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Abstract

A well-known theorem of Korovkin asserts that if {7} } is a sequence of positive linear
transformations on Cla, b] such that Ty (h) — h (in the sup-norm on Cla, b]) for
all h € {1, ¢, $?}, where ¢(¢) = ¢ on [a, b], then Tx(h) — h for all h € Cla, b].
In particular, if T is a positive linear transformation on Cl[a, b] such that T'(h) = h
for all & € {1, ¢, $?}, then T is the identity transformation. In this paper, we present
some analogs of these results over Euclidean Jordan algebras. We show that if T is a
positive linear transformation on a Euclidean Jordan algebra V such that T(h) = h
for all & € {e, p, p?}, where e is the unit element in V and p is an element of V
with distinct eigenvalues, then T = T* = [ (the identity transformation) on the span
of the Jordan frame corresponding to the spectral decomposition of p; consequently,
if a positive linear transformation coincides with the identity transformation (more
generally, an automorphism of V) on a Jordan frame, then it is doubly stochastic. We
also present sequential and weak-majorization versions.

Keywords Korovkin’s theorem - Euclidean Jordan algebra - Positive linear
transformation - Unital - Doubly stochastic
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1 Introduction

A well-known theorem of Korovkin [16] asserts that if {7} is a sequence of positive
linear transformations on the space Cla, b] (of all real-valued continuous functions
on the interval [a, b] with sup-norm) such that Ty (h) — h for all h € {1, ¢, %),
where ¢ () = t on [a, b], then Ty (h) — h for all h € C[a, b]. In particular, if T is a
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positive linear transformation on C|[a, b] such that T (h) = h for all h € {1, ¢, %),
then T = I (the identity transformation). There are numerous generalizations and
analogs of Korovkin’s theorem in various settings such as Banach function spaces,
C*-algebras, etc., see e.g., [1, 2, 17]. In many of these settings, associativity of the
product (as in Cla, b] and the space of n x n complex matrices) and an inequality of
the form 7'(h)? < T (h?) (known as Kadison’s inequality) are crucially used [17, 19].
In this paper, we focus on Euclidean Jordan algebras, where, generally, associativity
is not available and a Kadison-type inequality is not (yet) known. Here, we formulate
several Korovkin-type results and make an interesting connection to doubly stochastic
transformations.

Let V be a Euclidean Jordan algebra with unit element e (see Sect. 2 for definitions
and examples) and 7T be a positive linear transformation on it (so 7" keeps the symmetric
cone of V invariant). Let p be an element of )V with distinct eigenvalues. Our main
result, Theorem 4.2, asserts that the condition 7(h) = h for all h € {e, p, p2} is
equivalentto 7 = [ and also to 7* = I on the span of the Jordan frame corresponding
to p, where I denotes the identity transformation on V and T* denotes the adjoint
of 7. An immediate consequence is that if a positive linear transformation coincides
with the identity transformation (more generally, an automorphism of )) on a Jordan
frame, then it is doubly stochastic (i.e., it is positive, unital, and trace-preserving).
The sequential version — proved as a consequence of our main result — is as follows:
Let p be as above and suppose {7}} is a sequence of positive linear transformations
on V such that Ty (h) — h for all h € {e, p, p?}. Then Ty (h) — h and T (h) — h
for all & in the span of the Jordan frame corresponding to p. Along with the above
equality and sequential versions, we also discuss (weak) majorization formulations.
We show that under certain conditions, a positive linear transformation 7 satisfying
T (e) ; e, p -u<) T(p), and T(pz) E p2 coincides with an automorphism of V on the

Jordan frame of p. We also formulate the problem of characterizing positive linear
transformations 7" for which the conditions T'(¢) < e, T(p) < p, and T (p?) < p?
hold.

An outline of the paper is as follows. We cover some preliminary material in Sect.
2. Section 3 deals with a Korovkin-type result for matrices and its weak-majorization
modification. In Sect. 4, we present our main result (Theorem 4.2), describe its con-
nection to Priestley’s generalization of Korovkin’s theorem ( [17], Theorem 1.3), and
provide some examples. Section 5 deals with sequential and weak-majorization ver-
sions on Euclidean Jordan algebras. In Sect. 6, we describe some faces of the compact
convex set of all doubly stochastic transformations.

2 Preliminaries

In R", vectors are considered as either column vectors or row vectors depending on
the context. For any x = (x1,x2,...,x,) € R", we write x2 = (xlz, x%, el x,zl).
We write e for the vector of ones (reserving the same symbol for the unit element in
a general Euclidean Jordan algebra, see below). We say that a real n x n matrix A
is nonnegative if all its entries are nonnegative; it is unital if Ae = e and subunital
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if Ae < e. A nonnegative unital matrix is said to be (row) stochastic. A nonnegative
matrix A with both A and A7 unital is said to be doubly stochastic.

For a vector x € R" with entries/components x{, x2, ..., X, let x} denote the
vector obtained by rearranging the of entries of x in a decreasing manner (so that
xf > x2i > 0 > x,f ). Clearly xV¥ = Px for some permutation matrix P and
(Ex)¥ = xV for every permutation matrix E. (Recall that a permutation matrix is
obtained by permuting the rows/columns of the identity matrix.) It is known ( [3],

page 29) that

x1+x2+~~~—|—xm§x1¢+x2¢+-~-+x,ﬁ

forallm = 1,2,...,n. Given x, y € R", we say that x is weakly-majorized by y
and write x ; yifxf—I—x2¢—i—~~—i—xki < y1¢+y2¢—|—~~~+yk¢forallk= 1,2,...,n.
If, additionally, equality holds for k = n, we say that x is majorized by y and write
x < y. By a well-known theorem of Hardy-Littlewood-Polya ( [3], Theorem II.1.10),
x < y if and only if x = Dy for some doubly stochastic matrix D. Moreover, by
Birkhoff’s theorem ( [3], Theorem I1.2.3), every doubly stochastic matrix is a convex
combination of permutation matrices. We note one useful property of majorization:
x <y = f(x) < f(y) for any real-valued convex function f on R".

