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MONOTONICITY FAILURE UNDER STV AND RELATED VOTING SYSTEMS

Itisnow generally known that the singletransferable vote (STV) and related voting systems
that entail runoffs of one sort or other are subject to the paradoxical feature that enhanced support
for acandidate can cost that candidateelectoral victory (or, conversely, that reduced support can give
the candidate electora victory) — that is, that they are subject to so-called “monotonicity failure.”
However, it remains unclear how extensive this problem is.

Ismonotonicity failuremerely alogical possibility that ishighly unlikely to occur in practice,
or isit aproblem that may occur with considerable frequency? Is the possibility of monotonicity
failureindicated by manifest characteristicsof electionresults, orisit aproblem that remainslargely
hidden from view? In so far asthereis areal problem, isit more substantial and/or more evident
under STV or under the other related voting systems that are (or might be) used in single-winner
elections. In particular, what is the extent of the monotonicity problem under so-called Instant
Runoff Voting [IRV] that now has a number of enthusiastic advocates in the United States?

This paper attempts to address questions along these lines by means of a (more or |ess)
complete analysis of single-winner el ectionswith three candidates, in which caseall voting systems
in thisfamily arelogically equivaent and, at the same time, are also distinct from simple plurality
voting (SPV), commonly called First Past The Post (FPTP) in the U.K.

1. Political and Theoretical Context

For well over a hundred years, the Electoral Reform Society of the United Kingdom has
enthusiastically — indeed, passionately — advocated the Single Transferable Vote (STV) as a
method of conducting parliamentary elections in Britain and elsewhere (as is already done in
Ireland). For many years, Australia (in addition to electing Senators from statewide multi-member
districtsunder STV), hasfilled seatsin its (much more important) House of Representatives under
the so-called AlternativeVote (AV), whichissimply STV applied to single-member districts. Inthe
United States, some non-partisan local electionsand some party primary elections (especially inthe
South) are conducted not on the basis of Simple Plurality Vote but with a runoff between the two
top candidates (SPV +R) if neither receives an absolute majority (or perhaps some lower threshold)
of the votes cast in the first round of voting. A similar system has been used over the past thirty
years in French Presidential elections. Advocates of abolition of the Electoral Collegefor electing
U.S. Presidents and its replacement with adirect popular vote often recommend that such avote be
conducted with a runoff in the same manner as French presidential elections (though some
recommend a lower threshold than 50% to trigger arunoff). Quite recently inthe U. S., what has
come to be called Instant Runoff Voting (IRV) has been enthusiastically advocated for U.S.
Presidential and other executive eections (and sometimes also for legidative elections in single-
member districts). Finally, the newly created office of the Mayor of London isfilled by means of
the so-called Supplementary Vote (SV), whichisavariant of IRV.
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All these voting systems belong to a still more general family dubbed point-runoff voting
systems by Smith (1973), in which through two or more rounds of vote counting (or actual voting)
candidates are sequentially eliminated as possible winners on the basis of their having the lowest
support (by one measure or other) on the previous round. Within the STV family, support is
measured with respect to first preference [plus any transfer] support. Under ordinary runoff voting,
votersare called back for asecond trip to the pollsfor the runoff election. Under the other systems,
voters come to the pollsjust once but are invited to indicate second and usually lower preferences
on the ballot. Runoffs are then “simulated” by transferring ballots for eliminated candidates to
surviving candidates based on the second and lower preferences indicated on the ballots. In the
simplest non-trivia case (which we focus on here) in which one candidate is to be elected from a
field of three candidates, al these systems are logically equivalent.

Single TransferableVote. STV isan exceptionally complicated voting system for electing
mcandidatesin (usually small magnitude) multi-member districtswhose basic characteristicwill be
only sketched out here.

Q) Voter use an ordina ballot to rank all the candidates in their order of preference.!

2 The total number of ballots cast is determined, on which basis of quota for electionis
established. Normally this quota is the next integer above the quotient resulting from
dividing the total number of ballot cast by one more than the number of candidates to be
elected.

(©)) The ballots are sorted according their first preferences. Any candidate who meets the quota
at this stage is elected. I1f m candidates achieve quota, vote counting stops.

4) Otherwise some votes are “transferred” and the counting continues. First preference votes
received by elected candidate in excess of the quota are “surplus’ and are transferred to
unelected candidates according to their second (or lower) preference votes.? Asaresult of
the transfer of surplus votes, additional candidates may meet the quota and be elected.  If
m candidates now meet the quota, counting stops.

5) Otherwise morevotesaretransferred and counting continues. The candidate with the fewest
(first preference plus transferred) votes is eliminated and all of the eliminated candidate’s
votesaretransferred accordingto their highest preferencesfor any remaining (non-eliminated
and non-elected) candidates. Asaresult of thistransfer, additional candidates may meet the
guota and be elected. If m candidate now meet the quota, counting stops.

