shape of the spinning body when no surface tractions are
applied. On the bottom right, self-equilibrated tractions, indicated by
their distribution profiles, applied to the spinning cylinder’s bases, force
it into a cylindrical shape.

above, or by a direct appeal to the representation of the rotation tensor in (45a), we get
M) =le;®e + 1 (e, ® e, + €3 ® e3)cosawt — A% (e, ® e5 — €3 ® e,) sin wt.
Then, since Grad X = I, we have F(X) = Grad ¢;(X) = M(t), and therefore
B=FF =), ®e;+ 1 'e; ® e, + 1 'e; Q es.

According to the Spectral Representation Theorem, the coefficients A%, 1!, 17! are the
eigenvalues of B, and therefore, by (31a) we conclude that 1;(B) = A2+217. We substitute
this, along with the expression calculated for B, into Mooney’s constitutive equation and
obtain

S=(-p+ar '+ A2 +2A ) I+ (a+ A DA -1 e ®e.
The only spatial variable here is p = p(x). Therefore we have

. ap ap ap
divS=—-gradp=—-——"¢;, — —e, — —es.
ad gradp ax; el 0x3 ¢ 0x3 “
With the goal of applying the equation of motion (102), we calculate the acceleration by

differentiating each of the equations (182) twice with respect to t. We get

.'5("1 =0, 3.(.'2 = —COZXZ, 5&3 = —0)2X3,
and therefore ¥ = —w?(x;e; + x3e3), and the equation of motion (102) in the absence of
body forces reduces to
ad d d
o _ 0, o _ pwzxz, P _ pwzxg, (183)
ox1 9xy Ix3

which may be readily integrated (Exercise 42) to yield

1
p= Epa)zr2 + (1), (184)
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where r = (x2 + x2)"/? is the distance of the point x from the cylinder’s axis, and c(t) is
to be determined.

Let n be a outward unit normal vector at an arbitrary point on the cylinder’s curved
surface. The traction at that point is

t=5Sn= [(—p +ad T+ A2+ 2A D)) T+ (a+ AN =AY ey @ e |n
=(—p+ad+BA* +247H))n

since (e; ® e;)n = 0 due to n being perpendicular to e;. If the boundary of the cylinder is
free of obstructions, as we have implicitly assumed it is, then the traction on the boundary
is zero, leading to

—p+ad + A +21) =0 atr=A""?R,

as A™V/2R is the radius of the spinning cylinder as noted earlier. Plugging this in (184)
determines the unknown expression c(t):

1
c(t) =alt + BA%+2171) — Epwz/l_lR.
With ¢(t) thus determined, the expression for p in (184) takes the form
1 1
p= Epwzrz ol + B+ 227 — Epr/VlR.
1
= Epwz(rz — AR +ad ™ + B+ 207N,
Next, let us look at the tractions on the cylinder’s flat faces. On the face with the unit
normal e, the traction is
t=Se = [—p +ad ™+ BOZ 227N + (o + AR - rl)]el,

which, upon substitution of the expression for the pressure calculated earlier, takes the
form

1
t= [—5 P (rt — A7IR) + (a + PAT(AE — rl)] er.
We see that the traction on this face varies with r. Thus, unlike the case with the cylinder’s
curved surface, having zero traction there is infeasible. That is, in order to maintain a flat
face at the cylinder’s ends, we need to press against it just the right way. Equivalently,

if we leave the cylinder’s ends free, they won’t remain flat; they will bulge inward or
outward.

So suppose we intend to keep the cylinder’s faces flat by exerting just the right amount
of tractions on them. Moreover, we wish to do this in such a way that the resultant force
applied to each face is zero. This is expressed as

AT12R
1
27r/ [—Epwz(r2 —AR) + (a + BATH(A - )Fl)] rdr =0.
0
Carrying out the integration we arrive at the quartic equation
1
q(d) = ar* + pA°> — (a - pr2R2>/l —-p=0.

We see that (0) = —f and q(1) = { po”R?. That sign change indicates that there is a root
A = A, between 0 and 1. We mark the root by a subscript w to emphasize the dependence



NOTES ON CONTINUUM MECHANICS 83

of that root on the angular velocity w. We claim that A, is the only positive root of that
equation. Indeed, a quartic equation has either no real roots, or two real roots, or four
real roots (counting multiplicities). We have already established the existence of one real
root. That leaves the possibility of having either two real roots or four real roots. We
know that the quartic’s zeroth degree term, —f, equals the product of its roots. That
being negative means that if the quartic has only two real roots, then one is positive and
one is negative, and we are done. If it has four real roots, then either one is positive and
three are negative, which means we are done, or one is negative and three are positive,
which requires further analysis.

If the quartic has three positive roots, then it must have an inflection point at some
positive A. The inflection points are readily obtained by calculating ¢”(1) = 6A(2aA + f).
We see that the only inflection points areat A = 0 and A = — %, eliminating the possibility
of three positive roots.

To summarize: The quartic equation g(1) = 0 has a unique positive root A = 1, where
0 < A, < 1. The root is determined in terms of the material parameters «, f, p, the
cylinder’s pre-deformation radius R, and the angular velocity of the spin, w. The length

of the spinning cylinder shrinks to 4,R and the radius expands to 15%R.

34. ELASTICITY: TWISTING A CYLINDER

The previous section’s rubber cylinder is subjected to another experiment. As before,
it has length L and radius R in its undeformed configuration. We set up an XY Z Cartesian
coordinate system so that the Z axis coincides with the cylinder’s axis, and the cylinder’s
bases are at Z = 0 and Z = L.

We deform the cylinder so that a point at (X,Y, Z) goes to the point (x, y, z) according

to
x=XcostZ—YsintZ,
y=XsintZ +YcostZ, (185)
z=27.

In words, we twist the cylinder about its axis so that each Z = ¢ section, which is a
disk of radius R, remains at Z = ¢ and retains its shape and size, but rotates about the
Z axis by an angle 77, that is, proportional to that section’s distance from the cylinder’s
base. We wish to do this by applying tractions to the cylinder’s bases while keeping the
cylinder’s curved surface traction-free. Is that possible?

