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Motivation
fL

and K be a closed convex cone in H.

et H be a finite dimensional real Hilbert space

A conic linear program on K 1S 10 solve

min(c, )
L(x)=">
r e K
where, ¢ and b are given and L is linear.
Many cones appear in applications:
The non-negative orthant, semidefinite cone, second-order

Lcone, copositive cone, completely positive cone, etc. J
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time algorithms. Symmetric cones (e.g., first three cones)

mong these, there are ‘good’ cones admitting polynomial

belong to this class. Any symmetric cone K can be

written as

K =X\ (RY),

where ) is the so-called ‘eigenvalue map'.
While this map is nonlinear and its inverse is a

multivalued map, it exhibits remarkable ‘linear’ behavior.
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linear behavior via spectral sets and functions.

he purpose of this talk is to illustrate this

While doing this, we touch upon automorphism groups,
majorization, transfer principle, dimensionality results,

and commutativity principle, etc.
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Some basic ideas
L

FOI’:C — (331,372,---73777,)7 Yy = (917927---ayn)=

et R" = The Euclidean n-space over R.

iInner product and componentwise product are given by
(z,y) == > 1 xyy; and

L * Yy == (xlyla L2Y2, - - - 7$nyn)

Let R = the non-negative orthant.

Note: R ={z*xz:x2 € R"}.
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entries of x written in the decreasing order.

et A\(x) denote the vector of

We are interested in sets/functions/cones that
are permutation invariant, meaning that

they remain the same when the entries of x are
permuted.

Examples: R” and (usual) 2-norm.
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We define the inner product and Jordan product:

(X,Y) :=trace(XY),

. XY+Y X
XoY = 5 .

et S” = Space of all n x n real symmetric matrices.

Let S = the set of all positive semidefinite matrices in S”.
Note: ST = {X o X : X € §"}.
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For X € §”, let A\(X) denote the vector
of eigenvalues of X written in the decreasing order.

So we have the ‘eigenvalue map’ \ : S — R".
Note that X € S iff A\(X) € R”, so

St =\"HRT).
Observe that R} is a closed convex cone,
A~ 1is a multivalued map, yet = A~ 1(R?)

IS a closed convex cone!
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n optimization, the cones R} and S” are
fundamental: R’ is the underlying cone in

linear programming and S” is the basis of
semidefinite programming. (These are problems
where a linear objective function is minimized

subject to linear constraints.)
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Question: Instead of R, can we start with a

permutation invariant closed convex cone () in R™ and
define K := \71(Q) so as to generate a closed

convex cone that is interesting/useful from the optimization
perspective?

Goal: Study the eigenvalue map and its inverse for their
linearity’ and ‘differentiability’ properties.

In this talk, we will concentrate on the ‘linearity’ aspects.
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Outline
L -

e Permutation invariant sets and cones in R"
e Euclidean Jordan algebras

e Spectral sets and cones

e The transfer principle

e A dimensionality result

e Commutation principles

e Cross complementarity concepts
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Permutation invariant set in ;"

- N

e A permutation matrix is a zero-one matrix with exactly one
1 in each row and column.

e X, is the set of all n x n permutation matrices.
Note that X, is a group.

Forx € R" and o € %,

o(x) Is just a permutation of entries of .

e A set () in R™ IS permutation invariant if

F(Q)=Q VYoeX,

o |
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Majorization
A

If it Is nonnegative and each row/column sum is one.

N n x n real matrix A IS doubly stochastic

Birkhoff’s Theorem: A is doubly stochastic iff

it is a convex combination of permutation matrices.

For vectors z and y in R",
we say x IS majorized by y and write z < y

If v+ = Ay for some doubly stochastic matrix A.

o |
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Examples of permutation invariant sets
e R™"and R.
e{rcR":x1+x2+ -+, =0}

Forp=1,2,... n, let sy(z) = sum of smallest p entries of «.
o Op:={r € R":sp(z) = 0}.

Note: R = Q1 C Q2 C --- C Qy.

e FOor any nonempty set S in R, ) := X,,(5)

IS permutation invariant.
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Euclidean Jordan algebra

- N

(V,{-,-),0) Is a Euclidean Jordan algebra if
V is a finite dimensional real inner product space
and the bilinear Jordan product x o y satisfies:

®» roy=yox
® zo(ztoy)=a’o(zoy)

® (roy,z)=(r,y02)

K ={xzox: 2z € V}is aclosed convex cone.

