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Abstract

Given a linear map T on a Euclidean Jordan algebra of rank n, we consider the set
of all nonnegative vectors ¢ in R™ with decreasing components that satisfy the pointwise
weak-majorization inequality A(|T(z)|) < g * A(|z|), where X is the eigenvalue map and *
denotes the componentwise product in R%. With respect to the weak-majorization ordering,
we show the existence of the least vector in this set. When T is a positive map, the least
vector is shown to be the join (in the weak-majorization order) of eigenvalue vectors of T'(e)
and T*(e), where e is the unit element of the algebra. These results are analogous to the
results of Bapat [4], proved in the setting of the space of all n X n complex matrices with
singular value map in place of the eigenvalue map. We also extend two recent results of
Tao, Jeong, and Gowda [22] proved for quadratic representations and Schur product induced
transformations. As an application, we provide an estimate on the norm of a general linear

map relative to spectral norms.
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1 Introduction

This paper deals with a pointwise weak-majorization inequality for an arbitrary linear map on a
Euclidean Jordan algebra. Our motivation comes from several sources. In a 1991 paper, Bapat
[4] proves the following result for a linear map 7" on the space M,, of all n x n complex matrices:

There is a unique nonnegative vector n(T) with decreasing components such that
s(T(X)) <= n(T) x s(X) for all X € M,,
w

with the additional property that if the above inequality holds for some q in place of n(T), then
n(T) < q. Here, s(X) denotes the vector of singular values of X in M,, written in the decreasing
order,w * denotes the componentwise product in R", and < is the weak-majorization preordering
relation on R"™. Specializing the above result, Bapat pro@es that if T' is positive (meaning that
it takes positive semidefinite matrices to positive semidefinite matrices), then, n(7T) is the join
of the singular value vectors of T(I) and T*(I) relative to the weak-majorization preordering,

where I denotes the identity matrix.

Subsequently, in a 1999 paper, Niezgoda [20] studied a generalization in the setting of group
majorization (Eaton triples) and described equivalent formulations for positive linear maps, see
Theorem 3.1 and Examples 4.1 and 4.2 in [20].

Going in a different direction, in a recent paper, Tao, Jeong, and Gowda [22] proved, in the
setting of Euclidean Jordan algebras, three weak-majorization inequalities. To elaborate, let
(V,0,(-,-)) denote a Euclidean Jordan algebra of rank n with unit e and carrying the trace inner
product. For a € V, consider the Lyapunov transformation L, and the quadratic representation

P, defined, respectively, by
Lo(z):=aox and P,(z):=2a0(aox)—da’ox (xzcV).

Also, for any n X n real symmetric positive semidefinite matriz A and a fixed Jordan frame in
V, consider the corresponding Schur product induced linear transformation D4 : V — V defined
by Da(z) = Aex. For any x € V, let A\(x) denote the vector of eigenvalues of x written in the

decreasing order. In [22], the following results were proved.
o \(|Lo(z)]) < A(Ja]) * A(Jz]) for all x € V.
o A\(|Py(2)]) < A(a?) * A(|z|) for all z € V.
w

e \(|Da(x)]) < A(|diagA|) * A(|z|) for all z € V.

In the above, the transformations L,, P,, and D4 are all self-adjoint and the last two are positive,
that is, they keep the symmetric cone V4 of V invariant. Writing T for any one of the these

transformations, above statements could be written in a unified way:

M|T(x)]) = A(|T(e)]) * A(z|) for all z € V.



Motivated by the strong similarity between the results of Bapat and of Tao et al., we raise
the question whether Bapat’s results have analogs in the setting of Euclidean Jordan algebras.
While there is a close connection between the C*-algebra M, and the Fuclidean Jordan algebra
H" of all n x n complex Hermitian matrices, lack of matrix type multiplication and associative
properties in a general Euclidean Jordan algebra hinder routine/obvious generalizations of results
and proofs. Yet, with powerful and elegant Euclidean Jordan algebra machinery we show the
following results: Given any linear map T : V — V, there exists a unique nonnegative vector

n(T) in R™ with decreasing components such that
AT'(z)]) < n(T) * X(|x|) for allz €V, (1)

with the additional property that if the above inequality holds with q in place of n(T), then
n(T) < q. Furthermore, if T is positive, then n(T) is the join of eigenvalue vectors of T(e)
and ng(e) in the weak-majorization preordering on R™. In particular, when T is positive and
self-adjoint, we have \(|T(x)|) < A(T(e)) * A(|z|) for all x € V. We note that this last statement
recovers the two results of Tao et al., stated for P, and D4 (proved in [22] by different techniques).

Now, constructing some ¢ that satisfies the pointwise inequality A(|T'(z)|) < ¢ * A(|z|) is easy:
One can take a large positive multiple of the vector of ones in R". Demonstiuating the existence
of ‘least’ ¢ (which implies uniqueness) and describing this ¢ for a positive map requires more
and nontrivial work. In our analysis, three key results from Euclidean Jordan algebras are used.
The first one is the ‘Fan-Theobald-von Neumann inequality’ [18, 1, 13]:

(z,y) < (M=), Ay)) (z,yeV). (2)
The second one is the ‘wariational principle’ [1]:

Sk(@) = Ar(@) + Ao(x) + -+ + Ap(2) = max (z,0), 3)
cezk)
where Z(-) denotes the set of all idempotents of rank & in V. The third key result is a weak-
majorization inequality ([22], Lemma 4.2): If ¢ € V with €2 = e and = € V, then

Az oel) < A([z]) * Alle])- (4)

Now, observing the commonality of results in both M,, and Euclidean Jordan algebras, one
might wonder if there is a general framework/setting where a unified result could be obtained.
We mention Eaton triples [5] (equivalently, normal decomposition systems [17] which includes
both M,, and simple Euclidean Jordan algebras) or more generally, Fan-Theobald-von Neumann
systems [9] (which include Eaton triples and all Euclidean Jordan algebras) as possible candidates
for such a unified approach. The work of Niezgoda [20] mentioned earlier may be taken as a

starting point in this regard.