The answer is yes. We will calculate the traction needed to accomplish that. Figure 17
depicts the cylinder before and after the deformation.

Unlike the case in the previous section, this deformation is not linear in (X, Y, Z), and
therefore the previous approach does not apply. We calculate the deformation gradient
F = F(X,Y,Z) directly by differentiating (185). We get:

costZ —sintZ —1(XsintZ+YcostZ) costZ —sintZ -ty
F=(sintZ costZ 1(XcostZ-YsintZ) |=|sintZ costZ 1x
0 0 1 0 0 1
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FIGURE 17. From the left: The first two figures depict the cylinder before
and after twisting. The third and forth figures shows the horizontal and
vertical components of the traction applied to the cylinder’s top.

We see that det F = 1, therefore the deformation postulated in (185) is consistent with the
material’s incompressibility.

We calculate the left Cauchy-Green strain tensor B = FF'

1+7%  —rixy -1y

B=| —r’xy 1+7%x? x|,
—Ty TX 1
and
1+ 223+ 4%y B +i)xy -1+ 4Py
B =| 2B +7¥)xy 1+2@+4r)x? (2 +14)x |,
—1(2 + %)y (2 + %r))x 14122

where we have let r = \/xz +y%2 = JX? + Y2, We also note that
1u(B) =trB =3+ 2

Plugging these into the constitutive equation § = —pI + (a + ﬁll(B))B — BB?, we get

—p+a+2p+(ay? + pr?) —ar’xy —(a+ P)ry
S = —ar’xy —pt+a+2B+1¥ax?+pr*) (a+P)rx |. (186)
—(a+ By (a+ p)rx —p+a+2p

Then we calculate
—2—5 + (2B — a)r’x
divs = —% + (28 — a)cty|,
p
Tz

and apply the equilibrium equation div S = 0 to get

d d d
P 2B —a)’x =0, P 2B - )’y =0, 9P,
ox ay 0z
Upon integrating these equations we obtain
1
p=@p- a)y’r’ +c, (187)

where the constant c is to be determined.

Going back to the expression for S, we evaluate the traction on the curved surface of
the cylinder at the point x = R,y = 0,z = 0 where the outward unit normal vector is
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n =(1,0,0). We get
t=Sn=(—p+a+2B+pr*R)n.
which shows that the traction, is perpendicular to the surface. By the problem’s symme-

try, the traction would be perpendicular to the curved surface everywhere, and will have
the same magnitude. The assumption that the curved surface is traction-free leads to

—p+a+2f+Br*R* =0,

or, substituting for p from (187)
1
5(2/3 —a)t’r® +c+a+ 2B + priR* =0,
which we solve for ¢ and then substitute the result back into (187) to obtain

p=a+2f+ %rz<a(R2 -+ 2ﬁr2).

Having thus obtained the pressure, we substitute it in (186) to obtain the finalized
expression for S.

That enables us to calculate the tractions on the cylinder’s base which are needed to
maintain the cylinder’s deformed shape. The outward unit normal on the top face is
n = (0,0, 1), and therefore the traction there is

—(a+ Py —(a+ Py
t=Sn=| (a+pP)rx |= (a+ p)rx )
—p+a+2B —%Tz<a(R2 —r2)+2/3r2)

The horizontal component of the traction, that is, the vector (—(a + )y, (a + f)rx,0), is
perpendicular to the position vector (x, y, z), and its magnitude is (¢+ f)rr. This exerts the

torque that twists the cylinder. The vertical component, 37°( a(R*—r?)+2fr? ), is presses

against the cylinder’s top to keep it from bulging out. This is strictly a nonlinear elasticity
effect. In the classical linear elasticity, which deals with infinitesimal deformations only,
normal tractions are absent. We leave it for an exercise to show that the resultant torque
is
= M Az’

2

T
where A is the area of the cylinder’s base.

Remark 32. The problem was introduced and solved in Rivlin [16] through rather ad hoc
methods. He developed the solution further in [19] and [17]. In an earlier paper [13]
he presents laboratory results of experiments performed on actual rubbers. The solution
adopted here is close to that in [17] and it was suggested by Exercise 14 on page 164 of [2].
This is a rather odd method, as it uses Cartesian coordinates to solve a problem with cylin-
drical geometry. It is fortunate that things work out as they do in this instance, but it’s
not a general approach to such problems. A general approach to solving large deforma-
tion of elastic materials is developed in Green and Zerna [6]. They solve the problem of
the twisting of a cylinder an illustration of the power of the tensor calculus of curvilinear
coordinates which they introduce in great detail in the first chapter. Ideally that’s the
right approach to solving this problem but it requires some investment in learning the
machinery of tensor calculus which we avoid in these notes.
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P(X,t)N(X)

B,

F1GURE 18. The tractions at X and x are P(X,t) N(X) and S(x, t) n(x),
where P is the Piola—Kirchhoff stress tensor and S is the Cauchy stress
tensor. The traction vectors P N and S n are parallel but generally of dif-
ferent lengths due to the local stretching/contraction of the area. If dAx
and dA, are corresponding area elements at X and x, then P N dAyx =
SndA,.

35. ErasTiciTy: THE P1oLA-KIRCHHOFF STRESS TENSOR

The Cauchy stress measures contact force per unit area in the deformed configuration.
That’s rather inconvenient in formulating many boundary value problems in elasticity
since the deformed configuration may be unknown ahead of the time. The Piola—Kirchhoff
stress introduced in this section sidesteps that difficulty since it measures contact force
per unit area in the reference configuration. Figure 18 illustrates the idea. A part Q of the
body B; is mapped to w under the deformation ¢;. A point X on the boundary oQ of Q is
mapped to a point x on the boundary dw of w. The outward unit normals to 9Q2 and dw
at X and x are N and n, respectively. The boundary traction at x is S(x, t)n(x) where S is
the Cauchy stress tensor. From the transformation of surface integral formula (122c) we
know that

/ S(x, ) n(x)dA, = / (det F(X, 1)) S(¢(X).t) F (X, t) N(X)dAx.
dw aQ
Motivated by this, we introduce the Piola—Kirchhoff stress P(X,t) via

P(X,t) = (detF(X,1)) S(¢:(X),t) F (X, 1), (188a)

or written compactly
P = (detF)SFT, (188b)

whereby the integration formula above takes the form

/S(x,t)n(x)dsz/ P(X,tH)N(X)dAx.
0] Q

o

Therefore, the force SndA, acting on a surface element of size dA, in the deformed con-
figuration may be expressed as PN dAx in the reference configuration. Note that the
vectors Sn and PN are parallel but generally of different lengths since the area elements
dA, and dAx are not necessarily equal due to the stretching of the material.