It is called a symmetric cone.

o |
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Examples of Euclidean Jordan algebras

- N

Any EJA is a product of the following:

S™ = Herm(R™ ™) - n x n real symmetric matrices.
Herm(C™*™) - n x n complex Hermitian matrices.
Herm(Q™*™) - n x n quaternion Hermitian matrices.

Herm(O3*3) - 3 x 3 octonion Hermitian matrices.

© o o o ©

L™ (n > 3)- Jordan spin algebra.

The above algebras are (the only) simple algebras.
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The eigenvalue map and spectral sets/functions/cones — p. 16/38



The algebra R"
fLet e1,e9,...,e, denote the standard basis T
vectors in R™. Note that ¢; o e; = ¢; and
e; oej =0 fori # j.
The set {e1,e9,...,e,} IS @ Jordan frame:
It forms an orthogonal set of primitive idempotents.
Any z = (z1,22,...,2,) € R™ can be written as

T = T1€1 +T2€e3 + -+ + Tpep.

o |
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The algebra S”
r

such that X = UDU', where D is a diagonal matrix

or any X € S™, there is an orthogonal matrix U

consisting of the eigenvalues of X.

Let uy,us, ..., u, denote the column vectors of U.
Writing e; := u;ul, we see that

{e1,e2,...,e,} IS @ Jordan frame:

It forms a an orthogonal set of primitive idempotents.

o |

The eigenvalue map and spectral sets/functions/cones — p. 18/38



A

where \i, A9, ..., A\, are the entries

|SO, X = A\e1 + Ageg + - - - 4+ Apep, —‘

of D (i.e., eigenvalues of X).
The above expression is the ‘spectral decomposition’ of X.
Note: The Jordan frame depends on X, but has the same

number of elements — called the ‘rank’ of the algebra.

o |
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The eigenvalue map

fS

pectral representation in an EJA of rank n: T
T = Ael+ Aaea+ ...+ A\pén,
where {e1,es,...,e,} Is a Jordan frame,
A1, A2, ..., A\, are eigenvalues of .
The eigenvalue map \ : V' — R™ is defined by
Az) = (A1, A2y oy An),
where \{ > o > ... > )\,
Note: The eigenvalue map is continuous,
positive homogeneous, and nonlinear.
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Spectral sets

fLet V be a Euclidean Jordan algebra of rank n. T
A set £ In V is a spectral set if for some permutation

Invariant set QQ in R",

E=2"Q)

Examples:
A symmetric cone in a EJA, its interior, its boundary

are spectral sets.
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Characterization of spectral sets

-

fI’l Vi,letz ~ yif A(x) = A(y).
or aset @ in R™, let QV := A71(Q).
Foraset EinV, let B .= X, (\(E)).

Theorem: For a set E in V, the following are equivalent:

1. E'Is a spectral set.
2. v~y,ye b =xekF.

3. 90 = L.

Note: A product of spectral sets need not be spectral.

LExampIe: R x S_% in R x S2. J
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Automorphism invariance
AV — V is an automorphism if
A is linear, invertible, and A(z o y) = Az o Ay.

e In V = 8", automorphisms are of the form

X s Uuxut

for some orthogonal U.

Theorem: Every spectral set is automorphism invariant.
Converse holds if V' is simple.

Note: Converse may not hold in a general V.

o |
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The transfer principle

- N

Let () be permutation invariant set in R™ and

E=\(Q)

The transfer principle describes properties of ()
that get transferred to £. We will look at topological,

convexity, and linearity properties.

o |
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Topological properties

-

Thm: Let (Q be permutation invariant in R™. Then,

1. 21(Q) = 271(Q). (closure)
2. \H(Q)]° = A\~1(Q°). (interior)
3. AO"HQ)) = A"1((Q)). (boundary)

Thm: Suppose (@ is permutation invariant in R".

Then, @ is closed/open/compact if and only if

A~HQ) is closed/open/compact.

o |
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Convexity/conic properties

-

Thm: Let (Q be permutation invariant in R".
Then,

1. Q is convex if and only if A\=1(Q) is convex.
2. conv(AHQ)) = A Hconv(Q)). (convex hull)
3. Qis a cone if and only if A=(Q) is a cone.

The ‘only if’ part of the first item was proved by

Baes (2007) using majorization techniques.

o
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‘Linearity’ properties
fThm: Let () be permutation invariant set in R™. Then T

1. oA Q) = 2" aQ) (o € R).
2. AN Q1+ Q2) = A7 Q1) + A H(Q2)-
3. A HQ)* = x7HQ*) (when V is simple).