Here is an outline of the paper. In Section 2, we cover some preliminaries. Section 3 deals with
our main result (1) for linear maps and a consequence for positive ones. It also includes a result

on majorization: There exists ¢ € R"™ with decreasing components such that \(T'(z)) < q * A\(x)



for all x € V if and only if T is a scalar multiple of a doubly stochastic map. In Section 4, we
describe some properties of the nonlinear map 7 defined on the set of all linear maps on V. As
an application, we provide an estimate on the norm of a linear map relative to spectral norms.

Examples are provided in Section 5 and a few open problems are mentioned in Section 6.

2 Preliminaries

Throughout this paper, we let R™ denote the real Euclidean n-space with the usual inner product
and R’} denote the set of all nonnegative vectors in R". We say that a vector ¢ = (q1, 42, - --,qn)
in R™ has decreasing components or that its components are written in the decreasing order if
@1 >q2 2> > qn. Welet

RV ={a=(q1,02--,n) ERL 1 > q2> > qn }.

For p,q € R", we write p > ¢ if p — ¢ € R’} and let p * ¢ denote their componentwise product.
We write 1, for the vector in R™ with 1s in the first £ slots, and Os elsewhere; 1 denotes the
vector of ones in R". Given p = (p1,p2,...,pn) € R", we write |p| := (|p1|, |p2l, - - -, |pn|) for the
vector of absolute values and pt := (p%,p%, . ,pﬁ) for the decreasing rearrangement of p; the
latter is the vector obtained by rearranging the entries of p in a decreasing order. We note the

Hardy- Littlewood-Pdlya rearrangement inequality (p,q) < (p*,¢"*) and, as a consequence,

(p,a) < (pllal) < (pl* lal*)  (p.g € R™). (5)

Given two vectors p and ¢ in R"™, we say that p is weakly majorized by ¢ and write p < ¢ if
w

Zle pj < Zle qii for all indices k, 1 < k < n. If, in addition, )" , pi’ =>", qii, we say that
p is majorized by q and write p < ¢. For any p € R™ and index k € {1,2,...,n}, Sk(p) denotes
the sum of k largest components of p, that is, Sk(p) := Ele pj. We will use the following result

([2], Problem II.5.16) in R™:
[rZOandp%q]:>r¢*p¢—<r¢*q¢:(r¢,p¢>S(Ti,q). (6)

Consider the ordering relation on R™ induced by weak-majorization. While this relation is
merely reflexive and transitive on R, it becomes antisymmetric on (Rﬁ)i; thus, it is a partial

order on (R™)*. In this regard, the following result of Bapat is useful.
Proposition 2.1. (Bapat [4], Lemma 3 and Corollary 4)

(a) Let Q be a nonempty subset of R'.. Then, there is a unique ¢* € (R?r)i such that ¢* j q
forallq € Q and if p € RY withp < q for allq € Q, then p < ¢*. We write w-inf(Q) := ¢*.
w w

(b) Suppose S is a nonempty bounded subset of R.. Then there is a unique p* € (RCLF)i
such that s < p* for all s € S and if p € R} with s < p for all s € S, then p* < p.
We write w—g}up(S) = p*. When S = {r,s}, the Goin’ %fr and s is deﬁned/denotelé)l by
rVs = w-sup(.5).



In Item (a) above, ¢* is constructed as follows. For 1 < k < n, let

= inf S
Br inf %(q)

and

Tk = Br — Br—1,

where By := 0. Then ¢* := (r1,r2,...,7,). Also, in Item (b), for a nonempty bounded subset S
of R"}, one defines @ := {¢q : s < ¢ for all s € S} and p* := w-inf(Q).
Note that when r,s € (R,

r Vs < max{r,s},
w w
where max{r, s} is the componentwise maximum of  and s.

Throughout, we let (V, o, (-,-)) denote a Euclidean Jordan algebra of rank n with unit element e
[6, 11]; the Jordan product and inner product of elements x and y in V are, respectively, denoted

by z oy and (x,y). We note (one of the defining properties of a Euclidean Jordan algebra):
(xoy,z) = (x,yoz), forall z,y,z € V.

It is well known [6] that any Euclidean Jordan algebra is a direct product/sum of simple Eu-
clidean Jordan algebras and every simple Euclidean Jordan algebra is isomorphic to one of five
algebras, three of which are the algebras of n x n real/complex/quaternion Hermitian matrices.
The other two are: the algebra of 3 x 3 octonion Hermitian matrices and the Jordan spin algebra.
According to the spectral decomposition theorem [6], every element x € V has a decomposition
xr = 161 + T2€2 + - - - + Tpep, where the real numbers z1, 9, . .., z, are (called) the eigenvalues
of x and {ej,ea,...,e,} is a Jordan frame in V. (An element may have decompositions coming
from different Jordan frames, but the eigenvalues remain the same.) The trace of x is defined
by tr(x) := x1 + 22+ -+ - + xy. It is known that (x,y) — tr(x o y) defines another inner product
on V that is compatible with the given Jordan product. Throughout this paper, we assume that

the inner product on V is this trace inner product, that is, (x,y) = tr(x oy).