In (147a) we have a representation of the most general constitutive equation for an
isotropic elastic material. To express that equation in terms of the Piola-Kirchhoff stress
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tensor, we note that
BF T =FF'FT=F,
and
B’F T =B(BF") = BF.
Therefore from (147a) and (188b) we get
P = (detF)(aoF " + a,F + o, BF ),

where the a;, i = 0, 1, 2, are scalar-valued isotropic functions of B, as before. The equiva-
lent formula corresponding to the alternative representation (147b) is

P = (detF)(BoF " + piF + B (F'B)").

The equation of motion (102) on page 43 is expressed in in terms of the Cauchy stress
S defined in spatial coordinates over the deformed configuration Q; = ¢:(Q). We wish
to obtain the equivalent equation of motion expressed in material coordinates over the
reference configuration Q. We already know how to transform the stress. Let us look at
the transformation of the body force which appears as pb in (102)

Theorem 30. The equations of motion expressed in material coordinates are

po‘} = Div P + pob, (189a)
PF' = FPT. (189b)
Proof. To do... U

36. ELAsTICITY: HOMOGENEOUS DEFORMATIONS OF A CUBE

This section is based on the original work of Rivlin [15,18] and has been influenced by
the presentation in Gurtin [8].

Consider a homogeneous, isotropic, incompressible elastic material defined through
the constitutive equation
S(F) = —pI + B, (190)
where S is the Cauchy stress, where B = FFT is the left Cauchy—-Green strain tensor,
and f is a positive constant. This is a very special case of the general constitutive equa-
tion (159b).

Then then corresponding Piola—Kirchhoff stress tensor, defined in (188b), is given by
P=—pF T +pF. (191)

Consider a cube is made of such a material and placed in the Cartesian coordinate sys-
tem so that its faces are parallel to the coordinates planes. We apply three pairs of uni-
formly distributed equal and opposite dead forces acting perpendicularly to cube’s faces.
The “dead force” adjective indicates that the force acting on a face remains the same as
the cube deforms and the face’s area changes. In other words, the surface traction t = Sn
as measured in the deformed configuration varies depending on how the cube deforms,
but the surface traction t = Pn as measured in the undeformed configuration remains
fixed, regardless of how the cube deforms. We write 5§ for the magnitude of the traction
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t = Pn, viewing the dimensionless factor 7 as a measure of the applied force. A positive
n expresses tension, while a negative 1 expresses compression.

We wish to investigate the possible deformations of the cube under such loads. We
limit our search to homogeneous deformations, leaving open the question of whether
other types of deformation may be possible. Thus, we present the Piola-Kirchhoff stress
and the deformation gradient, relative to the coordinate system, as

B 0 0 A0 0
P=|0 58 of F=|0 1 of,
0 0 np 0 0 A
where A, > 0 for k = 1, 2, 3. Plugging these into (191) we get
B 0 0 /A, 0 0 A 0 0
0 nf ol=—p|l 0 1/, 0 |+8|l0 A o0f,
0 0 np 0 0 1/As 0 0 14

and therefore nff = —p/Ax + fA. k = 1,2,3, that is, p = B(A2 — nAx). It follows that
n(Ai—2A;) = A7 =23 foralli,j€{1,2,3},

or, in expanded form:

1 = A2) = (4 — 22)(A4 + A2) (192a)
n(Az = 43) = (A2 — A3)(A2 + 43) (192b)
n(As — A1) = (A3 — 41)(A3 + Ay). (192¢)

Additionally, the incompressibility constraint det F = 1 imposes the condition
1112).3 =1 (192d)

Thus, our quest reduces to finding one or more solutions to the system of four equations
in (192) for the three unknowns A, A5, A3 in terms of . The choice ; = A, = A3 =1
and arbitrary 7 certainly satisfy these equations. In other words, the undeformed cube
is a solution for arbitrary load values 5, positive or negative. To go beyond that trivial
solution, we observe that our system of four equations is equivalent to

{11:/".201‘).14'/12:17} and {/122/13 OI'/12+).3:7]}
and {/13 = /11 or /13 + Al = T]} and /11/12/13 =1 (193)

In Exercise 47 you will show that (193) cannot hold if A1, A, A5 are all distinct. Therefore
here we focus our attention on the case where A; = A; # A3, and write A for A5 to simplify
the notation. Then the first phrase of (193) is satisfied, the second and third phrases reduce
to A+ A; = 1, and the fourth phrase reduces to 121 = 1. Eliminating 1; between the latter

two equations leads to ¢(1) def (n — A)?A — 1 = 0. The solution of the problem hinges on
finding the roots of this cubic.

We have ¢’(1) = 34% — 4nd + n? = (A — n)(34 — 1), and therefore the critical points
of ¢ are at /3 and . We also have ¢”(/3) = —2n < 0 and ¢”’(y) = 25 > 0, indicating
that the critical points at ¢ are at /3 and 5 are a local maximum and a local minimum,
respectively. Equipped with the further observation that ¢(—c0) = —oo, p(+00) = +oo,
and ¢(0) = ¢(n) = —1, we are in a position to sketch the representative graphics of ¢ in
Figure 19.
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FIGURE 19. The graphs of ¢(A), from left to right, corresponding to =
1.6 < fer, 1 = 1.89 = ¢y, § = 2.1 > 1 show the cases where we have
zero roots, one root, and two roots in the interval 0 < A <.

The vertical location of the graph’s local maximum, the “hump”, may fall below, at, or
above the horizontal axis, depending on the value of the parameter 1. In those three cases,
the function ¢ has one, or two, or three roots, respectively, as we seen the Figure 19. The
middle graph, which corresponds to the case when the hump touches the horizontal axis,

e 1/3
is obtained when ¢(r/3) = 5£1° — 1 =0, that is = 1, &f (%) .