Yin practice, voters are likely to truncate their rankings. Different quotas and vote transferring algorithms
are used to deal with this and other complexities.

2 Sinceitis arbitrary which votes are surplus, votes are usually transferred in proportion to all the second
preference votes on the elected candidate’s ballots. This means that either fractional votes may be transferred or
transferred votes must be rounded to integer totals.
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(6) The votetransfer and counting process continues until m candidates have met the quotaand
are elected.

Alternative Vote. AV issimply STV applied to single winner elections. The quota is
therefore a simple majority of the total number of ballots cast. If one candidate receives more than
half of thefirst preference votes, that candidate elected. Otherwise, the candidate with the fewest
first preference ballots is eliminated and these ballots are transferred on the basis of their second
preferences, and so on until some candidate accumulates a majority of (first preference and
transferred) ballots and is elected.

Instant Runoff Voting. IRV proceeds in the same way as AV at the outset. But if no
candidaterecelvesamgjority of thefirst preferencevotes, al candidatesexcept theleading candidate
and the runner-up are eliminated all at once and their first preference ballots are transferred to one
or other of the two surviving candidates according to which is higher ranked on each ballot.?

Supplementary Vote. Under SV each voter casts one “regular” vote for one candidate (as
under Simple Plurality Voting) but can also cast a second “ supplementary” vote. (In effect, voters
are invited to express first and second but no lower preferences.) The ballots are tabulated with
respect to the regular (first preference) votes, and a candidate who receives a majority of al such
votesiselected. If no candidatereceivesamajority of regular votes, al candidates except the leader
and runner-up are eliminated and the ballotswhose regul ar voteswere cast for eliminated candidates
aretransferred to one or other surviving candidate on the basis of the supplementary vote — or not
transferred at al inthe event the supplementary voteisfor another eliminated candidate. Whichever
of the two surviving candidates has the most votes after these transfers (which islikely to be fewer
than half of the total ballots) is elected.

Advocates have generally claimed these pointsin favor of STV and related voting systems.

1. STV alows self-defined opinion groupings in the electorate to secure the election of
representatives of their choice in rough proportion to their proportion of the electorate in a
multi-member district.* (Clearly this characteristic of STV does not extend to its single-
winner variants.)

3 As defined here, IRV simulates (and is logically equivalent to) ordinary runoff elections but with two
practical differences. First, in ordinary runoff elections the composition of the participating electorate may be
different in the first and second rounds of voting. (In U.S. runoff elections, turnout typically declines in the second
round.) Second, in ordinary runoff elections, voters who voted in the first round for eliminated candidates can
(sincerely or strategically) revise their preferences between the two leading candidates (which in any case they had
not yet been called upon to express) prior to the runoff (perhaps taking account of new information, including the
vote totals from the first round). It should be noted that some people who advocate what they call IRV are actually
advocating what is here called AV.

4 In contrast to workings of list proportional representation, these self-defined opinion groupings need not
be organized political parties. (Indeed, advocacy of STV has a distinctly anti-party favor.)
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2. The great sin of Simply Plurality Voting or FPTP is that many votes are “wasted,” in that
they don’t contribute to the election of any candidate, either because (i) they were cast for
candidates who lost anyway, or (ii) they were cast for the candidate who would have won
anyway. Under STV amost al voteswill ultimately be counted for, and (given the transfer
of surplus votes) be necessary to the election of, one of the elected candidates. (Under the
single-winner variants, wasted votes of thefirst type, but not of the second, are minimized.)

3. Becausein SPV electionsvotes cast for trailing candidates (expected to place third or lower)
are almost certainly going to be “wasted,” voters who sincerely prefer such candidates are
encouraged vote “tactically” for whichever of the two leading candidates they relatively
prefer. Thus the trailing candidates do not get even their (small) “fair share” of vote.
However, under STV (and its single-winner variants) such voters can rank their most
preferred candidate first knowing that, in the event this candidate is not elected, their votes
will transfer to other candidates in way that reflects their preferences.

4, In so far as supporters of trailing candidates who actually have a preference between thetwo
leading candidatesresist thetemptationto votetacticaly, thetrailing candidatesare potential
“gpoilers’ — that is, whilethey cannot winin any event, their entry into, or withdrawal from,
the election can determine which of the leading candidates does win. Eliminating this
“gpoiler problem” is one of the main claimed advantages of IRV inthe U.S.

5. Until fairly recently, the general claim of STV advocates has been that voters can safely rank
the candidates on their ballot in order of their true preferences. Indeed, STV ballots often
not only instruct votersto rank candidatesin order of preference but indicatethat, regardless
of how many candidates avoter orders, ranking one candidate of above others may help that
candidate’ s chance of being elected and certainly can never reduceit.”> The general claim
that it is never advantageous to depart from voting one’ strue preferencesisthe conjunction
of two separate claims: given al other ballots, (i) whether candidateaiselected isor notis
independent of how the voter ranks other candidates (e.g., whether the voter ranks b above
c or c above b); and (ii) avoter can never bring about candidate a's election by ranking a
lower or bring about candidate a’s defeat by ranking a higher.