The rank of an element x is the number of nonzero eigenvalues of x. We use the notation z > 0
(x > 0) when all the eigenvalues of = are nonnegative (respectively, positive) and = > y (or,
y < z) when z —y > 0, etc. We let

Vi={zxeV:xz>0}

denote the symmetric cone of V. It is known that V; is a self-dual (closed convex) cone.
Given a function ¢ : R — R, the corresponding Léwner map (still denoted by ¢) is defined via

spectral decomposition:
n n
If x = inei, then ¢(x) := Z o(zi)e;.
i=1 i=1

In particular, for z = Y"1 | x;e;, we define |z| := Y1 | |zile; and ot := 3" | xe;. By writing

|z;| = x; &;, where ¢, = 1 when x; > 0 and ¢; = —1 when z; < 0, we see that |x| = z o g, where



€2 = e (in fact, € := e1e1 + €262 + - - + £pnen).

For any x € V, A\(x) — called the eigenvalue vector of = — is the vector of eigenvalues of x written

in the decreasing order. We write
AMz) = ()\1(:16), Ao(x),. .. ,)\n(m’))

and note Aj(x) > Aa(z) > -+ > Ay(x). It is known that A : YV — R™ is continuous [1].

We define weak-majorization and magjorization inV by: © <y inV if and only if A(x) < \(y) in
w w

R™ and x <y inV if and only if A(z) < A(y) in R"™. The following implication is a consequence

of the well-known Hirzebruch’s max-min theorem [13]:
<y = Mz) < Ay)

In particular, we have A\(z) < A(|z|) for all z € V.

As [M(x)|¥ = A(|z]), combining (2) and (5), we get the following useful inequality:

(z,y) < A(z)); AyD)  (z,y € V). (7)

An element ¢ € V is an idempotent if ¢* = ¢; it is said to be a primitive idempotent if it is nonzero
and cannot be written as the sum of two other nonzero idempotents. By spectral decomposition
theorem, corresponding to any nonzero idempotent ¢, there is a Jordan frame {ej,ea,..., ey}
such that ¢ = ey + eg + -+ + e for some k, 1 < k < n. (Here, e1,eq,...,¢e, are mutually
orthogonal primitive idempotents); hence, the rank of such an idempotent is k. Let Z(®) denote
the set of all idempotents of rank k, 1 < k <n. We let

n
I= U Z®*) = Set of all nonzero idempotents.
k=1

As V carries the trace inner product, the norm of any primitive idempotent is one and so
tr(c) = k for each ¢ € Z%). As the set of all primitive idempotents is compact ([6], page 78), it
follows easily that Z() is compact. Hence, Z is also compact.

In what follows, we use the letter ¢ for an element in V with €2 = e. Such an element will have

eigenvalues £1. We let
E:={ecV:e?=¢} and Zo&:={coec:ceL,cc&}.

For any z in V or in R", Sk(z) denotes the sum of the first k largest eigenvalues of z. (Note that
R™ is a Euclidean Jordan algebra in which the components of any vector are its eigenvalues, so

our notation is consistent.)

We let £(V) denote the space of all (continuous) linear maps over V. For T € L(V), we say that
T is

(a) positive if T(V4) C Vy;

(b) doubly substochastic if T' is positive, T'(e) < e and T*(e) < e, where T* denotes the adjoint



of T}
(¢c) doubly stochastic if T is positive, T'(e) = e and T*(e) = e;
(d) an algebra automorphism if T is invertible and T'(x o y) = T'(z) o T'(y) for all z,y € V;
(e) a cone automorphism, if T(Vy) = Vy.

We respectively write DSS(V), DS(V), Aut(V), and Aut(Vy) for the set of all doubly substochas-
tic maps, doubly stochastic maps, algebra automorphisms, and cone automorphisms on V. The

following results are known:
e conv(Aut(V)) C DS(V), where ‘conv’ stands for the convex hull, see [8].

e T'is doubly substochastic if and only if A(T'(z)) < A(z) for all z > 0in V, see [16], Theorem
3.3.

e T is doubly stochastic if and only if A(T'(x)) < A(x) for all z in V, see [15], Lemma 2.

3 Results

In this section, we establish our main result and state a consequence for positive maps. We
will also consider a majorization result. In what follows, V is always assumed be to a (general)

Euclidean Jordan algebra of rank n, unless otherwise stated.

Theorem 3.1. Let T : V — V be a linear map. Then, there exists a unique n(T) in (RL)¥ such
that
M|T(x)]) <= n(T) =« X(|x|) for allz €V, (8)
w

with the additional property that if the above statement holds with q in place of n(T), then
n(T) <q.

Before the proof, we cover some preliminary results. Let 7' : V — V be an arbitrary (but fixed)

linear map. Correspondingly, we define the following sets in (R')+:

Q:={ge (R : \N|T(z))) <q*A(jz]) forallze v}, (9)
A= {\|T(coe)]):coc€To&}, (10)

A = {\(|T*(coe)|): coe € ToE}, (11)
S:=AUA" (12)

We will show below that @ is nonempty. Hence, by Proposition 2.1, w-inf(Q) is defined. Also,
by the compactness of Z o £ and the continuity of T" and A, it follows that A and A* are both

compact. Hence, w-sup(A) and w-sup(A*) are defined. As S is the union of A and A*, we have
w-sup(S) = w-sup(A) V w-sup(A™).

In the following result, we describe the set () in different, but equivalent ways.