Since ¢(n7) < 0 and @(+00) = +oo, there is always a root of ¢ with A > 5 but that root
is of no interest in our context since A + A; = y would imply that A; < 0. Other roots, if
any, would lie in the interval (0,1) and would be admissible. The number of such roots,
and consequently the number of solutions, depends on the value of 1:

if § < for, then there are no solution,
if n = n., then there is one solution,

if n > e, then there are two solutions.

The preceding analysis was carried out under the assumption that ; = 1, # A5. By
cyclic permutation of the indices we obtain solutions that favor the x; or x; directions,
thus leading to a collection of as many as seven solutions of the type we have been search-
ing for. We summarize this as follows:

« Ay = A, = A3 = 1 is a solution (the “trivial” solution) for all #;

+ if § < K¢, then there are no other solutions;

« if § = R, then there are three solution in addition to the trivial one;
s if > ner, then there are six solution in addition to the trivial one.

Figure 20 depicts representative sequence of the cube’s deformations. Subfigure (a) is
the undeformed configuration of the cube, which also corresponds to the trivial solution
noted above. For load values < 7,;, that’s all we get. As soon as the load 5 surpasses 7, =
1.89, the cube snaps to the configuration shown in subfigure (b). This can happen in any
of the three coordinate directions, therefore subfigure (b), as well of each of the remaining
subfigures, represents one of the three possibilities. Subfigures (c) and (d) depict the two
possible deformation for n = 1.92 > p,, corresponding to the two roots of ¢. Subfigures (e)
and (f) depict yet another such pair corresponding to a larger load = 2.3 > ;.

Remark 33. The preceding analysis indicates that the system of four equations (192) in
the three unknowns A;, A, A3, is consistent despite the mismatch between the number
equations and the number of unknowns. In fact, by applying Viete’s formula for solving
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(a) (b)

(@ (f)

FIGURE 20. (a): the undeformed cube; (b): the cube snaps to this con-
figuration when n = 5, = 1.89; (c) and (d): the two solutions when
n = 1.92; (e) and (f): the two solutions when n = 2.3;

cubics, we readily obtain a symbolic expression for the three roots of the cubic equation

g = (- APA—1=0:

27

2 2k 1
A=-n 1+cos(L+—arccos§) , wherek=-1,0,1, and{ = — — 1.
3 3 3 2
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Ficure 21. The solid lines depict the three roots of the equation (5 —
A)?A — 1 = 0 plotted against 5. The roots plotted in red and green lie
below the line A = 7, plotted in dashed magenta. The root plotted in
blue lies above that line and is not of interest in the context of our ap-
plication. The leftmost point of the red and green graphs is at 5 = ., =
1.89.

We will have real roots if —1 < ¢ < 1, which is equivalent to > 5. The root corre-
sponding to k = 0 is grater than #, which, as was remarked earlier, is inadmissible in the
context of this elasticity problem. The roots produced by to k = +1 lie between 0 and 5
and are admissible. Figure 21 shows the graphs of the three roots versus 7.

Remark 34. Not all solutions obtained in this section are stable. Unstable solutions may be
practically impossible to produce in experiments. Rivlin’s article [20] contains a survey
of the literature on the stability issue up to 1974, and provides a concise summary of the
results, as follows.

The trivial solution, that is, the one with 4; = A, = A, exists for all 5. The trivial
solution is unstable if n < 0 (compression) or > 2. It is stable for 0 < n < 2.

As we have seen, non-trivial solutions exist if n > 7. In that case the cubic ¢(1) has
three roots. The root that is greater than 7 is inadmissible as we have noted before. Let
us name the smaller of the remaining two roots AV, and the other one ). Referring to
Figure 19, we see that

1
0< AW < gr]</1(z) <n.

Rivlin proves that the deformations corresponding to A are stable and those corre-
sponding to A are unstable. Therefore, the configurations (c) and (e) in Figure 20 are

stable, while (d) and (f) are unstable.

Remark 35. The problem discussed in this section was introduced in Rivlin [14]. In [15] he
analyzed the more general problem where the force pairs applied to cube’s faces are not
necessarily of equal magnitudes. In [18] he extended the analysis of [14] to Mooney-Rivlin
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materials. The stability of the solutions discussed in these articles is in the limited context
of stability relative to infinitesimal superimposed deformations along the coordinate axes.
The analysis under the stronger criterion of stability relative to arbitrary infinitesimal
superimposed deformations is done in [20].

37. ELASTICITY: HYPERELASTIC MATERIALS

Material based on [7, 8]

Definitions from page 65 of Green & Zerna: Mooney material: W = C;(I;—3)+Cy(I,—3);
Neo-Hookean material: when C, = 0.

38. LINEAR ELASTICITY

The theory of linear elasticity was developed in the early to mid 1800s by Cauchy,
Poisson, Navier, and many other contributors. The goal of this section is introduce the
basic ideas of linear elasticity and to relate these to the general theory of elasticity that
we have studied up to this point in these lecture notes.

As we shall see, linear elasticity is not a special case of the general theory of elasticity.
Rather, in a sense that we will make precise, linear elasticity is a linear approximation
to the general theory. As such, we should be aware that not everything that we have
learned about the general theory is applicable to this approximation. The most glaring
discrepancy is that constitutive equations of linear elasticity are not frame-invariant.

Historically, “theory of elasticity” has meant “theory of linear elasticity” and the gen-
eral theory of the previous sections is referred to as the “theory of nonlinear elasticity”.
Nevertheless, we shall continue referring to the general theory as “elasticity”, and refer
to the linearized version as “linear elasticity”.

This section’s presentation is a blend of the presentation on pages 288-302 of Gonzalez
and Stuart [5], and Gurtin [7].

38.1. Fourth order tensors. Up to this point in these lecture notes, we have used the
word tensor to refer to second order tensors. These are linear mappings from V to V. We
wrote L for the linear space of the second order tensors, and introduced a scalar product
A:Bon L. In this section it will be necessary to study linear mappings from L to L. These
are called fourth order tensors.

Following the tradition in linear elasticity, we will indicate the application of the fourth
order tensor G on the second order tensor H by placing H in square brackets, as in G[H].