Voting and socia choice theorists have had reason to question, at least in principle, such
claims of “strategyproofness’ for STV since Gibbard (1973) and Satterthwaite (1975) published
theorems to the effect that no non-dictatoria voting procedure can be strategyproof given three or
more aternatives. However, voting procedures most commonly fail to be strategyproof as aresult
failure of condition (i) described above. The kind of “monotonicity failure” entailed by failure of
condition (ii) described above is more surprising and might be thought not to characterize any
halfway reasonable voting system in actual use.® But, in aquite extraordinary paper, Smith (1973)

® For example, see the description of STV ballotsin Niemi (1970, p. 92). (Niemi examined ordinal STV
ballots from university elections to try to track down instances of cyclical majorities.)

6 However, it has long been recognized that quorum requirements can induce a kind of monotonicity
failure.
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showed that so-called “ point-runoff” systems were subject to monotonicity failure. Several years
later, Doron and Kronick (1977) in effect observed that Smith’s class of point-runoff systems
includes STV and its single-winner variants, which are therefore subject to monotonicity failure.
This finding attracted some attention within U.S. academic political science (especidly in Riker,
1982, pp. 49-50; aso see Brams and Fishburn, 1983, and Fishburn and Brams, 1983) but evidently
little elsewhere.

However, in the early 1990s, the British Labour Party established a commission under the
leadership of political scientist Raymond (now Lord) Plant to review alternative voting systemsand
to make recommendations for possible changes in the British electoral system that might be
supported by the party (and that might facilitate cooperation with the Liberal Democrats). The* Plant
Report,” though it was generally balanced and well informed by academic research, attracted much
attention and hostility from British electoral reformers because it rejected STV (while, ironicaly,
speaking favorably of SV) as an option for British parliamentary elections, and it did so largely on
theoretical grounds, laying emphasis on the problem of monotonicity failure.”

The outraged electoral reformers did not — for they could — dispute the logical possibility
of monotonicity failure (which can be definitively established by a single example, such as that
provided by Doronand Kronick). They did, however, offer anumber of counter-argumentsthat were
potentially sensible and to the point (for example, Editorial, 1993 and Hill, 1994).

1. No voting system is perfect; al have problems of some sort or other. Therefore, one should
not summarily reject one voting system on the basis of one type of problem without
considering the problems to which other systems are subject. (Invoking the impossibility
theorems of voting and social theory in thisway isentirely appropriate— but also hasavery
different flavor from the kinds of claims that previously had been made in behalf of STV.)

2. While the Plant Report rejected STV on the grounds of monotonicity failure, it was
“particularly galling” that the Report recommended “the very inferior SV, that contains the
very same fault as that for which they rgected” STV (Hill, 1994). (This point seems
unanswerable.)

3. Theproblemsto which particular voting systems (including monotonicity failurewith respect
to STV and related systems) are demonstrated to be subject on the basis of particular
examplesaremerely logical possibilitiesand, evenif theproblemisquite seriousintheevent
that it actually occurs (which seemsto be true of monotonicity failure), the problem may in
fact occur so infrequently that it can be dismissed for all practical purposes.

It is this third counter-argument that we focus on here. STV advocates cite two claimsin
particular to support this third counter-argument.

" The report cited the work of Doron and Kronick, Riker, and Brams and Fishburn. The British philo-

sopher Michael Dummett (who has published work on voting procedures [1984] and electoral reform [1997]) also
made a direct submission to the Plant Commission that criticized STV on monotonicity (as well as other) grounds
(Farrell, 2001, p. 150).
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1 Ina*“hands-on assessment of STV” based on histwenty two years of experience asthe Chief
Electoral Officer for Northern Ireland since theintroductionin 1973 of STV (for MEPs, the
NorthernIreland Assembly, andlocal government el ections) inthat province, Patrick Bradley
(1995) reported that “the experience of the use of STV in Northern Ireland over the past 22
years, involving a range of election types and sizes, reveals no evidence to support in
practice the lack of monotonicity.” It isdifficult to give much credenceto this claim, since
instances of monotonicity faillure do immediately reveal themselves (for example, in the
manner the “reversal of winners’ problem to which districted electoral system are subject,
e.g., the 2000 U.S. Presidential election or the 1951 U.K. genera election). Monotonicity
failureis not directly apparent from aggregate election results, or even from more detailed
tabul ations showing the sequence of transferred votes. Rather it isnecessary to inspect full
“ballot profiles’ (as defined in the next section) and then subject them to extensive and
tedious analysis and computation.