Proof of second item relies on: A(z + y) < A(x) + A(y).

Proof of third item relies on Schur type majorization:
diag(x) < .

Cor: If () i1s a (closed) convex cone in R™, then

L)\_l(Q) is a (closed) convex cone in V. J
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Spectral cones
L

Then K := A\71(Q) is called a spectral cone.

et Q be a permutation invariant convex cone in R".

Symmetric cones in EJAs are spectral cones.

What is the dimension of a spectral cone?

Recall: If K is a convex cone, dim(K) := dim(K — K).

Theorem: dim(K) € {0,1,m — 1, m},
where m = dim(V).

What are spectral cones with these dimensions?

o |
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Dimensions of spectral cones
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1. K ={0}: dimension zero.
2. K nonzero, K C {te:t € R}. dimension one.
3. K ={x €V : trace(x) = 0}: dimension m — 1.

4. K Is a spectral cone with nonempty interior: dimension
m.

o |
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Commutation principle in EJA
s

f:V — Ris Fréchet differentiable.

uppose E is a spectral set in V and

Theorem (Ramirez, Seeger, and Sossa, 2013)
If a is a local minimizer of

min f(z),

then, a operator commutes with f(a).
Recently, Gowda-Juyoung extended this result to
‘weakly spectral’ sets - those in V' that are

automorphism invariant.

o |
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Cor: If K is a spectral cone in V' and
a € K, be K* and (a,b) =0,

then, a and b operator commute.

This means that there is a (common) Jordan frame
{e1,e2,... ey} such that

a = aie1 + ases + ...+ anye, and

b=bie1 + byes + ...+ bye,, Where

ai,as,...,ay are eigenvalues of a, etc.

o |

The eigenvalue map and spectral sets/functions/cones — p. 31/38



-

When K = \71(Q) and V is simple, above Corollary
implies that a := (ay,a9,...,a,) € Q,

b:= (b1,bo,...,by) € Q*, and (a,b) = 0.

This means that if (a,b) is a complementary pair of a
spectral cone K = A71(Q) in V, then some eigenvalue
vectors a, b form a complementarity pair

of the cone Q in R™. This result can be sharpened.
Notation: For x € R", z¥ (z7)

IS the decreasing (increasing) rearrangement of .

o |
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we state a specialized commutation principle.

ased on Lewis, Normal decomposition systems, 19986,

Suppose V' is R" or a simple EJA.
Let K = \™Y(Q) be a spectral cone in' V. If
a € K, be K*, and (a,b) = 0, then, there exists

a Jordan frame {eq, s, ..., ey} such that

a = )\%(a)el + )\%(&)62 + ...+ )\%(a)en and

b= A (b)er + A (b)ea + ... + AL (b)en.

Hence, X*(a) € Q, AT(b) € Q*, (A\*(a), AT (b)) = 0.

o |
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ummarizing:
If V is R™ or a simple EJA, K = A71(Q) is a spectral cone
In V', and (a, b) Is a complementary pair with respect to K,
then, (A (a), AT(b)) is a complementary pair
with respect to Q).
This may lead to a new type of problem:
Cross complementarity problem:
Given permutation invariant ¢ in R", f : R — R",
Find x € R™ such that
reQ, y=f(r) €@, (ahyh) =0 o
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Spectral functions

-

f: R™ — R Is a permutation invariant function if
f(o(x)) = f(x)forallz € R"and o € %,,.
e F': V — RIS a spectral function If

there exists a permutation invariant f such that

F=fol

Example: A set F in V' is spectral iff its

characteristic function is a spectral function.

Many properties of f get transferred to F.

o |
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Transfer of convexity property
B -
Theorem:

Suppose () is convex and permutation invariant in R",
f : Q) — R is convex and permutation invariant.
Then, F' := f o X is convex. Moreover,

x <y inV implies F'(x) < F(y).

lllustration: For 1 < p < oo,

2]lspp == ||Mz)||,, i @ norm on V.

o |
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Concluding remarks

- N

In this talk, we introduced spectral sets and cones

In Euclidean Jordan algebras. We showed that many
properties of underlying permutation invariant sets
transfer to spectral sets/cones.

It may be interesting and useful to discover more such
properties. It is certainly worthwhile looking for

spectral cones that are useful in optimization.

o |
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