The standard material on Euclidean Jordan algebras given below can be found in
[4, 8]. A Euclidean Jordan algebra is a finite dimensional real inner product space
W, (-, -)) together with a bilinear product (called the Jordan product) (x, y) — x oy
satisfying the following properties:

e xoy=yox,
e xo(x2oy)=x2%0(xo0y), wherex
e (xoy,z) =(x,yoz).

2—xox,and

In such an algebra, there is the ‘unit element’ e with the property x o e = x for all x.
InV,

K:={xox:xeV}

is called the symmetric cone of V. It is a self-dual cone.

The space R” is a Euclidean Jordan algebra under the componentwise product and
the usual inner product. In this algebra, the symmetric cone is the nonnegative orthant.
Any (nonzero) Euclidean Jordan algebra is a direct product/sum of simple Euclidean
Jordan algebras and every simple Euclidean Jordan algebra is isomorphic to one of five
algebras, three of which are the algebras of n x n real/complex/quaternion Hermitian
matrices. The other two are: the algebra O° of 3 x 3 octonion Hermitian matrices and
the Jordan spin algebra £". In the algebras S” (of all n x n real symmetric matrices)
and ‘H" (of all n x n complex Hermitian matrices), the Jordan product and the inner
product are given, respectively, by
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XY +YX
XoY = — and (X,7Y) :=u(XY),

where the trace of a real/complex matrix is the sum of its diagonal entries.

Let V be a Euclidean Jordan algebra. A nonzero element ¢ in V is an idempotent
if ¢2 = ¢; it is a primitive idempotent if it is not the sum of two other idempotents. A
Jordan frame {ey, ea, ..., e, }in V consists of primitive idempotents that are mutually
orthogonal (equivalently, e; oe; = O when i # j) with sum equal to the unit element.
All Jordan frames in V have the same number of elements, called the rank of V. Let
the rank of ¥V be n. According to the spectral decomposition theorem [4], any element
x € V has a decomposition

x =xje1 +x2ex + -+ Xpen, (H
where the real numbers xi,x2,...,x, are (called) the eigenvalues of x and
{e1,e2, ..., ey} 1s aJordan frame in V. (An element may have decompositions com-

ing from different Jordan frames, but the eigenvalues remain the same. However,
if all the eigenvalues are distinct, then, up to permutation, there is only one spectral
decomposition, see [4], Theorem I1I.1.1.) For notational simplicity, we write the above
spectral decomposition (1) in the form x = r % £, where r = (x1, x2, ..., x,) and
E:={el,er, ..., e}

Forany x € V,let L(x)denote the vector of eigenvalues of xwritten in the decreasing
order. Then, we can always write the spectral decomposition of any x € V in the form
x =AM+ 2@+ -+ (x) fn = Ax) x F relative to a Jordan frame
F=A{f, fa.--, ful-

Given a € V, we define linear transformations L, and P, (called the quadratic
representation of a) on V by

L,(x):=aox and P,(x):=2ao0(aox)— a’ox (x eV).
We say that elements a, b € V operator commute if the transformations L, and Ly
commute. It is known, see [4], Lemma X.2.2, that a and b operator commute if and
only if a and b have their spectral decompositions with respect to the same Jordan
frame.
For any x € V with eigenvalues x1, x2, .. ., x,, the trace of x is defined by

tr(x) :==x1+x2+ -+ x5.

It is known that (x, y) — tr(x o y) defines another inner product on V that is
compatible with the Jordan product. We let

(x, Yy :=tr(x o y)

and call this, the trace inner product. When we replace the given inner product by the
trace inner product, Jordan frames as well as the eigenvalues of an element remain
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the same. One advantage is: In the trace inner product, the norm of any primitive
idempotent is one and so any Jordan frame in V is an orthonormal set. Additionally,
tr(x) = (x, e)y forallx e V.

We use the notation x > 0 (x > 0) when x € K (respectively, interior of K) or,
equivalently, all the eigenvalues of x are nonnegative (respectively, positive); when
x > 0, we say that x is a positive element. We also write x < yin ) when y —x > 0.
Since Kis self-dual, we see that x > 0 if and only if (x,y) > 0 for all y > 0. For
any x € ) with spectral decomposition x = xje; + x2e2 + - -+ + x,e,, we define
xt = x1+el +x;ez + -+ xfey, and x~ := xT — x so that xT,x~ € K and
x = x* — x~. (Here, for any real number A, A* := max{A, 0}.)