Consider the fourth order tensor G, and let T = G[H]. Writing H = hye; ® e; and
T = t;jer ® e relative to a frame {e;, e, e3} in V, we have

tij=e-Te; =e;-G[H]e; = e; - G[hyer ® e]e; = e; - Glex @ e;]e; hy
We define the components of G relative to the {e}, e;, es} frame as

Giju = e; - Glex ® el]e;,
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whereby the component representation of T = G[H] is expressed as
tij = Gijirhy.

Thus, a fourth order tensor G is determined by the 81 components G;j; relative to a frame.

38.2. More on derivatives. Consider a generally nonlinear function G : £ — L. We
say G is differentiable at F if there exists a fourth order tensor G’ such that’
. |G(F + H) - G(F) - G'(F) H]|
lim =0,
H-0 |H]|
and we refer to G’(F) as the derivative of G at F. If such a G’(F) exists, then it is unique.

If there is no such G’(F), then one says that G is not differentiable at F. In what follows,
we will tacitly assume that our functions are differentiable wherever necessary.

(194)

Remark 36. The definition of the derivative in (194) implies that

d
G'(F)[H] = —G(F +eH)| . (195)
de e=0
Theorem 31. Let G : L — L be isotropic. Then
QG'(F)[H)Q" = G'(QFQ")[QHQ"]. forallH € L and all Q € L o (196)
Proof. Lengthy proof, page 237 of Gurtin [7], to be added later O

38.3. The elasticity tensor. Let P = P(F) be the constitutive equation at a generic point
p of an elastic material, expressed in terms of the Piola-Kirchhoff stress tensor P. When
dealing with linear elasticity, we will assume that the stress in the undeformed material
is zero, that is, P(I) = 0. The derivative P’(F) evaluated at F = I is called the material’s
elasticity tensor at p. We write

c =P(I).

Proposition 9. Let S = S(F) be the constitutive equation of the elastic material expressed
in terms of the Cauchy stress tensor. Then C = §’(I). That is, the elasticity tensor could have
been equally defined as the derivative of the Cauchy stress evaluated at F = I.

Proof. From the definition of the Piola-Kirchhoff tensor in (188b) we have
P(F)F" = (det F) S(F)
Differentiating this with the help of the product rule, for any H € L we get
P'(F)[H]|F" + P(F)H" = (det F)'[H] S(F) + (det F) §'(F)[H]

Substituting (det F)’ = (det F)F~T according to (78), and then evaluating the result at
F = I, we obtain

P'(D[H]IT + P(DH" = (det DI"T[H] S(I) + (detI) S’ (D)[H],
which, due to the assumption P(I) = S(I) = 0, reduces to
P/(D[H] = S(I)[H] forallH € L. O

5This definition of the derivative generalizes to nonlinear mapping on Banach spaces. In that context, G’
is called the Fréchet derivative of G.
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Proposition 10 (Properties of the elasticity tensor). We have

(1) C[H] € Ly, forallH € L;
(2) C[W] =0 for allW € L g

Proof. Form (195) we have
A d -
ClH] =S (D[H] = —SU + eH)
de e=0
But S(F € Lgym for every F € L. It follows that C[H] € Ly, for all H € L, thus proving
part (1) of the proposition.

As to part (2), pick any W € Ly, and let Q(t) = e"!. We have seen (where?) that
O(t) € L osth. Then plugging this Q in the frame-invariance requirement (139), we get
S(QWF) = QWSIQWY'.
which, upon the substitution F = I, and recalling S(I) = 0, reduces to S(Q(t)) = 0.
Differentiating this with respected to t we obtain & (Q(t))[é(t)] = 0. In particular, at
t = 0 we have S’(Q(O))[Q(O)] = 0. But Q(0) = I, and Q(O) = W. We conclude that
§'(D[W] = 0, that is, C[W] = 0. O

Pick any H € L let
1 1
E= 5(H+HT), W = 5(H—HT).
Then E € Ly and W € Lyew, and H = E + W. From Proposition 10 and the linearity
of C it follows that C[H] = C[E + W] = C[E], that is, the values of C are completely
determined by its restriction to Lgyn. From now on, we will regard C as a linear mapping
of Lgym to Leym.

Proposition 11. Suppose the elastic material is isotropic. Then
QC[H|Q" = C[QHQ"| forallH € L and allQ € Lo, (197)

that is, C is an isotropic function.

Proof.

QC[H]Q" = 0 §'(D[H]Q

T by (196)

§'(QIQNHIQHQ'] = §'(N[QHQ"] = C[QHQ"].
O

Theorem 32. Suppose that G : Ly, — Ly is linear and isotropic. Then, there exist scalar
constants u and A such that

G[E] = 2uE + A(trE)I  for allE € L. (198)

Proof. According to Theorem 13 (page 31), any (not necessarily linear) isotropic function
on Ly is of the form

G(E) = aoI + iE + azE* forall E € Ly,
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where the coefficients o, ay, @, are scalar-valued functions of the invariants of E:
u(E)=trE, u(E)= %((trE)2 - tr(E2)>, 13(E) = detE.
But in the current case, G is also linear, and therefore the choices of 1; are limited to
ay=cotrE+c, a;=c¢, oy=0,
where ¢, ¢1, and ¢, are scalar constants. This reduces the representation of G to
G[E] = (cotrE+c))I +c; E forall E € Ly,

The linearity of G implies that G(0) = 0, and therefore ¢; = 0. The theorem’s assertion
follows by setting ¢g = A and ¢, = 2p. ]

Corollary 8. The elasticity tensor C of an isotropic material has the form
C[E] = 2uE + A(tr E)I  for allE € Ly, (199)

The coefficients u and A are called the material’s Lamé moduli.'®

Viewing the elasticity tensor C as a linear operator from £ to £, we say that C is
symmetric if it is self-adjoint, that is,

A:C[B] =B:C[A] forallAABeL,
where the colon is the scalar product on £ defined in Section 7.
According to Proposition 10, C[W] = 0 for all skew-symmetric tensors W. Therefore

C as an operator on £ cannot be positive definite. We have seen, however, that C is
completely defined by its restriction to Ly, therefore we call C positive definite if

E:C[E] >0 for all nonzero E € Ly, (200)

In the same vein, C is said to be strongly elliptic if
H:C[H] >0 forallH =a®b, wherea,be V. (201)

We will leave of for an exercise to show that if C is positive definite, then it is strongly
elliptic (but not vice versa.)

