Name:

MATH221
quiz #2, 10/23/08
Sections 1.7-1.9, 2.1-2.3
Total 100
Solutions

Show all work legibly.

1. (20) True or False? If for each b the equation Ax = b has a unique solution, then the
columns of A are linearly independent.

Solution.

Note that Ax = x1a; + ... + x,a, where A = [a;,...,a,]. x = 0, solves the equation
Ax = 0, and is the only solution for this equation. This shows that the only solution for
for the equation xia; + ...+ z,a, = 0 is x = 0, and the vectors {ay,...,a,} are linearly
independent.

Mark one and explain.
o True o False



2. (20) True or False? Let T : R? — R? be the transformation that reflects a vector x
through the line 25 = 0, i.e. T'(z1,22) = (—x1,23). T is a linear transformation.

Solution.

(a) T(ax) = (—axy,axs) = a(—x1,x2) = aT(x).

(b) T(x+y) = (=(x1 + 1), 22 + y2) = (=21, 22) + (=91, 92) = T(x) + T(y).

Mark one and explain.
o True o False



3. (20) Let e; be a vector in R™ with i*" entry 1, and all the other entries 0. For a linear
transformation 7' : R™ — R™ with T'(e;) = e; find T'(x), where x = (n,n—1,...,2,1)T.
Solution.
x=ne +(n—1e+...+2e,1+e,, and

T(x) = nT(e))+(n—1)T(e)+.. +2T(en_1)+T(e)) =[n+(n—1)+ ...+ 2+ 1] e; = n(n2+ 1)81_

700 = " e,



4. (20) Find A™!, where

1 1 2
A= 1 0 3
4 -3 8
Solution.
1 1 2100 1 1 2 1 00 1 1 2 1 00
1 03 010|—1l0-11-11T0—=10 1 -1 1 -1 0| —
4 -3 8 0 0 1 0O -7 0 —4 0 1 0 -7 0 —4 01
11 2 1 00 11 2 1 0 0 11 2 10 0
01 -11 -10|—=1]01 —1 1 —1 0|l — 1010 4/7 0 =1/7 | —
00 -7 3 —-71 00 1 -3/7 1 —1/7 001 =3/7 1 —1/7
1 10 13/7 -2 2/7 1 00 9/7 -2 3/7
010 4/ 0 -1/7|—=1]010 4/7 0 —1/7
001 =3/7 1 —-1/7 00 1 =3/7 1 -1/7

9/7 -2 3/7
Ah =1 4/1 0 —1/7
{—3/7 1 —1/7]



5. (20) Let T'(xy, 22, x3) = (w9 + 223, 1 + 33,477 — 319 — 723). Find a formula for 771

Solution.
0 1 2]
T(x)=Ax, where A= |1 0 3 |,and7T 'x=A4""'x
4 =3 =7 ]
0 1 2100 1 0 301 0] 1 0 30 1
1 0 3010|—]0 1 210O0|—=10 1 21 0
4 -3 =7 0 0 1 4 -3 =7 0 0 1 | 0 -3 -19 0 -4
10 30 10 10 3 0
01 21 00|—=|01 2 1 —
00 —13 3 —4 1 00 1 —3/13 4/13 —1/13
100 9/13 1/13 3/13 9/13 1/13  3/13
01 0 19/13 —8/13 2/13 |, and A~ = | 19/13 —8/13  2/13
00 1 —-3/13 4/13 —1/13

~3/13  4/13 —1/13

1
— (91 + y2 + 3ys, 1991 — 8ya + 2y3, —3y1 + 4y2 — y3)

T_l(ylay2>y3) 13

} |



6. (20) Bonus Problem.
True or False? If the columns of B are linearly dependent, then so are the columns of

AB.
Solution.
If the columns of B = [by, ..., b,] are linearly dependent, then there are scalars ¢y, ..., ¢,

not all zeros so that
Clb1+...+cnbn =0.

Note that
AB - A[bl, e ,bn] - [Abl, e ,Abn],

and
ClAbl —|—+CnAbn :A(Clbl ++Cnbn) = A0=0.

Mark one and explain.
o True o False