We record one useful consequence of the well-known Hirzebruch’s min-max the-
orem [10]:

x <y =xx) < Ay). @

GivenalJordanframe {e, e, . .., e,}, we have the Peirce orthogonal decomposition
([4], Theorem IV.2.1): V = 3, _.V;j, where V;; :={x € V:xo0¢; = x} = Re;
andfori < j,V;j:={x€eV:ixoe = %x = x oej}. Then, for any x € V, we have

i<j

n
XZZ)C,'j:inei—l-inj with x; eRandxijeV,-j. 3)
i<j i=1 i<j
Let {e1, €2, ..., e,} be a (fixed) Jordan frame in V. For arbitrary x, y € V), con-
sider the corresponding Peirce decompositions x = Y 7 | xje; + >, _ jXij and

y = >_i_y viei + 2 ;_; vij- Define the real symmetric matrix
- 1
. 2
XAy = in)’iHei” Eit+ 3 Z(Xij, Yij) Eij,
i=1 i<j
where E;; is the n x n matrix with 1sin the (i, j) and (j, i) slots and zeros elsewhere.
It has been proved in [9], Theorem 8, that x Ay is a (symmetric) positive semidefinite

matrix when x, y > 0. Since all (in particular, 2 x 2 and 1 x 1) principal minors of a
real symmetric positive semidefinite matrix are nonnegative and

n
1
2 2 2
xAx =Y xflleilPEi + 5 ) Ml Eij,
i=1 i<j
we see that forx > Oandi < j,
||xlj|| = xl-xj||el||||ej||'

(Note: When V carries the trace inner product, this inequality reduces to ||x;;| 1> <
2x;x;, see [4], Page 80.) We record a useful consequence:
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Proposition 2.1 Suppose x > 0inV and let x = _;_, xie; + >_i-j%ij be its Peirce
decomposition relative to a given Jordan frame {e1, ea, ..., ey }. If xi = 0 for some i,
then x;; = 0 forl > i and x;; = 0 forl < i.

A linear transformation T : YV — Vis said to be positive if x > 0 = T (x) > 0 and
unital if T (e) = e. T'is said to be trace-preservingif tr(T (x)) = tr(x) forall x € V. A
positive unital trace-preserving transformation is said to be doubly stochastic.

Note that positivity means that 7(K) C K, where K is the symmetric cone of V.
By the self-duality of K, if T is positive, then so is the adjoint 7* (defined by the
condition (7' (x), y) = (x, T*(y)) for all x,y € V). Writing T;} for the adjoint of
T relative to the trace inner product, we see that T is trace-preserving if and only if
Tii(e) =e.

A linear transformation ¢ : V — V is an (algebra) automorphism if it is bijec-
tive and ¢p(x o y) = ¢p(x) o ¢p(y) for all x,y € V. On R”", automorphisms are just
permutations and, on ", every automorphism is of the form ¢ : X — UXU™ for
some unitary matrix U. An automorphism ¢ on a general ¥ maps a Jordan frame to
a Jordan frame and, on a simple Euclidean Jordan algebra, any Jordan frame can be
mapped onto any another by an automorphism, see [4], Theorem IV.2.5. Every auto-
morphism ¢ is positive, unital, and A(¢(x)) = A(x) for all x; hence, automorphisms
are doubly stochastic. Moreover, for any p € V, ¢(p) and ¢ (p?) have their spectral
decompositions with respect to the same Jordan frame.

We define majorization in V by: x < y in V if M(x) < A(y) in R". Likewise, x =y

if A(x) < A(y) in R".
w
We have the following result from [5]:

Theorem 2.2 For x, y € V, consider the following statements:

(a) x =T(y), where T is a convex combination of automorphisms of V.

(b) x = T (y), where T is doubly stochastic on V.

(c) x <yinV.

Then, (a) = (b) = (c). Furthermore, reverse implications hold when V is R" or
simple.

Along with the above, we mention a result of Jeong and Gowda ( [13], Lemma 2):
Tis doubly stochastic if and only if T (x) < xfor all x € V. For some results related
to weak-majorization, we refer to [14].

Throughout this paper, depending on the context, / denotes either the identity matrix
or the identity transformation (on a vector space).

3 Results over R"

Our first result is stated in the setting of the algebra R". While it can be derived from
known results such as Theorem 1.3 in [17], for completeness, we provide a simple
and direct proof.

Theorem 3.1 Suppose A € R"*"is a nonnegative matrix such that Ah = hfor all
h € {e, p, p*},where p € R"is a vector with distinct entries. Then A = I.
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Proof Let A = [a;j] and p = (p1, p2, ..., pn). For any fixed i, we claim that the
ith row of A, namely, (a;1, ai2, ..., ain) has 1 in the ith slot and zeros elsewhere. We
observe that the entries of this row are nonnegative. The given conditions Ae = e,
Ap = p,and Ap? = p* imply that (Ae); = 1, (Ap); = p;, and (Ap?); = p?. Then,
from the convexity of the function 7 — 2 on R,

n 2 n
2 2 2
pi = (Z aikpk) = Zaikpk =D
k=1 k=1

Consequently, since the entries of p are distinct, by the strict convexity of the function
> 12, only one a;j can be nonzero. From ZZ:] a;x = 1 and ZZ:I ajk Pk = pi, W€
see that k = i and a;; = 1. This proves our claim. Thus, A = 1. O

In our next result, we replace the equality Ak = h by an appropriate weak-
majorization inequality.

Theorem 3.2 Let A € R"*"be a nonnegative matrix and p € R"be a positive vector
with distinct entries. If Ae < e, p < Ap,and Ap*> < p>then Ais a permutation
w w w

matrix; additionally, if the entries of pand Apare decreasing, then A = I.

Note: In this result we assume that p has positive entries. Without this assumption,
the result may not hold. For example, over R?, let p be a vector with entries 1 and
—1, and A be the matrix with rows (1, 0) and (%, }‘).