Proposition 12. If the material is isotropic, then C is symmetric.

Proof. Pick any E,H € Lgy,. We know that H:I = tr H. Therefore
H:C[E] = 2uH:E + A(tr E)(tr H),

which is symmetric in E and H. Therefore

H:C[E] =E:C[H],
proving that C is symmetric. (]
Theorem 33. If the material is isotropic, then C is positive definite if and only if

p>0, 2u+31>0, (202)
and C is strongly elliptic if and only if

u>0, 2u+Ai>0. (203)

161 the material in inhomogeneous, the Lamé moduli may vary from point to point.
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Proof. Suppose (202) holds. Pick any E € Ly, let a = %trE, and define E) = E — al.
Since tr I = 3, we see that tr E, = 0, and therefore
E=E0+0(I, trE=30(, E()IZO
Now we calculate
E:C[E] = 2uE :E + A(tr E)* = 2u(Ey + aI): (Ey + aI) + (3a)*A
= 2p(|Eo|? + 30®) + 9022 = 2| Eo|? + 3a* (2 + 34),

which shows that C is positive definite. The remaining proofs are left as exercises. (]

Let us return to the constitutive equation P = P(F) of the general elasticity, where F
is the deformation gradient and P is the Piola—Kirchhoft stress tensor. Given the defor-
mation x = ¢;(X), the vector u = x — X expresses the displacement of the point X. We
define H = Gradu = F — I. Linear elasticity is concerned with deformations where H is
small. In view of the definition of the elasticity tensor C, we have

S(F) = 8(I) + C[F — I] + o(IF — II*) = C[H] + o(|H]?)
Letting
E = %(H +H")

we have
S = C[E] + o(|H|?)

In linear elasticity we drop the o(||H ||2) term above, and express the constitutive equa-
tion as

1
S=C[E], E= E(gradu + (grad u)T).
The the equation of motion takes the form
pit = div S + pb.

If the material is isotropic, then S is given by (199). Moreover, if the material is homoge-
neous, that is, the Lamé moduli are constants, then

divS = 2 divE + Adiv((tt E)I) = p div(gradu + (grad u)T) + AgradtrE
= pAu+ (A + p) grad divu,
and therefore the equation of motion becomes
pit = pAu + (A + p) grad divu + pb. (204)

Remark 37. Tt can be shown that the initial value problems corresponding to (204) are
well-posed systems of hyperbolic PDEs if C is strongly elliptic, thatis, p > 0 and 2u+4 > 0.

In static equilibrium, the equation of motion (204) reduces to
pAu+ (A + p)grad divu + pb = 0. (205)

Remark 38. It can be shown that boundary value problems corresponding to (205) are
well-posed systems of elliptic PDEs if C is positive definite, that is, y > 0 and 2y 431 > 0.
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38.4. Waves in isotropiclinear elastic materials. In this section we consider isotropic
elastic materials, therefore the equation of motion is (204).

A displacement field of the form
u(x,t) = asin(x - n —ct) (206)

is called a sinusoidal progressive wave traveling in the direction n at velocity ¢ with am-
plitude a. If a and n are collinear, we say that the wave is longitudinal. If a and n are
perpendicular, we say that the wave is transverse.

We plug the displacement field (206) into the equation of motion (204) to see what
conclusions we may derive from it. Applying the result of Exercise 22 and the chain rule,
we see that

gradu = a ® ncos(x - n —ct),
and therefore

divu =trgradu =a-ncos(x-n—ct), curlu=nxacos(x-n—ct).

If (206) is a longitudinal wave, then a and n are collinear, and therefore n x a = 0, and
consequently curlu = 0. If (206) is a transverse wave, then a and n are perpendicular,
and therefore a - n = 0, and consequently divu = 0.

Furthermore, it can be shown (Exercise 50) that

Au ™ div gradu = —asin(x - n —ct), (207a)
graddivu = —(a-n)n sin(x -n —ct) = —(n @ n) a sin(x - n — ct), (207Db)
it = —c*asin(x - n — ct). (207¢)

Plugging these into (204), with the body force b set to zero, we arrive at
pc’a = pa+ A+ p)(n®n)a,
or equivalently,

1
f[yI+(/1+p)n®n]a:c2a.
p

That motivates the introduction of the acoustic tensor A(n):

1 A+2
A(n):f[,uI+(A+,u)n®n]ziyn®n+ﬁ(1—n®n), (208)
p p p
whereby the equation of motion reduces to
A(n)a = c%a, (209)

and thus, c? is an eigenvalue of A(n), and a is the corresponding eigenvector.

Evidently the expression on the right-hand side of (208) is the spectral decomposition
of A(n). We see that

« (A+2p)/p is an eigenvalue, and the corresponding eigenvector is n. Therefore a

longitudinal wave travels at the speed ¢ = \J(A + 2p)/p;
+ j1/pisaneigenvalue, and the corresponding eigenvector is orthogonal to n. There-

fore a transverse wave travels at the speed ¢ = \/pt/p.

Note that these speeds are real if C is strongly elliptic.
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39. EXERCISES

1. The proof of Proposition 2 shows that
[u,0,w] = —[v,u,w], [w,v,w]=—[u,w,v]

for all vectors u,v, w. Conclude that the scalar triple product is invariant under cyclic
permutations, that is

[u,v,w] = [v,w,u], [u,v,w]=[w,u,v]
2. Prove (16b) and verify that 1,(A) is given by (19Db).
3. Prove (16c) and verify that 13(A) is given by (19¢).
4. Verify (21d).
5. Verify (21e).
6. Verify (21f).
7. Verify (21h).
8. Verify (21i).
9.

Complete the proof of Corollary 1 by showing that the set of tensors K defined in (23)
is linearly independent. Hint: Show that a;;e; ® e; = 0 implies that the coefficients o;; are
zero.