Lemma 3.2. Let T be a linear map onV and q € (”R:”_V Then, the following are equivalent:
(i) MN(|T(x)]) <qx A|z|) for allz € V.
(i1) M|T(coe)|) <qx Mcoe|) for allcoe € ITo&.
(11i) N(|T(coe)l|) =g Me|) for allcoe € To&.
(iv) N(|T*(x)]|) =g A|z]) for all z € V.
(v) M(|T*(coe)l) <qx Mlcoeg|) forallcoe € Zo&.
(vi) N(|T*(coe)|) =g Mle|) for allcoe € To €.

Proof. (i) = (ii): This follows by specializing = to coe.
(13) = (i13): Suppose (i7) holds so that A\(|[T(coe)|) < gx A(Jcoe|) forallcoe € To&. As
A(Je|) =1, in view of (4) and (6), this simplifies to /\(ﬂy}(co e)]) < gxA(|c|) for all coe € To &,
which is (). ‘
(7i1) = (iv): We assume (iii). To see (iv), we have to show that for each index k, 1 < k < n,
and z € V,

Sk(IT"(@)]) < Sk(q * A(|])-

Fix k and z, and let ¢ € Z*) be arbitrary. Then, writing |T*(z)| = T*(x) o € for some ¢ € £, we

have

(1T ()], ¢) T*(x)oe, )
T*(z),coe)
z,T(coe))
A(lz]), A(|T(c o €)]))
A(lz]), g * Alel))
q* A(|z]), Ale])),

where the first inequality is due to (7), and the second one is due to condition (4i7) coupled with
(6). Then, as A\(|c|) = A(c) = 1k, we have

VANPVAN

o~ o~ o~ o~~~

k

(1T (@)l,¢) < (ax A2]), Me)) = D (a* Allz])i = Sla* A(Jz])).

=1

Now, taking the maximum over ¢ € Z*) and using (3), we get S (|T*(z)|) < Sk(¢* A(Jz|). This
proves that
A|T*(x)]) < g * A(|z|) for all z € V.

(iv) = (v): This can be seen by specializing = to coe.
The implications (v) = (vi) and (vi) = (i) are seen by replacing 7" by 7™ in the implications
(id) = (iii) and (iii) = (iv). O

Remark 1. Recall that a linear map T is positive if T(V;) C V.. For such a map, it is known
([22], Example 3.7) that
AT (z)]) < MT'(|z|)) for all z € V. (13)



Using this and with appropriate modifications, we can simplify Lemma 3.2 and its proof as

follows (stated without proof):

When T 1is positive and q € (R’}r)i, the following are equivalent:
(i) \(|T(x)]) =qx A|z]) for all x € V.

(i) M(T(x)) =g Az) for all x > 0.

(iii) A(T(c)) =g A(c) for all c € T.

(iv) N(T*(x)) < g X(x) for all z > 0.

g

(v) N(T*(c)) < q* Ac) for allc € T.

g

In [20], Theorem 3.1, Niezgoda proves a result for certain types of linear maps in the setting
of Eaton triples. When specialized, it will yield a result of the above type for positive linear
maps on simple Euclidean Jordan algebras. (Note: So far, it is only known that every simple

Euclidean Jordan algebra is a normal decomposition system, equivalently, an Eaton triple [18].)

Lemma 3.3. Given a linear map T : V — V, consider the sets Q and S defined in (9)-(12).
Then the following hold:

(i) s < q forall s € S and q € Q.
(ii) w-sup(S) € Q.
(#1i) w-sup(S) = w-inf(Q).

Proof. We first observe that @) is nonempty. This can be seen by taking ¢ = ¢ 1, where ¢ is a
large positive number, and using Item (#7¢) in Lemma 3.2 along with the compactness of A.
(1) Let g € @ so that (by the previous lemma), A(|T(co€)|) < gxA(c) and A\(|T*(co¢e)|) < gxA(c)
forallcoe€Zo&. Let se S=AUA* If s € A, then s :w/\(]T(coa)\) for some co&?welog,
in which case,

MIT(coe)]) <axAe) <q,

where the second inequality follows from the nonnegativity of ¢ and the fact that A\(c¢) = 1, for
some index k. A similar statement ensues if s € A*. Hence, s < ¢. This proves (i). We also see,
by Proposition 2.1 that b

w-sup(.5) = w-inf(Q).

(13) Let ¢ := w-sup(S). To see ¢ € @, it is enough to show by Lemma 3.2,
MIT(eo8)]) < a% A0 (14)
for all coe € T o . Consider an index k and ¢ € Z"). Then (14) is equivalent to
Si(IT(coe)l) < Smingr,nn(q) forall 1 <1< n. (15)

9



Now, fix coe € Zo &, 1 € {1,2,...,n}, and choose &’ € £ such that |[T(coe)| =T (coe)oe’, and
let ¢ € ZW. If | < k, then we have

(IT(coe)|,dy=(T(coe)oe, )
< (M|T(coe)oe]), M)
< (MT(coe)l), M)
< (g, \(c))

= 51(q),

where the first inequality is due to (7), and the second inequality is due to (4) coupled with (6).
The last inequality is due to A(|T(co¢€)|) < q as ¢ = w-sup(S). By taking the supremum over
w

d e TO, we get Si(|T(coe)]) < Si(q).
On the other hand, if [ > k, then

(IT(coe)|, d)=(T(coe)oe, )
= (T(coe), d oe')
= (coe, T*(d o €'))
=(c, [T*(o€')] o)

< (Ae), A(|[T*( 0 €')] o €]))
< (Ae), A(|T*( o))
< (AMe), @)

Sk(q),

where the first inequality is due to (7), second one due to (4), and the last one is to the
inequality \(|T*(c o €’)|) < ¢ = w-sup(S). Again, taking the supremum over ¢ € Z(!) we get
Si(|T(coe)|) < Sk(q). Herqlﬂce, we have proved (15), so ¢ = w-sup(S) € Q. This proves (ii).