Proof Suppose Ae < e, p < Ap, and Ap2 < pz. From Ae < e, we see that Ae < e,
w w w w

that is, A is subunital. Let ¢ := p* so that the entries of q are positive and strictly
decreasing. Then, g> = (p*)'. Let p = E1q and Ap = E»(Ap)* for some permuta-
tion matrices Ej and E>. With B := E, 'AE 1, we verify that

Bis nonnegative, Be < e, q < Bq, and Bq* < q*.
w w

Additionally, Bq = (Ap)" so Bghas decreasing entries. We now claim that B = I.
Consider the first row of B. As ¢ and Bg have decreasing entries, from ¢ < Bg
w

we have q; < (Bg)1. As B is nonnegative, Be < e, and q is the largest entry in ¢,
by the convexity of the function 7 — > on R,

2
n n n
qt < Zbqu]' Szbqujz-izbqulzfqlz- “)
j=1 j=1 j=1

From the ensuing equality, we have by jqu. = by jq12 for all j. As the entries of g are
positive and distinct, b1; = 0 for all j # 1 and, from (4), b11 = 1. Thus, the first row
of Bis (1,0,0,...,0). In particular, g; = (Bg);. We use induction to show that the
kth row of B is of the form (0, ...,0,1,0,...,0) with 1 in the kth slot. Assume that
this statement holds for all indices in {1, 2, ..., k}, where k < n. (From the above
argument, this statement holds for k = 1.) We show that the statement holds of k + 1.
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To simplify the notation, let / = k + 1, x := Bg? and y := ¢>. From the induction
hypothesis (by the form of B), g; = (Bg); foralli = 1,2, ..., k. Then, fromg < Bg
w

and the fact that the entries of ¢ and Bg are decreasing, we have

q1 < (Bq):.
Frornx=Bq2<q2=y,wehave,forallm= 1,2,...,n,
w
XA S A e, St Y ()

where the second inequality is due to the fact that the entries of y are decreasing. From
the form of the first k rows of B, wehave x; = y; foralli = 1, 2, ..., k; by successively
puttingm = 1,2, ..., kin(5), we getx; = xii =y;foralli = 1,2, ..., k. By putting
m=1[1(=k+1)in (5), we get

\

x; < x} <y, thatis, (Bg*) < (B¢} < q?.
Since q; < (Bg); with B nonnegative and Be < e, by the convexity of the function
> t2on'R,

2
n n
al < | > biya; | <Y biyqi = (Bg® < (@)
j=1 j=1

Then, by the ensuing equality and the strict convexity of function # + ¢, we get
bjj = Oforall j # [ and by = 1. This proves that our induction statement holds for
I (= k + 1). We conclude that B = I. Now, I = B = E, ' AE; implies that A is a
product of permutation matrices, hence a permutation matrix.

Finally, suppose p and A p have decreasing entries. Since A is a permutation matrix,
it follows that A must be the identity matrix. (This can also be seen by letting ¢ = p
and E; = E, = [ in the above proof so that A = B = [.) This completes the
proof. O

We state an immediate consequence.

Corollary 3.3 Let A € R™™" be nonnegative and p € R" be a positive vector with
distinct entries. Suppose one of the following conditions holds:

(i) Ae <e, p < Ap, and Ap® < p%;

(ii) (Ah)Y = hY forall h € {e, p, p*};
(iii) Ae <e, p* < (Ap)Y, and (Ap*)' < (pP)V;
(iv) A is doubly stochastic and (Ap)¥ = p*.

Then A is a permutation matrix; additionally, if the entries of p and Ap are decreasing,
then A = 1.
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Proof Since u < v implies ut < v¥in R, we have (i) = (iii). The implication
(ii) = (iii) is obvious. When (iii) or (iv) holds, we have Ae < e, p < Ap, and
w w

Ap? < p?; hence, Theorem 3.2 is applicable. O
w

In reference to Theorem 3.2, one may ask if the condition p < Ap can be replaced
w
by Ap < p to make A (at least) doubly stochastic. A simple example (such as the
w

2 x 2 matrix with rows (0, 1) and (0, 1) with p having entries 1 and 2) shows that
for a nonnegative matrix, the conditions Ae < e, Ap < p,and A p2 < p2, need not
w w w

imply that A a doubly stochastic. What if we replace weak-majorization inequalities
by majorization ones? As the answer is unclear, we pose the following.

Problem: Let p € R"be a positive vector with distinct entries. Consider the compact
convex set

Q,:={A e R"": A isnonnegative and Ah < h forall h € {e, p, Y.

Is every matrix in this set doubly stochastic? If not, what are the extreme points of this
set?

When Ah < h for some h, we have (Ah, e) = (h, e), thatis, (ATe — e, h) = 0.
Hence, if A is nonnegative and p is a positive vector with distinct entries, then the
condition Ah < h for all 4 in (the basis) {e, p, p2, el p”_l} implies that ATe = e,
that is, A is doubly stochastic. In particular, if A € R™*" with n < 3, the above
problem has an affirmative answer, that is, every A in €2, is doubly stochastic. The
answer for n > 4 is unclear.

4 Equality versions over general Euclidean Jordan algebras

Throughout this section, we assume that ) is a Euclidean Jordan algebra of rank n
with unit element e.

Before proving our equality/identity version of Korovkin’s theorem over Euclidean
Jordan algebras, we provide a simple example to show that the direct analog of The-
orem 3.1 is false.

Example 1 Let V = H" and T be the transformation that takes a matrix X € V to the
corresponding diagonal matrix, that is,

T(X) := Diag(X),

where Diag(X) is the diagonal matrix whose diagonal is that of X. Then, T is linear,
positive, and unital. Moreover, T(H) = H for all H € {I, P, P?}, where I is the
identity matrix, P is any diagonal matrix with distinct diagonal entries. Yet, T does not
coincide with the identity transformation on H". It is interesting to observe that T is
trace-preserving and, hence, doubly stochastic. It follows, for example, from Theorem
2.2, that the diagonal of a Hermitian matrix is majorized by the eigenvalue vector of
that matrix — this is the well-known Schur’s theorem in matrix theory.
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In preparation for the main theorem, we present a lemma. Here, we let §;; denote
Kronecker’s delta function.