2. Based on acombination of mathematical analysis, empirical data, and statistical assumptions,
Crispin Allard (1995, 1996) estimated that the probability of STV monotonicity failureisso
low that “if the U.K. is divided into 138 multi-member constituencies, and assuming
guadrennial general elections, we would expect in the whole country less than one instance
every century of monotonicity failure under STV” (1995, p. 49). (Wewill review Allard’s
arguments in the conclusion of this paper.)

Insomedegreeat least, this conclusion and this evidence supporting it isentering the general
literature on voting systems. Thus, in hisvery useful new book on voting systems, Douglas Amy
(2000, p. 55 [with respect to IRV] and p. 105 [with respect to STV]) says. “It is undisputed that
nonmonotonicity cantheoretically occur ina... [IRV or STV] election, but most experts believe that
the conditions needed for this paradox to occur are so specia that it would be an extremely rare
occurrence. One statistical study [i.e., Allard] found that if ... [IRV-like or STV] electionswereto
be held throughout the United Kingdom, a nonmonotonic result would occur less than once a
century.” (It should be noted that [non-]monotonicity does not apply to an “election result” but to
how elections results may change as ballot profiles change.) And in a recent text on electora
systems, David Farrell (2001, p. 150) cites both Bradley and Allard in claiming that “there is no
evidence that it [monotonicity failure] isacommon occurrence.”

2. Analysis

From here on out we focus on the case of a single-winner election with exactly three
candidates, inwhich casethevoting systemsdiscussed herearelogically equivaent (and, at thesame
time, logically distinct from FPTP). In the concluding section, we shall speculate a bit about how
our conclusion might be extended to more general case.

First of al, it will beuseful just to present asimple example of how monotonicity failuremay
occur under voting systems of thistype.
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Supposethat there arethree candidates a, b, and, ¢ and that ahighly accurate poll onthe eve
of the election shows that (i) no candidate commands the first preference support of a majority of
theelectorateandthat (ii) candidate c hastheleast first preference support. Thusthe ballotsthat rank
¢ highest will transfer in some mix to a and b in a (smulated) runoff between them. The poll also
elicitsinformation about these second preferences and revealsthat (iii) the mix of transferred votes
will be sufficiently favorable to a that a will win the runoff and therefore will be elected.

Thisisindeed good newsfor candidate a and his supporters, but they want to spare no effort
in securing electoral victory and therefore undertake further campaign activities. Theselast-minute
efforts are unambiguously successful, in that on election day some voters who previously ranked a
lower now give first-preference support to a (though a still falls short of absolute mgjority first-
preference support) and, at the same time, no voters have either moved candidate a down in their
rankings or changed their ranking of b and c.

But a’ sadditional first-preference support must have come at the expense of one or other or
both of the other candidates. In fact, it came mostly at the expense of candidate b, whose first-
preference support now falls below ¢'s.  As aresult, the runoff is now between a and ¢, and its
outcome depends on the mix of support for a and ¢ in the second preferences of the remaining b
voters. And infact thismix is (asit had been all along) sufficiently favorable to c that ¢ wins the
runoff istherefore elected. Thuswe have monotonicity failure— candidate a’' s added support has
cost a electoral victory.

We now aim to pin down more precisely the conditions under which such monotonicity
failure can occur.
2.1  Plurality and Ballot Profiles

There are three candidates a, b, and c. Voters mark ballots according to one of six strong
orderings, where P with a subscript designates the proportion of voters with preferences as shown
below.

59 I YN
MY PN N OHH NP I
b C a C a b
C b C a b a

Clearly 0 < P <1for dl subscriptsand P,+ P,+ P, = P, + P, + P+ P+ P, + Py
= 1. For notational and analytic convenience, we assume that all voters mark complete (or non-
truncated) ballots and that the number of votersis sufficiently large that we can rule out plurality or
majority ties (i.e, that dwaysP, = P,, P,, # P,., €tc.).

A plurality profilePisalist (P,, P, P.) indicating the relative popularity of each candidate
with respect to voters' first preferences. We normally label the candidates so that P, > P, > P, (at
least until we modify preferences so astotry to produce monotonicity failure). Thusweassumethat
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candidate a is the plurality winner and also that candidate a is the majority winner if thereis one
(i.e, inthe event that P, > %)

A ballot profileBisalist (P,,, P, Poas Pies Pea» Py indicating the relative popul arity of
each preference ordering (or ballot). We use the notation a B b to mean that a majority of ballots
in B rank a over b (so that, in a runoff between a and b, awins). If aBbandaB c, aisthe
Condorcet winner at B; and if b Baand c B a, aisthe Condorcet loser at B.