10. Show that the basis K defined in (23) is orthonormal with respect to the scalar prod-
uct (26).

11. Show thatI = e; ® e;.
12. Show that tr AT = tr A and tr(AB) = tr(BA) for all A,B € L.
13. If W is skew-symmetric, show that

uW) =0, W)=|wl’, 1W)=0o,

where w is W’s axial vector. Hint: Let {e;, e, es} be a right-handed frame where e, is an
eigenvector of W. We know that w = w e; and We; = 0. Apply (37) to calculate Calculate
We, and Wes. Then apply (19) to calculate the principal invariants.

14. Derive the equations (48).

15. For any A € L, show that AT A is symmetric and positive semi-definite. Moreover, if
A is invertible, show that ATA is positive definite. Hint: A tensor A is invertible if Au = 0
implies that u = 0.

16. For any A € L, show that AAT is symmetric and positive semi-definite. Moreover,

if A is invertible, show that AAT is positive definite. Hint: You may refer the following

without proof in your solution. A tensor A is invertible if ATu = 0 implies that u = 0.

This is a consequence of the facts that a tensor is invertible if its determinant is nonzero,

and det A = det AT for any tensor A.

17. Show that the identities (40a) and (40b) may be expressed as
(uxv)xa=WOu-u®v)a, (210a)
ax(uxv)=u®®uv-vQ®u)a. (210b)

Note that (210a) says that uxv is the axial vector of the skew-symmetric tensor v@u—u®u.
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18. Let Q(t) be an orthogonal tensor that depends on time ¢, and let Q be its derivative.
Show that W = QTQ is skew-symmetric.

19. Show that for any invertible tensor A and any pair of vectors u, v, we have
(Au) x (Av) = (det A)A™ " (u x v). (211)

20. Show that the basis K in (23) is orthonormal with respect to the scalar product defined
in (26).

21. Consider the scalar field ¢ and the vector field v. Use the index notation to show that

div(¢v) = (grad ¢) - v + ¢ divo. (212)
22. Consider the scalar field ¢ and the vector field v. Use the index notation to show that
grad(¢v) = v ® grad ¢ + ¢ grad v. (213)

23. Consider the vector fields # and v. Use the index notation to show that
div(u ® v) = (gradu) v + u divo. (214)
24. Consider the scalar field ¢ and the tensor field A. Show that
div(pA) = Agrad ¢ + ¢ div A. (215)

Suggestion: Expand the left-hand and right-hand sides into components and verify that
the two sides are the same.

25. Show that the following identity holds for any pair of vector fields u, v:
grad(u - v) = (grad u)’v + (gradv) u. (216)

Suggestion: Express u and v in components as in Sections 17.1 and 17.2, and then evaluate
the left- and right-hand sides separately to show that they are identical.

26. Show that for any vector field v we have
div((grad U)T) = grad(div o).
27. Show that for any tensor field S and vector field u, we have
div(S'v) = (divS) - v + S: gradv.
(This is essentially the same as the problem 2.11(b) on page 67 of [5].)

28 (Signorini’s Theorem). Consider a body B in equilibrium under the stress field S and
the body force field b, that is, div S + pb = 0. Show that

/Sde/pb@de+/(Sn)®di, (217)
B B B

where x is the variable of integration, and n is the outward unit normal to the boundary of
B. This result is commonly presented in terms of the the average stress S = ﬁ(m fB Sdv

as:
/pb®de+/(Sn)®di
B B

Hint: Show that for any constant vector a we have ((Sn) ® x) a = ((a - x) S) n, and
therefore

= . (218)

vol(B)

/ ((Sn) ® x) adA = /div((a x) S) dv.
B B
Then expand div((a -x) S) by applying (215).
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pressure = 1,
Q

Ql 1—‘l

pressure = m;

FIGURE 22. (Exercise 29) The domain B = Q;\Q; is pressurized by
and m, from the inside and the outside.

29. Consider two closed surfaces I'; and I'; enclosing the domains Q; and Q, in E3, where
Q; C Q, as in Figure 22. let B = Q,\Q;, that is, the region between those two surfaces,
represent a body at rest, subject to uniform pressures x; and 7, applied to its boundary
surfaces I'; and I';, and no body forces. Apply Signorini’s Theorem (Exercise 28) to show
that the average stress S within B is given by

TroU2 — U1

S= I,

Uy — U1
where v; and v, are the volumes of Q; and Q,, and I is the identity tensor. Thus, the
average stress is a pressure of the amount Z222=11%

U2 =1

Hint: Apply (218) to an arbitrary a € V, and then convert the resulting surface integrals
to volume integrals via Gauss’s theorem (page 37).

30. The Reynolds Transport Theorem 25 on page 51 applies to scalar fields w(x,t). Show
the the following counterpart of (121b) holds for vector fields w(x, t):

jt/gl w(x,t)de:/Ql<(2—:}+div(w®u)>de.

Hint: Apply (121b) to w - a, where a is an arbitrary constant vector.
Note: This identity is not needed anywhere in these notes but it makes for a good exercise.

31. Prove Part 2 of Wang’s Lemma (page 28).
32. Prove Lemma 8 on page 29.
33. Prove Lemma 10 on page 29.
34. A function ¢ : ¥V — R is said to be isotropic if
#(Qv) = ¢(v) forallv e Vand Q € L.
SAhow that ¢ is isotropic if and only if there exists a function gz§ : R - R so that ¢(v) =
¢(lvl) forallv € V.

Hint: Show that if |u| = u’|, then ¢(u) = ¢(u”). One way of doing this is to pick frames
{e1, ez, e3} and {e], €}, 5} so that u = ae; and ¥’ = ae], and then let Q be the orthogonal
tensor that rotates the frame {e, e,, e;} to frame {e], €}, 5} as in Lemma 5 on page 28.

35. Afunction ¢ : ¥V xV — R is said to be isotropic if
¢(Qu,Qv) = p(u,v) forallu,v € YV and Q € L. (219)
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Show that ¢ is isotropic if and only if there exists a function (/’; : R* > R so that

$(u,0) = $(|ul,u- v, o]). (220)
Hint: Consider two pairs of vectors, (u,v) and (u’,v’), so that |u/| = |u|, v’ -v' = u - v,
and [v/| = |v|. Install frames {e;, e;, es} and {e], e, €5} as in the hint to Exercise 34, and

conclude that ¢(u’,v") = @(u,v).
36. A function h : V — V is said to be isotropic if
h(Quv) = Qh(v) forallv € Vand Q € Loy.
Show that h is isotropic if and only if there exists a function h : R > R so that
h(v) = h(Jo])v forallv € V.