Lemma4.1 Suppose T : V — V is a positive linear transformation and
{e1, e, ..., ey} is a Jordan frame such that
(T(ej). ei) = lleill*8i; (1 <i.j<n). (6)

Then, T (ex) = T*(ex) = ey for all k; moreover, T is doubly stochastic.

Proof Let I denote the identity transformation on V. Fix any k € {1,2,...,n} and
let b := T (ex). Consider the Peirce decomposition of b relative to the Jordan frame
{els 629 ey en}:

n
b= biei+ Y. b
i=1

I<i<j<n

Now fix any index i, i # k. By (6) and the orthogonality of the individual terms in the
Peirce decomposition,

0= (T(ex), e;) = (b, e;) = bj lle;] |-

Since b > 0 (due to the positivity of T'), from Proposition 2.1, we must have b;; = 0
forall/ > i and b;; = 0 for all/ < i. So, in the Peirce decomposition of b, only one
term survives. Hence, b = byey. Since ||ex||? = (T (ex), ex) = (b, ex) = bi|lex||, we
must have by = 1. Thus, b = e, proving the equality 7 (ex) = ex. As k is arbitrary,
T = I on the Jordan frame {eq, e2, ..., ¢,} and on the span of {e}, e2, ..., e,}.

We now show that 7* = I onthis span. As T is positive, T (K) C K. Since K is self-
dual, T*(K) € K, so T* is also positive. Since the condition (T (¢;), ;) = ||e;] |2 8ij
is the same as (T*(¢;), e;) = ||ej]| |28,~j, from the above proof we see that T*(ey) = ex
for all k; hence T* = I on the span of {ey, €3, ..., e,}; in particular, T*(e) = e. As
T is positive and T (e) = e, to show that 7 is doubly stochastic, we need only show
that 7 is trace-preserving, that is, 7} (e) = e, where T, is the adjoint of T relative to
the trace inner product. From T (e) = e for all k, we see that

(T(ej), eide = {ejs ei)u = lleil2. 85 (1 <i,j<n).

By what has been proved earlier (applied to the trace inner product), 7;¥ (ex) = e for
all k and so, 7, (e) = e. Thus, T is doubly stochastic. O

We now state our main theorem.

Theorem 4.2 Suppose V is a Euclidean Jordan algebra of rank n and T : V — 'V
is a positive linear transformation. Let {e1, ea, ..., ey} be a Jordan frame and p =
pi1e2 + paex + - - - + pnen, where pjs are distinct. Then, the following statements are
equivalent:
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(a) T(h) =hforallh € {e, p, p*}.

(b) T(h) =hforallh € span{ey, ez, ..., en}.
(¢) T*(h) = hforallh € spanfey, ey, ..., ey}
(d) T*(h) =h forallh € {e, p, pz}.

Moreover, under any of the above conditions, T is doubly stochastic; hence T (x) < x
forall x € V.

Proof (a) = (b), (a) = (c): Suppose (a) holds. As p = pi1e; + prea + -+ - + puen,
we have p2 = p%el + p%ez + -+ p%e,,. Consider the matrix A = [a;;], where
ajj = W(T(e j)sei). As T is positive and the symmetric cone K is self-dual, we
see that A is a nonnegative matrix. Since the sum of all e;s is e with T'(e) = e and
(e, ei) = ||ei||?, we see that A is unital. From T'(p) = p and T'(p?) = p?, we have,
for all 7,

n n

2 _ 2
Zaijpj = p; and Zaijpj =D;-
j=1 j=1

Thus, A satisfies the conditions of Theorem 3.1. It follows that A is the identity
matrix. Hence, (T (e;), ¢;) = ||e,-||2 djj, forall 1 <i, j < n.From the above lemma,
T (er) = T*(er) = ex forallk. WeseethatT = T* = I onthespanof{e;, e, ..., e,}.
Thus we have (b) and (c).

(b) = (a), (¢) = (d): These are obvious, as p, p* € span{eq, e2, ..., en}.

(d) = (¢), (d) = (b): Suppose (d) holds. Since T is positive and the symmetric
cone K is self-dual, T* is also positive. Then, applying the implications (a) = (b),
(a) = (c) to T*, we see that (c¢) and (b) hold.

From the above, we see that the stated conditions are all equivalent. Now suppose
(b) holds. Then, condition (6) holds. From Lemma 4.1, T is doubly stochastic. By
Theorem 2.2, T(x) < x forall x € V. O

Corollary 4.3 If a positive linear transformation coincides with an automorphism on
a Jordan frame, then it is doubly stochastic.

Proof Let T = ¢ on a Jordan frame, where 7 is a positive linear transformation and ¢
is an automorphism. Then, using the properties of ¢ and ¢!, we see that g "' o T is a
positive linear transformation satisfying the condition (b) of the above theorem. Hence
¢~ o T is doubly stochastic. As ¢ is doubly stochastic, we see that the composition
¢ o (¢~ ! o T) is also doubly stochastic. Hence, T is doubly stochastic. O

We now answer a question raised by a Referee — whether the converse in the above
corollary is true. Suppose T is a positive linear transformation that coincides with an
automorphism on a Jordan frame. As automorphims are invertible and elements of
a Jordan frame are linearly independent, the dimension of the range of any such T
is at least n (the rank of V). So, when n > 1, such a T can never be equal to the
doubly stochastic transformation S : x +> “T"e which has one-dimensional range.
Strengthening this, in Sect. 6, we show that such T must be in the relative boundary
of the (compact convex) set of all doubly stochastic transformations.
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Remarks 1In the setting of a C*-algebra .4, Kadison’s inequality [15] asserts that if a
linear transformation 7 : A — A is positive and T (1) < I, then