(731) From (i7), ¢ := w-sup(S) € @, hence, w-inf(Q) =<q= w-sup(S). From (i), the reverse
inequality holds. Since the weak-majorization ordering is antisymmetric on (Rﬁ)i, we have
(idi). O

We now come to the proof of our main theorem.

Proof of Theorem 3.1. Given T, we define @ and S as (9)-(12). Let n(T) := w-sup(S). As
this belongs to @), we see statement (8) in Theorem 3.1. The additional item follows from the
equality n(T) = w-sup(S) = w-inf(Q). O

Generally, finding/describing n(7') may not be easy. However, when T is a positive map, we
have a simple expression for 7(7"). We note that similar results have been obtained by Niezgoda

[21] in the setting of Eaton triples.

Corollary 3.4. Let T be a positive linear map onV. Then, w-sup(A) = A(T'(e)) and w-sup(A*) =
A(T™*(e)). Hence,
n(T) = X(T(e)) vV A(T*(e)).

w

10



In particular, if T is also self-adjoint, then n(T) = )\(T(e)).

Proof. Consider coe € T o &. Since A(Jcoe|) < A(e) < A(e) = 1, the first component in
w
A(Jcog]) is less than or equal to 1. Hence all components in A(|c o g]) are less than or equal to

one. It follows (by considering the spectral decomposition) that |coe| < e. As T is positive,
T(lcoel) <T(e) and so A(T(|coel)) < A(T(e)). However, by (13),

MIT(eo 2)l) < A(T(Jeo ).
Hence, A(|T'(co¢)|) = AT(e)). As coe is arbitrary in Z o £, we see that
w-sup(A) < A(T(e))
But e € Zo &, and so, A\(T'(e)) = w-sup(A). Thus,
wesup(A) = A(T(e)).

Now, T™* is also positive (this is due to V being a self-dual cone); hence, by above, w-sup(A*) =
A(T*(e)). So,
n(T) = w-sup(AUA") = A(T'(e)) V A(T™(e)),

w

which completes the proof. O

We note a simple bound when T is positive:

n(T) = MT'(e)) V AT (e)) = max{A(T'(e)), A(T"(e))}-

Remark 2. In the last statement of the above corollary, the requirement that T be self-
adjoint can be slightly relaxed. Suppose T' = P ®, where ® is an algebra automorphism of
Y and P is positive and self-adjoint; see Example 4 for such a map. As V carries the trace
inner product, ®* is also an algebra automorphism of V, hence preserves eigenvalues. So,
A(T*(e)) = A(®*P(e)) = AM(P(e)) = A(P(®(e))) = A(T'(e)). Thus, when T'= P P,

We note that if ' = ® P, where ® and P are as above, then, n(T) = A\(T™(e)).

Motivated by our main theorem, we ask if (8) has a majorization analog. The following result

provides an answer.

In what follows, we use the fact that (—1 * A(z))¥ = A(—=2) for all € V, and note that p < ¢
in R™ is, by definition, equivalent to p* < g*.

Theorem 3.5. Let T be a linear map on V. Then, the following are equivalent:

(i) There exists a vector q in R™ with decreasing components such that A\(T'(x)) < g* X(z) for
allz e V.

(i) T is a scalar multiple of a doubly stochastic map.

11



Proof. (i) = (ii): We assume that ¢ in (i) is given by ¢ = (q1,¢2,...,¢n). We fix a Jordan
frame {f1, f2,..., fn} in V and let a := > | ¢if; so that ¢ = A(a). Then (i) reads

MT(z)) < A(a) * A(z) for all x € V.

This implies that > " Ai(T(x)) = >_;=; Ai(a)A\i(z) for all . Since V carries the trace inner
product, Y X\(T(z)) = (T'(z),e) = ( T (e)) and so

(z,T%(e)) = (A(@), A(a)).

Let b :=T*(e) so that
(x,b) = (A(x), A(a)) for all x € V. (16)

We claim that
(A(2),A\(D)) = (M(z), A(a)) for all z € V. (17)

To see this, fix any « € V and consider the spectral decomposition b = Y " | A;(b) e;, where

{e1,€2,...,e,} is a Jordan frame. Corresponding to this Jordan frame and the given x, define

Y= Z Ai(x)e
=1

Then, applying (16) to y, we have
As A(z) = A(y) and (y,b) = > 1 Xi(x) Xi(D) = (A(z), A(b)), we see that

This proves our claim. By specializing A(x) in (17) (for example, to 1j for any index k, 1 < k <
n), we get A(b) = A(a). But then, (16) leads to

(z,b) = (\(z), A(b)) for all z € V.

This means that every x in V ‘strongly operator commutes’ [9] with b. As shown in the Remark
below, this can happen if and only if b is a scalar multiple of e. Since A(b) = A(a), a must also
be a scalar multiple of e (this can be seen via the spectral decomposition). Let a = te for some
t € R so that ¢ = t1 and

AMT(x)) < t1 % \(x) for all z € V. (18)

If t =0, then A(T'(z)) < 0 for all z. Hence, T'= 0, that is, 7" is a multiple of the Identity map
(which is doubly stochastic). For nonzero ¢, we complete the proof by showing that D := %T is
doubly stochastic. When ¢ > 0, because of (18), A(D(z)) < 1 % A(x) for all ; so D is doubly
stochastic. On the other hand, when ¢ < 0, say t = —1, A(—17T'(z)) = AN(T(—x)) < ¢ * A\(—x)
implies

MD(x)) = M~1T(z)) = MT(~2)) < [(-1) 1* A(~2)]* = A(z),

12



that is, A(D(z)) < A(x) for all z € V. Now, T' = ¢D says that T is a scalar multiple of D.