We definey,, as(P., - P,)/ P, and likewise for other arrangements of candidates. Thus
Y. X P, isthe net relative advantage that candidate a realizes when the c votes are redistributed
between a and b on the basis of second preferences. For example, if P, = .45, P, = .4, P, =.15and
Yra = &, candidate b gains a x .15 = .05 on candidate a in arunoff, just enough to close the first
preference gap betweenband a. Clearly -1 < vy, < +1for all pairs of candidates. If vy, = -1, al
cvotersprefer btoa;if y,, =0, cvoterssplit equally between aand b; if v, = +1, al c voters prefer
atob. Inany event, y,, = -y, andlikewisefor other pairs of candidates.

Given two ballot profiles B and B’, we say that B’ is more favorableto athan Bis(or Bis
lessfavorableto athan B’ is) if the two profiles are identical except that some ballots rank a higher
in B’ thanin B. WewritethisasB’ >, B.

OBSERVATION 1. If B'>~,B,thenaBbimpliesaB’ band b B’ aimpliesb B a.

Given two plurality profiles P and P’, we say that P’ is more favorable to a than P is if
P’,>P,. Notethat, whileeach ballot profile B entailsaunique plurdity profile P, amorefavorable
ballot profile need not produceamorefavorableplurality profile (becausethe morefavorableball ots
may move a only from third to second place). Conversely, amore favorable pluraity profile need
not derive from a more favorable ballot profile (because some ballots may move a into first place
while othersmoveadown). But if themorefavorable B’ also resultsin amorefavorable P’, we say
that B isstrictly more favorableto athan Bis. Wewritethisas B’ >~, B.

We say that ballot profile B entails forward monotonicity failure with respect to candidate
ainthe event that a wins at profile B but loses at some other profile B’ that is more favorableto a
than B is. Conversely, we say that ballot profile B entails backward monotonicity failure with
respect to candidate a in the event that a loses at profile B but wins at some other profile B’ thanis
lessfavorabletoathan Bis. Given thevoting systemsunder consideration (under which candidates
survive or are eiminated on the basis of first-preference support), the fact that the pairing of
candidates in the runoff changes when the ballot profile changes from B to B’ implies that the
resulting plurality profile changes as well, so monotonicity failure can occur only with respect to
ballot profiles that are strictly more (or less) favorable to the focal candidate.

OBSERVATION 2. Given P, > P, > P_, forward monotonicity failure can occur with respect to
either candidate a or candidate b. However backward monotonicity failure can occur with only
respect to candidate a.
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Since candidate ¢ must lose at B, monotonicity failure can occur only with respect to
candidates a or b. That forward failure can occur with respect to either a or b wasillustrated by the
informal examplethat opened thisanalysissection (in which it was specified only that ¢ had theleast
first-preference support). However, backward failure cannot occur with respect to b. Suppose
otherwise. Since B’ isless favorable to b than B is, it must bethat P, > P, and P, > P’, but, in
conjunction with P, > P, , thisimpliesthat P, > P, , so thereisno way b can get into arunoff with
¢ (which isthe only way b could win).

OBSERVATION 3. Suppose there is a forward (backward) monotonicity failure such that
candidate a wins (loses) at some profile B but loses (wins) at profile B” that ismore (less) favorable
toathan Bis. Then either: (i) thereisaprofile B’ “between” Band B” — thatis, B” ~,B’ -, B
(B ~,B" ~,B")— at whichaloses (wins) suchthat P',,= P,and P’y = P, or (ii) B" issdfis
such aprofile,i.e, P" = P andP” = P.

Thisfollows because monotonicity failure with respect to a depends on the balance of first
preference support between b and ¢ and not on the absolute level of either b'sor ¢’ sfirst preference
support. We say that such ashift from B to B’ “holds c harmless.”

2.2 The Space of Plurality Profiles

It is well known (Viviani’s Theorem) that the sum of the distances from any point in an
equilateral triangle such as that shown in Figure 1 (including points on the edges and vertices) is
equal to the height of the triangle and is therefore the same for every such point. Thus the sets of
points in such atriangle can conveniently represent all possible sets of three positive real numbers
that sum to aconstant amount and, in particul ar, can represent the space of all plurality profileswith
three candidates.

The three vertices represent the three profiles in which one candidate gets al the first
preferences. The point in the center of the triangl e represents the profile in which the three candi-
datessplit first preferencesequally. Linesparalel to an edge represent setsof profilesinwhich one
candidate receives a constant proportion of first preferences(i.e., the candidate is* held harmless’).
(The edge itself represents all profilesin which one candidate receives a constant zero proportion
of first preferences.) Corresponding to such lines are equations such as P, = .4 (or, equivalently,
P, + P.=.6). Linesnot paralel to any edge represent sets of profilesin which the proportion of
first preferences received by one candidate isalinear function of the proportion received by another
suchasP, = P, +.5P_ (which can be rewritten in various ways to exclude one of the three Ps).
Selected points and lines are labeled in Figure 1.

We aim to specify regionsin this space within which aprofile may be subject to (forward or
backward) monotonicity failure. In so far asweassumethat P, > P, > P, , wefocuson the one sixth
of full triangle with that constitutestheright triangle with vertices (1,0,0), (*2,%2,0), and (a,a,a).?

