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Show all work legibly.

1. (20) True or False? If for each b the equation Ax = b has a unique solution, then the

columns of A are linearly independent.

Solution.
Note that Ax = x1a1 + . . . + xnan where A = [a1, . . . , an]. x = 0, solves the equation

Ax = 0, and is the only solution for this equation. This shows that the only solution for
for the equation x1a1 + . . . + xnan = 0 is x = 0, and the vectors {a1, . . . , an} are linearly

independent.

Mark one and explain.
True False



2. (20) True or False? Let T : R2 → R2 be the transformation that reflects a vector x

through the line x2 = 0, i.e. T (x1, x2) = (−x1, x2). T is a linear transformation.

Solution.

(a) T (ax) = (−ax1, ax2) = a(−x1, x2) = aT (x).

(b) T (x + y) = (−(x1 + y1), x2 + y2) = (−x1, x2) + (−y1, y2) = T (x) + T (y).

Mark one and explain.

True False



3. (20) Let ei be a vector in Rn with ith entry 1, and all the other entries 0. For a linear
transformation T : Rn → Rn with T (ei) = e1 find T (x), where x = (n, n− 1, . . . , 2, 1)T .

Solution.

x = ne1 + (n − 1)e2 + . . . + 2en−1 + en, and

T (x) = nT (e1)+(n−1)T (e2)+. . .+2T (en−1)+T (en) = [n + (n − 1) + . . . + 2 + 1] e1 =
n(n + 1)

2
e1.

T (x) =
n(n + 1)

2
e1



4. (20) Find A−1, where

A =







1 1 2
1 0 3
4 −3 8






.

Solution.







1 1 2 1 0 0
1 0 3 0 1 0
4 −3 8 0 0 1






→







1 1 2 1 0 0
0 −1 1 −1 1 0
0 −7 0 −4 0 1






→







1 1 2 1 0 0
0 1 −1 1 −1 0
0 −7 0 −4 0 1






→







1 1 2 1 0 0
0 1 −1 1 −1 0
0 0 −7 3 −7 1





 →







1 1 2 1 0 0
0 1 −1 1 −1 0
0 0 1 −3/7 1 −1/7





 →







1 1 2 1 0 0
0 1 0 4/7 0 −1/7
0 0 1 −3/7 1 −1/7





 →







1 1 0 13/7 −2 2/7
0 1 0 4/7 0 −1/7
0 0 1 −3/7 1 −1/7






→







1 0 0 9/7 −2 3/7
0 1 0 4/7 0 −1/7
0 0 1 −3/7 1 −1/7







A−1 =







9/7 −2 3/7
4/7 0 −1/7

−3/7 1 −1/7









5. (20) Let T (x1, x2, x3) = (x2 + 2x3, x1 + 3x3, 4x1 − 3x2 − 7x3). Find a formula for T−1.

Solution.

T (x) = Ax, where A =







0 1 2
1 0 3
4 −3 −7





 , and T−1x = A−1x.







0 1 2 1 0 0
1 0 3 0 1 0
4 −3 −7 0 0 1





 →







1 0 3 0 1 0
0 1 2 1 0 0
4 −3 −7 0 0 1





 →







1 0 3 0 1 0
0 1 2 1 0 0
0 −3 −19 0 −4 1





 →







1 0 3 0 1 0
0 1 2 1 0 0
0 0 −13 3 −4 1





 →







1 0 3 0 1 0
0 1 2 1 0 0
0 0 1 −3/13 4/13 −1/13





 →







1 0 0 9/13 1/13 3/13
0 1 0 19/13 −8/13 2/13
0 0 1 −3/13 4/13 −1/13






, and A−1 =







9/13 1/13 3/13
19/13 −8/13 2/13
−3/13 4/13 −1/13






.

T−1(y1, y2, y3) =
1

13
(9y1 + y2 + 3y3, 19y1 − 8y2 + 2y3,−3y1 + 4y2 − y3)



6. (20) Bonus Problem.
True or False? If the columns of B are linearly dependent, then so are the columns of

AB.

Solution.
If the columns of B = [b1, . . . ,bn] are linearly dependent, then there are scalars c1, . . . , cn

not all zeros so that

c1b1 + . . . + cnbn = 0.

Note that

AB = A[b1, . . . ,bn] = [Ab1, . . . , Abn],

and

c1Ab1 + . . . + cnAbn = A (c1b1 + . . . + cnbn) = A0 = 0.

Mark one and explain.
True False