T(X)? < T(X?)

for all self-adjoint elements X in A. (Uchiyama’s elementary proof of Korovkin’s
theorem [19] uses this inequality in the setting of C[a, b].) Based on this inequality,
Priestley [17] has shown that when {7} } is a sequence of positive linear transformations
on A with T (I) < I for all k, the set

T={XeA: X*=X, Thi(X) > X, Te(X>) > X%}

is a norm-closed Jordan algebra of self-adjoint elements of 4, that is, a real linear
subspace of A closed under the Jordan product X o ¥ := w We specialize
Priestley’s result by letting A = M,, (the space of all n x n matrices) with Ty = T for
all k, where T : M,, — M, is a positive unital linear transformation. Then, H" is the
Jordan algebra of self-adjoint elements of M, (under the Jordan product mentioned
above). By the above result, the set 7 := {X € H" : T(X) = X, T(X?) = X?}
is a Jordan subalgebra of H". Suppose there is a P € H" with distinct eigenvalues
such that T(P) = P and T(P?) = P%.In H", let £ be a Jordan frame with respect
to which P has its spectral decomposition. Because P has distinct eigenvalues, by
uniqueness of Jordan frame (see [4], Theorem III.1.1), this Jordan frame must be the
Jordan frame of P in the Jordan subalgebra 7. This means that £ C 7, showing that
T coincides with the identity transformation on the span of £. So, in the setting of
‘H", the implication (a) = (b) in Theorem 4.2 can be deduced from Priestley’s result.
We note, however, that Priestley’s result does not provide any information about 7*.
Motivated by the above discussion, we raise the following questions:

(1) Is there a Kadison-type inequality for Euclidean Jordan algebras? That is, if Tis
a positive linear transformation that is (sub)unital, can we assert that T(x)? <
T (x?) for all x?

(2) Does Priestley’s result have an analog in the setting of Euclidean Jordan algebras?
That is, if Tis a positive (sub)unital transformation on V, can we say that the set

xeV:Tx)=x, Tx? =x%}
is a subalgebra of V?

We now describe some examples where condition (b) of Theorem 4.2 holds.

Example2 Let A = [a;;] be an n x n real symmetric positive semidefinite matrix
with every diagonal entry 1 (that is, A is a correlation matrix) and {ey, ez, ..., e,}
be a Jordan frame in V. Then, writing the Peirce decomposition of any x € V as
X =), %ij, we define the transformation

T:x— Aex := E ajjXij.

i<j
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This transformation is positive, unital, and self-adjoint (see Example 8 in [5]) and
satisfies condition (b). T being doubly stochastic leads to some interesting conse-

quences, see [6]. For example, by taking nonzero numbers ay, az, .. ., a, and letting
2 2
2a;a; . . .. . . . a;+ay

A= [a;ﬁ/?]’ we get the pointwise majorization inequality [a;ja;] e x < [-52] e x.

Written in the familiar form, this becomes
Py(x) < Lpa(x) (xeV),

where for any a = aje; + azex + -+ + apen, € V, Ly(x) := aox and P,(x) :=
2

2ao0(aox) —a“ox.

Note: In the case of H", the real matrix A can be modified as follows. Let Bbeann xn
complex (Hermitian) positive semidefinite matrix with every diagonal entry 1. Writing
X = [x;j] and B = [b;;], we define the (Schur/Hadamard product) transformation 7’
on H" by T(X) := Be X :=[b;;x;;]. Then, T is positive (by Schur product theorem,
see [11], Theorem 5.2.1) and T (E;) = E; for all i, where E; € H" is the matrix with
1 in (i, i) slot and zeros elsewhere. As T*(X) = B e X, where B is the matrix of
conjugates of entries of B, we see that T*(E;) = E; for all i. Note that, generally, T
need not be self-adjoint.

Example 3 Let V = H". We consider a completely positive linear transformation T’
on H" which, by definition, is of the form

T(X) := A1 XAT + Ay XA5 + -+ AyXAY (X € HY),

where A1, Az, ..., Ay are n x n complex matrices. If this transformation satisfies
condition (b) of the above theorem, then 7 (/) = I = T*(I) and so A1 A} + A2 A% +
-+ AyAYy = I and ATA| + AJAy + --- + Ay Ay = I. We now characterize
completely positive transformations satisfying condition (b).

Let T be as above and let {eq, e3, ..., e,} be a Jordan frame in H" with T (¢;) = e;
forall i. Let {E1, E», ..., E,} denote the canonical Jordan frame in H", where E; is
a diagonal matrix with 1 in the (i, i) slot and zeros elsewhere. As H" is simple, the
Jordan frame {E1, E3, ..., E,} can be mapped into the Jordan frame {ey, e2, .. ., e,}
by an automorphism. Hence, there is a unitary matrix U such that ¢; = UE;U* for
all i. Define the transformation S on H" by

SX):=UT(UXU"U (X e H").
Then, S is positive and S(E;) = E; for alli. We see that S(X) = B1 X B} + BoX B} +
-+ + ByXB),, where By = U*AU for all k. By considering the block form of

each E;, we deduce from S(E;) = E; that By is a diagonal matrix. Let by denote the
diagonal of By (viewed as a column vector). Then, By X B;: can be written as C; o X,

where Cj is the rank-one matrix bkbz. Letting C := lecv:l Cy., we see that

S(X)=CeX (XeH".
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We observe that C, being a sum of rank-one matrices, is positive semidefinite; from
S(E;) = E; we see that each diagonal entry of C is one. Finally,

T(X) = U(C . U*XU)U* (X € HM). %)

Clearly, the above arguments can be reversed to see that a transformation of the form
(7) is completely positive and satisfies condition (b) of the theorem.