8 Note that we are demarcating the region of possible B profiles. To produce monotonicity failure, the

corresponding B’ profiles must lie outside of the P, > P, > P_region, since ¢ must get into the runoff (i.e.,, P’ > P’}).
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We first establish necessary conditions for monotonicity failure in terms of bounds on plurality
profiles.

Itisimmediatethat intheevent of (forward or backward) monotonicity failure, wemust have
Y% > P, . Supposeto the contrary that P, > %2, so awinsat B without arunoff. If B'-, B, then P’,
> P, >, soaasowinsat B without arunoff, and there can be no forward monotonicity failure.
And there can be no backward monotonicity failure at B as a already wins at B.

We now consider boundson P, and P, in the event of forward failure. Consider Table 1A,
which shows the relationship between plurality profiles associated with B and B’ in the event of
forward monotonicity failure associated with candidate a (where B’ is selected to hold ¢ harmless).
Let A be the shift in relative pluralities aswe movefromBtoB',i.e, A= P, -P, = P, -P’, .
Sincealosesat B’ , it must bethat %2> P’,. Thus ¥2 - P, >A. SinceP,= P'.,> P’,, it must
asobethat A>P, - P,. Thusknow that*2 - P, > A >P, - P.. Substituting (1 -P, - P,) for
P,,wegets -(1-P,- P)>P, - P,,whichsimplifiesto P, > %4 or, equivaently, % >P, +P,.
SinceP,>P,,wemust have d > P, .

Table 1A: Forward Monotonicity Failure with Respect Candidate a

P % > P, > P > P > Y
A \% [
P’ % > P, > P, < P, > Y

Now consider Table 1B, which shows the relationship between pluraity profiles associated
withBand B’ intheevent of forward monotonicity failureassociated with candidate b. By thesame
reasoning asabove, ¥2 - P, > A >P, - P, which likewiseimpliesthat P, >% and d >P, .

Table 1B: Forward Monotonicity Failure with Respect Candidate b

P % > P, > P > P > Y
\% A [
P’ % > P, < P, > P, > Y

-320333333)) < I~

We now consider theboundson P, and P, inthe event of backward failure. Consider Table
1C, which shows the relationship between plurality profiles associated withBand B’ (whereB’ is
selected to hold b harmless) inthe event of backward monotonicity failureassociated with candidate
a. Now A= P,-P', = P, -P,. Sincealosesat B, it must bethat b B a, and since B -, B, it
followsthat b B’ a. Sinceawinsat B’, a must be paired with (and beat) c in the runoff. Thusit
must bethat P, >P’, = P, andasoP’, >P’, = P,. Thuswemust haveP,- P, > A>P, -P..

Substituting (1 -P, -P,) for P, weget P, - P, > P, - (1 -P, - P,) , which simplifiesto a > P,
or, equivalently, P, + P,> b . Sinceaways %, > P, wemust have P, > Y/, . Since %2>P,, P,
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+ P, > % and since P, > P_ therefore P, > Ya.

Table 1C: Backward Monotonicity Failure with Respect Candidate a

P v > P, > P, > P, > Ys
Vv I A
P’ Yoo > P, > P, < P. > Y

We can summarize these conclusions in the form of a proposition.

PROPOSITION 1. Giventhat P,>P,>P,:

@ forward monotonicity failure occursonly if %2 > P, > P, >P_. > %1 (which aso
impliesthat d >P,) ; and

(b) backward monotonicity failureoccursonly if %2 > P, >a > P, > P, >/, (which
also impliesthat P, > Va).

Using Proposition 1, we can demarcate the regions of the plurality profile space in which
monotonicity failures may occur.

Given that weareinthe P, > P, > P, region of Figure 1, forward monctonicity failure can
occur only onthe P, <% sideof theP, = % lineand only ontheP,> % sideof theP, = % line,
i.e., within the right triangle with vertices (¥2,%,%4), (d,d,¥4), and (a,a,a). Allowing for al
permutations of candidate labels, forward failure can occur only within horizontally marked regions
of Figure 2.

Given that we areinthe P, > P, > P, region, backward monotonicity failure can occur only
ontheP,<%: sideof theP, = % lineand only onthe P, > a sideof theP, = a line, i.e., within
theright triangle with vertices (Y2,Y4,v4), (Y2a,',), and (a,a,a). Allowing for all permutations of
candidate labels, forward failure can occur only within the vertically marked regions in Figure 2.