(13) = (7). Suppose T = tD, where t € R and D is a doubly stochastic map. Since A(D(z)) <
1 % \(x) for all z, by scaling, A(T'(x)) < ¢ *x A\(z) for all . (This scaling is obvious when ¢t > 0.
When t < 0, say t = —1, A(T(z)) = A(—D(x)) = A(D(—2)) < A(—z) = [~1 % A(x)]*.) Putting
g = t1, we see that A(T'(x)) < ¢* A(x) for all z € V. O

Remark 3. We show that if b strongly operator commutes [9] with every x € V, that is, if
(x,b) = (A(z), A(b)) for all z € V, then b is a scalar multiple of e. Suppose this condition holds.
Then, putting z = —b, we have —|[b||> = (=b,b) = (A\(=b), A\(b)). As V carries the trace inner
product, |[A(y)|[? = ||y||? for all y € V. Hence,

[IA(=0) + MBI = (A=) + A(b), A(=b) + A(b)) = [[BI|* — 2[[b][* + |[b]|* = 0.

This implies that A(—b) = —A(b). As A(—b) has components in the decreasing order and —A(b)
has components in the increasing order, we see that Aj(b) = \,,(b). This proves that all compo-

nents in A(b) are equal. Thus, b is a multiple of e.

4 Properties of n

In this section, we describe some properties of the map 1 : T — n(T) from £(V) to (R™)¥, where

L(V) denotes the set of all (continuous) linear maps on V. First, some notation. For any = € V,

we let
leloo += 1IAG)loe = max [Ai(2)] = A (J2])
and for T' € L(V),

0£zcy |70

Theorem 4.1. The following statements hold for T,Ty,T> € L(V) and o € R:
(a) [[n(T)leo = max{[|Too, ||T||oo}-
(b) n(aT) = |aln(T).
(¢) n(TaT) < n(T1) * n(Tz).
(d) n(T1 +T2) <n(T1) + n(12).
(e) n is continuous.
(f) m is ‘isotonic’: If T1(x) < Ta(z) for all z € V, then n(T1) = n(Ts).

Proof. (a) Fix T. From the pointwise inequality, A(|T'(z)|) < n(T) = A(|z|), we see that

w

IT(@)[loo = M(T(@)]) < ((T)1 Ax(l]) = lIn(T)]oo [[#]]co-

13



It follows that ||T)|cc < [|7(T)||oco- By Lemma 3.2, A\(|T*(z)|) < n(T") * A(Jz|). This yields,
1T /loo < [[n(T)l|oo- Hence,

max{[|T|oo, [|T"[loc} < [[n(T)[[c0-

We now prove the reverse inequality. Let, for 1 < k < n,

Or = sup M(T(coe))) and 6f:= sup A(|T*(coe)l).
coe€ToE coe€Zo&

Let 0 := (61,02, ...,0,) and 0* := (67,05, ...,05). Asthe components in any \(x) are decreasing,
we see that 6,0* € (R)¥. Let
q := max{6,0"}.

For the given T, we define the sets @, A, A* and S as in (9)-(12). Suppose s € A so that
s=A(|T(coe)|) for some coe € ZTo&. Then, for any k, 1 < k <n,

k k
Si(s) =D _Ai(IT(coe))) <D 0; < Sp(@).

i=1 i=1
We have a similar statement when s € A*. Hence, s < ¢ for all s € S. This implies that
w-sup(S) < ¢. However, w-sup(S) = w-inf(Q) = n(T") and so, n(T") < ¢. Thus,

n(T) < max{6,0"}.
This implies that
[IN(T)|loo = (n(T))1 < max{6h,07}.

However,

01 = sup M([T(coe)])= sup [|[T(coe)lloo < |[T]|oo;
coe€Zo& coe€Zo&

where the inequality is due to
1T (coe)lloc < [|Tlloo [[e 0 lloo = [[T]loo Ar(le o €]) < [[T|oo Ar(le]) = [IT]co-
Similarly, 67 < ||T*||s. Hence,

[(T)]oo < max{|[T][oo, [ T™[oo }-

Since the reverse inequality has already been proved, we have Item (a).
(b) This is easy to see from the uniqueness part in the main theorem.
(c) Let T1,T» € L(V). Then,

AT Te(@)]) < 0(Th) * A Ta(2)]) < 0(T1) *1(T2) * A(|z]) for all z €V,
where we have used (6) in the second inequality. From the main theorem, we have n(T17%) <

n(Th) * n(Tz).
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(d) Suppose a,b € V. Writing |a + b| = (a + b) o € for some € € £, we have

laoel) + A(lboel)
lal) + (o).

where the first inequality follows from Lidskii type inequality A(z+y) < A(z)+ A(y) in V (which
easily follows from a result on simple Euclidean Jordan algebras [19] or from a general result on
hyperbolic polynomials [14]) and the last inequality follows from (4). Now, we put a = T} (x),

b = T5(z) and use the main theorem to get, for any x € V,

MIT(z) + To(@)]) < (n(T1) +0(T2)) * A(J]).

This gives the stated conclusion in (d).

(e) From Items (b) and (d), we see that for each index k, the function T' +— Sk (n(T")) is positively
homogeneous and subadditive, hence convex. As convex functions (with domain £(V)), these
functions are continuous. Hence the kth component of n(7'), being the difference of Sy (n(T))
and Si_1(n(T)), is also continuous in 7". This means that n(7") is continuous in 7.