We now specialize by letting k = 1. Let T (defined by T (X) = A1 X A’l‘) coincide
with the identity transformation on the Jordan frame {ey, e, ..., e,} in H". Then, by
the above, Bj is a diagonal matrix where every diagonal entry has absolute value 1
and A1 is unitarily similar to Bj.

5 Sequential and weak-majorization versions

Our next result deals with the sequential version of Theorem 4.2. First, some prelim-
inary material. On the Euclidean Jordan algebra V, for any x € ) with eigenvalues
X1, X2, ..., Xp, the co-norm is defined by

[IX]loc = max [xl.
1<k<n

(It is known that || - || iS @ norm on V, see e.g., [5].) For any linear transformation
S on V, let ||S||c denote the operator norm relative to || - ||oo. Now assume that S is
positive. For any x > 0, we have 0 < x < ||x]|x e and so

0 =38 =< lx[leo S(e).

We now apply (2) to get the inequality ||S(X)||co < ||X|]oo ||S(e)]|co for all x > 0.

Now let x € V. By considering the spectral decomposition of x, we can write x =
a — b, where a = xT and b = x~ (see Sect. 2 for definitions). Then, ||a||ec < |1X||oo
and [|b[|oo < [|x[|oo- Hence,

1S oo = [1S(@) = SB)lloo = IS(@loo + [1SB)[loo = llalloo [1S(e) oo
161100 [1S(@)]loo

and so
1S oo = 2[|x o0 [IS(e)loc-
Hence, for a positive linear transformation S on V),
[1S1loe = 2[1S(e)loo-

Now, let

BV, V):=Space of all linear transformations from ) to V.
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Since V is finite dimensional, the norm induced by the given inner product on V is
equivalent to the co-norm. Correspondingly, the operator norms induced by these on
B(V, V) are also equivalent. Hence, there is a positive constant C (depending only on
the dimension of V) such that for any positive linear transformation S on V,

IISII = ClIS(]l, ®)

where ||S]| is the operator norm of § and ||S(e)|| is the norm of S(e) relative to the
norm induced by the given inner product on V.

Theorem 5.1 SupposeV is a Euclidean Jordan algebra of rank n and {Ty.} is a sequence
of positive linear transformations on V such that Ty(h) — h for all h € {e, p, p*},
where p € V with distinct eigenvalues. Let p = piey + paex + - -+ + pnen be the
spectral decomposition of p. Then,

Tx(h)y > h and T;'(h) — h

forallh € span{ey, ea, ..., en}.

Proof For any k, Ty is positive; hence, from (8),
Tkl < ClITi(e)]l.

As Ty (e) — e, the sequence || Ti(e)]|| is bounded. Hence, from the above, the sequence
{T¢} is bounded in BV, V).

We now claim that 7y (h) — hforallh € span{ey, ea, ..., e,}. Since Tys are linear,
it is enough to show that Ty (e;) — ¢; foralli = 1,2, ..., n. Suppose this is false;
assume, without loss of generality, that T (e;) - e;. Then there is a subsequence
{T},} of {T}} and a positive number & such that

1Ty, (e1) —e1]] = & forall [. )

On the other hand, 7%, is abounded sequence (in the finite dimensional space B(V, V)),
hence has a subsequence — continue to call this T}, — that converges to a linear trans-
formation, say, T. We see that T is positive and (by the imposed conditions on {7})
satisfies the conditions

T(e) =e,T(p) = p, and T(p*) = p*.

Now, by Theorem 4.2, T (e;) = ¢; foralli = 1,2, ..., n. In particular, T (e1) = ej.
But this means that Ty, (e;) — e; contradicting (9). Hence, Ti(e;) — e; for all
i=1,2,...,n.

We now claim that 7;(e;) — e; for all i. Suppose, without loss of generality,
T (e1) = ey.Since ||T)|| = ||Ty|| for all k, the sequence {T;"} is bounded in B(V, V).
Then, as argued before, there is a subsequence Tk’; such that T,; (e1) - ey and Tk’;
converges to, say, S. As the adjoint operation is continuous, we have Ty, — S*. As
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Ty, (ei) — e; for all i, we have S*(e;) = ¢; for all i. Since S* is positive, from our
previous result, S(e;) = e; for all i. But then, T/:; (e;) — e; for all i, contradicting our
assumption that Tkj (e1) —» e1. Thus, we have our claim. O

We now state a result that is analogous to Theorem 3.2 on a simple algebra. Recall
that in V, by definition, x < y if A(x) < A(y) in R".
w w

Theorem 5.2 Let V be a simple Euclidean Jordan algebra of rankn and T 1V — 'V
be a positive linear transformation. Let p € V with spectral decomposition p =
pie1 + paex + - - -+ puen, where pjs are positive and distinct. Suppose the following
conditions hold:

(i) T(e) <e. p <T(p), and T(p?) < p* and
(ii) T(p) and T(pz) operator commiute.
Then
(a) T coincides with an automorphism on spaniei, ez, ..., ey},

(b) MT (x)) = A(x) forall x € span{ey, ea, ..., ey}, and
(c) T is doubly stochastic.