A better understanding of Figure 2 can be provided by an example. The horizontal line P,
=0.3 isshown. Moving acrossthis line from left to right indicates what happens as candidate c’'s
first preference support increases at a's expense, while candidate b is held harmless at 30% of the
vote). Thestory istold acrosstheline at the bottom of Figure 2. From the profile (.7, .3, 0) to (.5,
.3, .2), awinswithout arunoff; from (.5, .3, .2) to (.4, .3, .3) agoesinto arunoff with b, the outcome
of which depends on the second preferences of the c voters. From (.4, .3, .3) to (.3, .3, .4) agoesinto
arunoff with ¢, the outcome of which depends on the second preferences of the b voters. From (.3,
3, .4) to (.2, .3, .5) c goes into a runoff with b, the outcome of which depends on the second
preferences of the a voters Finadly, from (.2, .3, .5) to (0, .3, .7) c wins without a runoff.

In the (.5, .3, .2) to (.4, .3, .3) interval, a goes into a runoff with b, which b may win
(especially where a’ sfirst preference advantage isreduced toward theright end of theinterval). But
inthe(.4,.3,.3)to(.3,.3, .4) interval, a goesinto arunoff with c, which amay win (especially where
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aretains somefirst preference advantage at theleft end of theinterva). Thustheshiftin preferences
that movesthe profile across the (0.4, 0.3, 0.3) threshold may entail backward monotonicity failure
as a's decreasing support converts awin by b into awin by a. Likewise the shift in preferences
across the (0.3, 0.3, 0.4) mark may entail forward monotonicity failure with respect to c. And of
coursg, if such failuresoccur asc’ ssupport increases at a’' sexpense, thereversefalluresoccur asa’s
support increases at c's expense.

Looking at thefull profile spacein Figure 2, thetriangles constituting theregions of possible
forward and possible backward monotonicity failure can be paired off. For example, aprofile Bin
theright triangle with vertices (¥2,%,Y4), (d,d %), and (a,a,a) may be subject to forward mono-
tonicity failure with respect to candidate a resulting from candidate a's gaining first preference
support at b’ sexpense (whilecisheld harmless). Thiswill entail a * southwest” shift from B along
aline parallel to the P, = 0 edge to some profile B’ located in the right triangle with vertices
(Y YaYa), (Y2's,@),and (@,a,a),i.e., theregion susceptibl eto backward monotonicity failurewith
respect to a given that P, > P, > P, . Inthisevent, ashift from B’ back to B will entail backward
failure with respect to a. So these two triangular regions are paired off.

But aprofile B in the triangle with vertices (Y¥2,%,Y4), (d,d ¥4), and (a,a,a) may aso be
subject to forward monotonicity failure with respect to (the second ranked) candidate b. Thiswill
entail a“northeast” shift from B again along a line parallel to the P, = 0 edge to some profile B’
located in the right triangle with vertices (Ya%2%), (Ys%2a), and (a,a,a), i.e., the region
susceptible to backward monotonicity failure with respect to b given that P, > P, > P, . (Note that
the P, > P, > P_ region is skipped over.) In this event, a shift from B’ back to B will entall
backward failure with respect to b. So these two triangular regions are aso paired off.

2.3  TheUnderlying Ballot Profiles

The conditions on plurality profiles discussed in the previous section state only necessary
conditions for monotonicity failure. Such failure actually occurs or not depending on the second
preferences of the voter s whose most prefer red candidate does not makeit into therunoff. Thuswe
havetolook beyond plurality profilesandlook at (someaspects of) the full orderingsgiven by ballot
profiles. However, monotonicity failure with respect to candidate a (for example) dependsonly the
parametersy,, (or v,,) and y,. (or y.,) — the second preferences of the a voters play no role.

Suppose as usud that P, > P, > P, and that there isaballot profile B that entails backward
monotonicity failure, necessarily with respect to candidatea. Thismeansthat B putscandidateainto
arunoff with candidate b, which aloses. Thuswe haveb B a or:

I:)b + Pcb > Pa + Pca
I:)b + (Pcb N Pca) > Pa
I:)b + Yba X Pc > Pa '

Candidates a and b tie in the event that:
P, =P, + v, XP, (Equation 1)

Figure 3 shows these lines:
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(N P, = ¥ = P,+P_, which can be rewritten as
2P,+2P,=1 or
P,+P, = 1-P,- P,
P,+P, = P,
P, =P, - P, i.e, Equation lintheeventy,,= -1

@iy P, =P,,ie,Equatonlintheeventthat y,,=0;and
@) P, =% = P,+P, or[proceedingasin (i)]
P,= P,+ P,,i.e, Equation 1intheevent y,, = +1.

In genera, thelinerepresenting the Equation 1 P, = P, +v,, X P, passesthrough the point
(%2,%2,0) and falls between the (ii) P, = %2 and (iii) P, = % lines depending on the value of vy, .
Giventhat P,> P, > P_, weare concerned only with case (iii) in which y,, ispositive. InFigure
3, theline P, = P, +v,, X P isdrawninfory,, =%. (By straightforward caculation, the line
intersectsthe P, =P, lineat a =%..°) Thus, giveny,, =%, it followsthat b winsat all plurality
profiles “northeast” of thisline.

