Algorithm for finding particular solutions

This replaces the 9 cases listed in Farlow’s Table 3.2 on page 153.

Consider the following second order, linear, constant coefficients, nonhomogeneous dif-
ferential equation for the unknown y(z)

ay” +by' +cy = f(x),
where f(z) is of the form

flz)=e** {(ao +a12 4 agx® + - - anx™) cos B + (bg + bz + box? + - - - bx™) sin Bm] )

Here n is a nonnegative integer and «, 3, ax, and by, k = 0,1,...,n are constants.

Then there exists a particular solution of the form
yp(x) = 2% [(A0+A1x+A2x2+~ - Apx™) cos fr+(Bo+ Biz+ By +- - - B,x™) sin Bx} ,

where A and By, k = 0,1,...,n, are constants to be determined. The exponent s is a
number from the set {0, 1,2}, picked as follows.

Let us introduce the generally complex number z = o + i3,! and let’s write r; and 75
for the roots of the characteristic equation am? 4+ bm + ¢ = 0.2 Then select s € {0, 1,2}
according to the flowchart below.
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INote that z is completely determined by f(z), and that z is a real number if 8 = 0.
2The roots 71 and 72 may be real, complex or repeated, depending on the sign of the discriminant
b2 — 4ac. Regardless, we refer to the roots by r1 and 72 in all cases.



Example: Let us find a particular solution to y” + 2y’ +y = (22 + 3)e~*. Comparing
the right-hand side against f(x), we see that « = —1, 8 =0, a9 =2, a; = 3, n = 1. Then
our particular solution has the form y,(x) = 2°e™" (4o + A12).

To determine s, we note that the characteristic equation m? + 2m + 1 = 0 which
factorizes as (m+1)? = 0, and therefore the roots are r; = 7 = —1. Since a« = —1, 8 =0,
we have z = —1. Referring to the flowchart, we see that s = 2. Thus, we seek a particular
solution of the form y,(z) = x%e~%(Ag+ A1), or equivalently, y,(z) = e % (Agz?+ A12°).

It remains to determine Ag and A;. Toward that end, we calculate
yp(x) = —e *(Apa® + A12®) + e " (2A¢x + 3A127)
—e ¢ [—A1x3 + (341 — Ag)x? + 2A0x],
yp () = —e [~ A1z® + (3A1 — Ag)a® + 2Apz] + e ¥ [-3A12% + 2(3A1 — Ag)z + 24,
=e [A12® + (=641 + Ag)z® + (641 — 4Ag)x + 2A¢]

Substituting these into the differential equation we obtain (6A1z+24¢)e™ " = (2z+3)e™ %,
that is, 6412 + 249 = 2z + 3, from which it follows that A; = 1/3 and Ay = 3/2, and
consequently,

yp(x) = xQ(g + %x)e_’”.

Since the solution of the homogeneous equation is y,(x) = c1e™* 4+ coxe™?, the general
solution of our differential equation is

3 1
y(x) = cre™® + coze™ " + 2 (5 + ga:)efz.