(f) Suppose Ty (z) < Ta(z) for all z € V. Then, by definition A\(T(z)) < A(Ta(z)) for all z € V.
Hence, [A(T1(x))| < |A(Ta2(z))|, or equivalently, A(|T1(z)|) < A(|T2(x)|) for all z. Then, the
pointwise inequalit; b

MITi(@)[) < A(ITa()]) < n(To) + A(|=])

implies that n(7h) < n(13). O

Remark 4. In this remark, it is convenient to let p,r, s denote real numbers. For r € [1, o]
and v € R", ||u||, is the usual r-norm of v in R™. For any = € V, we define the corresponding

spectral norm

[l = 1A

which is [ Y7 [Ai(z)]"] Y7 when 1 < r < 0o and maxi<;<n|Ai(2)| when r = oo.
Given 1, s € [1,00] and T' € L(V), we define the norm of T" from (V,|| - ||») to (V,|| - ||s) by

T(x
Tlhse = sup L@l
o£zcy  ||7l[r
. 1 1 1 . . .
Now, suppose p,r,s € [1,00] with > =7 ts Then, the following inequality holds for any
TeL(V)and z € V:
T (@)lp < [In(D)] [|2[]s- (19)

To see this, we follow the argument given in Theorem 5.1 of [22]. Starting from the inequality
A(|T(x)]) < n(T) * A(Jz|), (19) is easily seen when p = oo and p = 1. For 1 < p < oo, we use the
w

fact that the function ¢ : ¢t — tP is an increasing convex function on [0, 00) to get ([2], Exercise
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11.3.2)
T (@)lp < [In(T) = A(|2])][p-

An application of (classical) generalized Holder’s inequality gives (19). Additionally, as in The-

orem 5.1 of [22], we can prove the following:

r—s = .
HU(T)H% if s<r.

To see a special case, suppose T is positive and self-adjoint. In this case, n(T) = A\(T'(e)) and

T ()l if <,
T <
I ”T_w_{ 1T(e)]| = if s <.

S0,

In some special cases, equality holds, see e.g., Theorem 5.1 in [22].

5 Examples

In this section, we present some examples.

Example 1. (Lyapunov transformation L, and the quadratic representation Pp)

Recall that for any a € V, L, is defined by Ly(z) = aoz. As mentioned in the Introduction, we
have A(|Lq(x)]) < A(Ja|) * A(|z|) for all z € V. (Note that this result does not come from any of
our results abovg.)) By our main theorem, we see that n(L,) < A(|a|). However, by putting z = e
in the inequality A(|La(2)]) < 7(La)  A(Ja]) we see that A(lal) < 7(La). Hence, n(Ls) = A(lal).
Now, P,, defined by P,(x) 1:U: 2a0(aox)—a?ouwx, is pOSitiVLé and self-adjoint; hence, from
Corollary 3.4, we have n(P,) = M(P.(e)) = A(a?).

Example 2. (Doubly stochastic maps)
Suppose T is doubly stochastic so that T is positive and T'(e) = T*(e) = e. In this case, from
Corollary 3.4, A(|T'(z)]) < A(|z|) for all z € V and n(T") = 1. As noted earlier, \(T'(z)) < A(x)

for all z € V. These apply when T is a convex combination of algebra automorphisms [8].

Example 3. (Doubly substochastic maps)

When T is doubly substochastic, T is positive with T'(e) < e and T™(e) < e. So, n(T) =
AT (e)) VAT*(e)) < Ae) =1 and A(|T'(z)|) < A(|z|) for all z € V, or equivalently, A\(T'(x))
Az) for all z > 0. ‘ :

g A

Example 4. (Cone automorphisms)

Suppose V is a simple Euclidean Jordan algebra and T' € Aut(Vy) (the closure of Aut(V,) in
L(V)). We claim that

To see this, first suppose T" € Aut(Vy). Because V is assumed to be simple, we can write

T = P, ®, where ® is an algebra automorphism and P, is the quadratic representation of (some)
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a > 0, see [6], Page 56. So, by Remark 2, n(T") = A(T'(e)). Now the result for any 7' € Aut(V;)
follows from the continuity of n and A. In the same setting, consider a linear map S : V — V
which is a sum of a finite number of maps in m Then, S is a positive map and Corollary
3.4 can be applied. To illustrate these results, let ¥V = H™. Then, any T € m is of the

form T'(X) = AX A* for some n X n complex square matrix A. In this setting,
B(T) = \(T(I)) = \(AA").

Now consider a completely positive map S on H™, which is, by definition, a finite sum of the
form S(X) := S, AgX AL with A, € M,, for all k. Letting C := S(I) := Sp_, Ay A} and
D:=S*(I) =3, Aj Ay, we have

n(S) < A(C) v A(D) < max{A(C), A(D)}.

w

Example 5. (Z and Lyapunov-like transformations)

We say that a linear map L : V — V is a Z-transformation [12] if
[z,y 2 0 and (z,y) = 0] = (L(x),y) < 0.

It is said to be Lyapunov-like if the inequality on the right becomes an equality.

Such maps appear in dynamical systems theory. If a Z-transformation L is also positive stable
(meaning that all eigenvalues of L have positive real parts), then it is known that L~! is a
positive map on V [12]. In this case, Corollary 3.4 is applicable to L~!. To see an important
special case, suppose A is an n X n positive stable complex matrix. Then, L,, defined on H"
by La(X) := AX 4+ X A* is Lyapunov-like and positive stable. Let

C:=L,'(I) and D:=L,:(I).