For backward monotonicity failure, we must find some B’ such that:

() B>-, B’ (the new profileis strictly less favorable to a);
@) P,> Py and P’ >P’ (therunoff is between a and c); and
(iii)  aB’ c(awinsthe runoff).

In order for a to win the runoff against ¢, we must have:
Pla+ Plba > I:)lc + Plbc
Po> Pt (Ph- Py
Pla > I:)lc + Ycax I:)lb .
We now rewrite this condition in terms of the original plurality profile, where as before A

isthe shift in first preferences from candidate a to candidate b that characterizesthe shift from B to
B':

Pa_A+Pba>Pc+A+Pbc
P, +v.*xP, >P,+2A.

We know that A must be large enough to tip the balance of first preferences between candidates b
andc,i.e,tha A>P, - P,. Thuswe have:

P, + vy, xP,>P,+2P, - 2P,.
Replacing P, with 1 - P, - P, and combining we get:

9 SinceP, = P, + P, /2and P, = P,, P, = 3P,/2.Since P, = 1-P,-P.and P, = P,, P,=

(1-P) /2. Thus P, = 3(1 - P,) / 4, which simplifiesto P,= ¥,.
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Yacbe > 3Pb71

1
(B+vy,) ~Fo-

The equation

1
P, = (3+7v,) (Equation 2)

is represented by a horizontal line that lies below or abovethe P, = a line depending on whether
Y. 1S positive or negative. We havea B’ c at al profiles that lie above thisline.

Putting everything together, we can state the following:

PROPOSITION 2. Giventhat P, > P, > P, , backward monotonicity failure occurs (with respect
to a) at profile B if and only if these conditions hold:

1 “>P,>a>P,>P >;
(2) I:)b + YbaXPc> Pa;and

1
(3) Z3+ Yac; > Pb

Supposethat v,, = % (i.e., with respect to their second preferences, 75% of the c supporters
prefer b over a, so that the net relative increment in b’ s support over aresulting from votes trans-
ferred from c is equal to one-half of those votes) and y,. = ¥ (i.e., with respect to their second
preferences, 62.5% of b supporters prefer aover ¢). Given these parametersy,, and vy, , backward
monotonicity failure with respect to a at any profiles in the area shown in Figure 3a.

If second preferences are distributed “favorably” enough, these bounds enclose the entire
triangle with vertices (%2,%,Y4), (Y2a,"), and (a,a,a), in which case monotonicity failure will
actualy occur at all profiles that are potentially subject to it.

COROLLARY 2.1. Giventhat P,> P, > P, and aso that y,, =1 and y,, < 0, backward mono-
tonicity failure occurs (with respect to a) at every profile B satisfying the conditions specified in
Proposition 1(b).

If y.. =1,theP,= P, + vy,, x P, line becomes simply the horizontal P, = P, + P, (or
P,=%)lineand, if y,,=0, P, =1/ (3+v,) = &, sotheentiretriangle with vertices (Y2%4,%4),
(2a,'ly), and (a,a,a) lies between these lines. Put more substantively, in the event that every
c supporter prefersb to a and no morethan haf of theb supportersprefer ato c, every profile B such
that 2 > P, >a > P, > P, >/, issubject to backward monotonicity failure with respect to
candidate a.

Ontheother hand, if second preferencesaredistributed “ unfavorably” enough, these bounds
enclose the entire triangle with vertices (¥2¥4Y4), (Y2@,,), and (@,a,a) in which profiles are
potentially subject to monotonicity failure and such failure therefore in fact cannot occur at any
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profile.

COROLLARY 2.2. Giventhat P,>P,>P,and asothat y,, =0or y, =1, backward mono-
tonicity failure cannot occur at any profile B.

The region of monotonicity failure shrinksto zero areajust asthethreelinesP, = P, + vy,
xP.,, P, =1/ 3+v,), andP, = P, intersect at acommon point, as shown in Figure 3b.

We can readily find aformulafor the point at whichthe P, = P, + vy, X P lineintersects
the P, = P, by substituting P, for P,and 1 - 2 P, for P,. Thuswe have:
1-2P, = Py + v XPy
3P+ Y xP, = 1
B+ v P, =1
P = L
° (3 + Yia)

The region of monotonicity failure thus shrinks to a point of zero areaonthe P, = P, line
whenvy,. = v,., anditslocation onthe P, = P, line depends on the common y parameter vaue.
Combining these considerations with previous conclusions, we have the following:

PROPOSITION 2'. Giventhat P,> P, > P, , backward monotonicity failure occurs (with respect
toa) at profileB if andonly if %2 > P, >1/(3+v,) > P, >1/(3+v,) > P, > ;.

COROLLARY 2.3. Giventhat P, > P, > P, , backward monotonicity failure occurs (with respect
toa) only if v,. > vp.-
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