Hint: Define ¢ : VxV — R as ¢(u,v) = u- h(v). Show that ¢ is isotropic (see Exercise 35)
and then simplify the result observing that ¢ is linear in u.

37. Referring to (132) on page 56, show that the left Cauchy-Green strain tensors B and
B* of a motion observed by two observers are related through B* = QBQ.

38. Consider the motion ¢, and let F(X, t) and v(x, t) be the corresponding deformation
gradient and the spatial velocity fields, respectively. Show that

P.‘(X, t) = gradv(x,t) F(X,t) where x = ¢,(X). (221)
Hint: Recall the equation grad v(x,t) Grad ¢;(X) = Grad ¢.t(X ) from Section 28.

39. Consider the motion ¢, and let F, C, and D be the motion’s deformation gradient,
the right Cauchy—-Green strain tensor, and the strain rate, respectively. Show that

C = 2F'DF. (222)
Hint: Apply (221).

40. Is the constitutive equation S = S(F ) = F + FT frame-indifferent? Here S is the
Cauchy stress associated with the deformation gradient F.

41. A visco-elastic material combines the behavioral characteristics of both an elastic
and a viscous material. Its constitutive equation S = S(F ,F ) relates the stress S to the

deformation gradient F and its rate of change, F. Show that frame-indifference restricts
the constitutive equation to

S =RS(U,U)R",
where F = RU is the deformation gradient’s right polar decomposition.

42. Show how equation (184) follows from equation (183).

43. The classical Poiseuille flow concerns the steady-state motion of an incompressible
Newtonian fluid pumped through an open-ended cylindrical pipe. That is a special case
of the problem studied in Section 31. Here, the constitutive equation is S = —pI + 2uD,
where the constant y is the fluid’s viscosity.

Repeat the calculations of Section 31 for this special case and conclude that

p(2)=(c—pDz+ps  Hr)= —i(Rz -, (223)
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where c is a (positive) constant, and p, is the atmospheric pressure. We note that the
pressure varies linearly in z, and that the velocity profile is parabolic. See Exercise 44 on
how to determine the constant c.

Hint: Derive the equations of motion and observe that the pressure p(r, z) is independent
of r, that is, p = p(2). Set p(0) = p, to determine one of the integration constants.

44. In Exercise 43 show that the pipe’s volumetric flow rate Q, that is, the volume of
the fluid passing through a pipe’s cross-section per unit time, is given by Q = g—;R‘*, or
equivalently, Q = %AZ, where A is the pipe’s cross-sectional area. This enables us to

calculate the constant c in (223) in terms of the easily measurable quantities Q, R, or A.

45. Calculate the resultant T of the forces acting on the slanted face of the cube in Fig-
ure 13 of Section 27. Use the Cauchy stress tensor that was calculated in that section.
Assume that it is a unit cube.

46. Repeat the previous exercise, but this time use the Piola-Kirchhoff stress tensor to
do the calculations.

47. Show that (193) cannot hold if A;, A5, A5 are all distinct.

48. Suppose that the elasticity tensor C of Theorem 33 (page 95) is positive definite. Show
that g > 0 and 2+ 31 > 0.

49. Complete the proof of Theorem 33 (page 95) by showing that the elasticity tensor C
of an isotropic material is strongly elliptic if and only if g > 0 and 2 + A > 0.

50. Verify the equations (207). Hint: Apply the results of Exercises 21 and 23.
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Ficure 23. This is an illustration of the relationship between a
Cartesian and cylindrical coordinates, and the corresponding frames
{ex, ey, e;} and {e,, eg, e;}. The point P has cylindrical coordinates r, 0, z.

APPENDIX A. FORMULAS IN CYLINDRICAL COORDINATES

The cylindrical coordinates (7, , z) and the corresponding Cartesian coordinates (x, y, z)
are related through

x =rcosl, y=rsinf, z=z

Vectors and tensors in the Cartesian coordinates are expressed in terms of the frame
{ex, ey, e} which is aligned with the coordinate axes. Vectors and tensors in the cylindrical
coordinates are expressed in terms of the frame {e,, ey, e,} which is related to the Cartesian
frame through

e, =e.cosl—eypsinf, e, =e sinf+egcosd, e, =e,.

Figure 23 illustrates the relationship between a Cartesian and cylindrical coordinates, and
the corresponding frames.

Thus, a vector v in relative to the frame {e,, ey, e,} is expressed as

v = v,e, + vgeg + vse,. (224)

The components of a tensor A has relative to the frame {e,, ey, e,} are expressed as A,,,
Ay, etc. Here is the full matrix of the components of A:

Ao 2” 2’9 2’2 (tensor components relative to (225)
I A the {e,, ey, e,} frame)
Az Aw Az

In the following list of differentiation formulas, ¢, v, and A are generic scalar, vector,
and tensor fields, respectively.
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op 1 9
radp = —e, + ——eyp+ —e
gradg o T rae T 97k
du, 10v, vy Ov,
or radd r 9z
gradv = dvg 19vy N v, dug (tensor components relative to
oar radd r Iz the {e,, ey, e,} frame)
v, 1 ov, v,
or r 00 0z
. 19(rv,) 10vy v,
divo = - -+ —
or rold oz

1 dv av, av, av 1/0(rv av
curto = (12 _A0Y (X )y, L(Aw) ),

0z 0z or r or 00

2 2
Av = (Av,— rlzv,— %%)e,+ (Avg — rlzvg+ %%)ea + (sz)ez
(gradv)v:(vr% 079% +UZ%—§)e,
d1VA:<a;4r" %a;‘\ée a?;+i(Arr—Agg)>er
(s 12 2 )
19Az

a1422 Azr
+ + e
r a0 0z r z
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(226)

(227)

(228)
(229)
(230)
(231)

(232)

(233)
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