Then,
H(L3Y) = MC) VAD) < max{A(C), \(D)}.

We note that for any X € ‘H", LZI(X ) has an integral representation
o0 *
LX) = / e Xe N dt,
0

with a similar representation for LZ} (X). These will give us integral representations for C' and

D, but it is unclear how to represent n(7") either in an integral form or in a closed form.

Example 6. (Léwner maps)

Given a function ¢ : R — R, consider the corresponding Lowner map ¢ defined on V (see Section
2). Motivated by the inequality (8), we ask if the absolute value function can be replaced by ¢.
Keeping close to the properties of the absolute value function, we say that a function ¢ : R — R

is sublinear if

1. ¢(ut) = pp(t) for all p > 0 and t € R;
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2. ¢p(t+s) < o(t) + ¢(s) for all t,s € R.

It is easy to see that sublinear functions on R are of the form ¢(t) = at for ¢ > 0 and ¢(t) = 5t
for ¢ < 0, where (constants) a, 8 € R satisfy 5 < a. Among these, we consider ones that are

nonnegative (that is, ¢(¢) > 0 for all ¢). Examples include
6(t) = It], 6(t) = max{t, 0}, and p(t) = max{t,0}.

Now suppose ¢ is sublinear and nonnegative, and consider the corresponding Léwner map. Then

for any positive linear map 1" we have

AMo(T(x))) < MT(d(z)) < n(T) * Md(z)) for all z € V.

w w

Here, the first inequality follows from Lemma 3.6 in [22] and the second inequality follows from
Remark 1, Item (7).

Example 7. For any a, b € V), consider the map
Pap = LaoLp + LyLg — Laop-
Clearly, P, , = P,. Now, for any a > 0, 0 <t <1, it has been shown in [10] that
P g(z) < Pyt g1-+(x) < Lo(z) for all x € V.
Hence, by the ‘isotonicity’ property of n (Item (f) in Theorem 4.1), we have
1(Pya) < n(Fat a1=+) < 1(La)-

Since 7(P, ;) = A(a) = n(La) (note a > 0), the above inequality reduces to A(a) < (P, g1-¢) <
A(a). It follows that
N(Pyt g1-t) = Ma) (a>0,0<t<1).

It would be interesting to compute 1(FP, ) for general a, b € V.

Example 8. (Schur product induced maps)

Consider a fixed Jordan frame {ej, ea,...,e,} in V. This induces the Peirce decomposition ([6],
Theorem IV.2.1) V =37, ., Vij, and forany z € V, 2 =
any given A = [a;;] € 8", we define the Schur product A ez := Zz‘gj a;jz;j. Properties of the

i<j Tijs where z;; € V;;. Now, for
Schur product and the induced transformation D4 :  — Aez are studied in [11]. The Lyapunov
transformation L, and the quadratic representation P, are special cases. Further special cases
are described below.

(1) Suppose A € S"™ is positive semidefinite and consider the map D4 : V — V defined by
Da(z) := Aex. Then, Dy is a self-adjoint positive linear map. So,

n(Da) = N(Da(e)) = (diag A)*.
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In what follows, we provide an estimate for (D), where A is not necessarily positive semidefi-
nite. We write A = AT — A~, where AT and A~ are positive semidefinite. By Theorem 4.1, we

have

n(Da) =n(Da+ — Dy-)
= N(Da+) +n(Dy-)
= (diag(A™))* + (diag(A™))*.

On the other hand, |[diag(A)[¥ = A(|Da(e)]) < n(D4) * A(e) = n(D,). Hence, we have
ding(4)|* < n(Da) < (ding(A)* + (ding(47)"
for any symmetric matrix A.

(77) Now suppose A = [ai;], B = [b;;] € S™ with b;; # 0 for all 4,j. Define the matrix C' :=
[%] c STL Then, A oL — C [ ] (B ) 1‘) — DC(B ° x) Hence’

(|Awal) <n(De) < A(|Beal) (zeV).
In particular, when C' is positive semidefinite (in which case, D¢ is a self-adjoint, positive map),
M|Aez|) < (diagC)r « A(|Bezx|) (zeV).

(#43) Suppose A(A e x) < A(B e x) for all x € V. Pointwise majorization results of this type
have been recently studied in [10]. Thanks to the isotonicity of 1, the pointwise inequality
A(Aez) < \(Bex) implies that n(D4) < n(Dp). Example 7 above is an illustration of this.

w

6 Some open problems

Motivated by our results and examples, we raise some open problems.

Problem 1. Consider a linear map T : H™ — H"™. This can be extended to a (complex) linear
mapf:/\/ln—>/\/lnby
T(X) :=T(A) +iT(B),

where A = X% and B := 5% are in #". Then, we have 1(T) coming from Theorem
3.1 and 7(T) coming from the result of Bapat (mentioned in the Introduction). To emphasize
the algebras involved and to differentiate them, let us write n(7T, H") and n(f,Mn). Then,
s(T(X)) < (T, M,) s(X) for all X € M,, and A(|T(X)]) < (T, H") % M| X]) for all X € H".
From Theorem 3.1 we see that

0T HY) < (T, My).

We now ask if (or under what conditions) the equality holds in the above.
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Problem 2. For a matrix A € M,,, consider the Lyapunov transformation L4 on H". Com-
puting the norms of L4 and its inverse (whenever defined) relative to spectral p-norms is still
an open problem [7, 3]. A related problem could be the description of (L 4); see Example 1
(for Hermitian A).

Problem 3. Given A € 8™ a fixed Jordan frame in V), consider the Schur product induced map

D4 (as in Example 8). Is there a description of n(DA)?
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