Proof We assume that all the assumptions are in place. By permuting ey, ez, ..., e,
we may assume that p; > po» > --- > p,. Then, p = A(p) x £, where £ =
{e1, e, ..., ey} Since T(p) and T (p?) operator commute, they have their spectral
representations with respect to the same Jordan frame, say, F = { f1, f2, ..., fa}. We
wiite T(p) =r+F =rifa+rafat - +rfuand T(p?) =s*xF :=s1fi+s2fr+
oo+ Sy fn, Where r = (r1,7r2,...,1r,) and s = (s1, 52, ..., Sy); we assume, without
loss of generality, that the entries of r are decreasing. Note that r = = AT pP))
and s¥ = A(T'(p?)). Now, since V is simple, there is an automorphism ¢ which takes
Fto&,so¢(fi) =e; foralli,see [4], Theorem IV.2.5. Then,

ST (p)=¢rxF)=r«Eand p(T(p>) = (s x F) = s % E.
Let S :=¢ o T and p := A(p). Then, S is positive and

T (e) <e = A(T (e)) = Me) = AT (e) <ile)=>T(e) <e= S(e) <e,

where the second implication is due to the fact that A(e) is the vector of 1sin R". Now
consider the matrix B defined by

1
B = [bi;], bij = W( (ej), ei).

Since S is positive and S(e) < e, we see that B is nonnegative and Z’;’:l bij <1 for
all i. From the relations

j=1 i=1 j=1 i=1

n n n n
S(Zﬁjej) =S(p)=rxE=) rie; and S(Zﬁ?ej) =S(pH=sxE=) siei
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we verify that Bp = r and Bp?> = s. Moreover, from condition (i), as ¢ preserves
eigenvalues,

M(p) < MT(p)) =r = A(S(p) and A(S(p?)) = s¥ < A(p?).

In summary: B is nonnegative, subunital, p < Bp, and Bﬁz < ﬁz; additionally, the
w w

entries of p are strictly decreasing and those of Bp are decreasing.
From Theorem 3.2, we see that B is the identity matrix. So, for all i, j,

(S(ej), ei) = lleil 1?8

From Lemma 4.1, § = I on W := span{ey, ea, ..., e,}. So, (T (x)) = x for all
x € W, that is,

T(x) = ¢ '(x) forall x € W.

As ¢~ is an automorphism on V, we have Item (a). Since automorphisms preserve
eigenvalues, T preserves eigenvalues of every element in VY. This gives (b). Finally,
(c) comes from Corollary 4.3. O

Remarks We note that conditions (i) and (i) in the above result are necessary and
sufficient for T to coincide with an automorphism on {ey, e, ..., e,}. Moreover, in
the presence of (ii), (i) is equivalent to each of the following:

(1) M(T(h)) = r(h) forall h € {e, p, p?}.
(2) T(e) < e, MT(p)) = Mp), and T (p?) < p*.

It is not clear if the assumption that V' is simple can be dispensed with.

6 The compact convex set of all doubly stochastic transformations

Motivated by a question raised by a Referee (regarding the converse in Corollary 4.3)
we now consider the set of all postive linear transformations that coincide with some
automorphism on a Jordan frame and show that, when n > 1, it is contained in the
relative boundary of the set of all doubly stochastic transformations. Let

DS(V) := Set of all doubly stochastic transformations on V.
It is known that DS(}) is a compact convex set in the space of all (bounded) linear
transformations on V [5]. Except in a few cases (for example, in the classical case
Y = R" and in the case of spin algebra £"), the facial structure of DS(V) is not
well understood. In the result below, we describe some faces (and extreme points) of
DS(V). For any automorphism ¢ and any Jordan frame £ in V), let
DSW,¢,E) :={T e DS(V) : T =¢on &}.
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In what follows, we use standard convex analysis terminology, e.g., as in [18].

Theorem 6.1 Letn > 1. Then DS(V, ¢, E) is a proper face of DS(V), hence contained
in the relative boundary of DS(V). Consequently, every automorphism of V is an
extreme point of DS(V).

Proof The set DS(V, ¢, £) is, clearly, convex. It is nonempty as ¢ is an element in
it. To show that it is a face of DS(V), suppose (1 — 1)S; + 1S, € DS(V, ¢, ) for
some S1,5 € DS(W)and 0 < ¢ < 1. Then (1 — #)S; + tS» = ¢ on &; hence,
(1—- t)(j)‘1 oS +t¢_1 08> = I on &. To simplify the notation, let 71 = 4)_1 oS1 and
T = ¢>_1 0 S>. Now, letting £ = {eq, e2, ..., ey}, we have, foralli = 1,2, ..., n,

(1 =t)Te; +tThe; =e;.

Since 71 and T are positive transformations, T1e; and Te; are in K (the symmetric
cone of V). As {te; : t > 0} is a face of K (see e.g., [7], Theorem 3.1), we see that
Tie; = aje; and Tre; = fie; for some nonnegative numbers «; and B;. Since T is
doubly stochastic, we have Tj(e) = e, thatis, Y ;_, Tie; = Y ;_, e;. This results
in Y7 aie; = > i e. As elements of a Jordan frame are linearly independent,
a; = 1 for all i. Thus, Tie; = ¢; for all i and so S| = ¢ on £. This proves that
S1 € DS(V, ¢, &). Similary, S € DS(V, ¢, £). Thus, DS(V, ¢, £) is aface of DS(V).
Since n > 1, as observed previously, the doubly stochastic transformation x %e
cannot be in DS(V, ¢, £); hence, DS(V, ¢, £) is a proper face of DS(V). Since proper
faces of a convex set have to be in the relative boundary of that convex set, the first
stated result follows. Now, fix a ¢ and consider the intersection of all DS(V, ¢, £) as £
varies over all Jordan frames. By the spectral decomposition theorem (see Sect. 2), this
intersection is just {¢}. As any intersection of faces is a face, this intersection is also
a face of DS(V). Thus, {¢} is a face proving that ¢ is an extreme point of DS(V). O

Note: In [5], it has been shown that on a simple Euclidean Jordan algebra, every
automorphism is an extreme point of DS()). The above result (with a different proof)
extends it to the general case.
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