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Abstract

In the setting of a self-dual cone in a finite-dimensional real inner product space,
we consider (zero-sum) linear games. In our previous work, we showed that a Z-
transformation with positive value is completely mixed. The present paper considers
the case when the value is zero. Motivated by the matrix game result that a Z-matrix
with value zero is completely mixed if and only if it is irreducible, we formulate our
general results based on the concepts of cone-irreducibility and space-irreducibility.
While the concept of cone-irreducibility for a positive linear transformation is well-
known, we introduce space-irreducibility for a general linear transformation by
reformulating the irreducibility concept of Elsner. Our main result is that for a Z-
transformation with value zero, space-irreducibility is necessary and sufficient for the
completely mixed property. We also extend a recent result of Parthasarathy et al. on
matrix games with value zero to the setting of a symmetric cone (in a Euclidean Jor-
dan algebra). Additionally, we present a refined cone/space-irreducibility result for
positive transformations on symmetric cones.
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1 Introduction

In the classical (zero-sum) matrix game setting, Kaplansky’s well-known result ([16],
Theorem 5) provides a necessary and sufficient condition for a matrix game with value
zero to be completely mixed. About 50 years later, Kaplansky [17] gave another such
result for skew-symmetric matrices of odd order in terms of the so-called Pfaffians.
Considering Z-matrices (which are square real matrices with nonpositive off-diagonal
entries), Raghavan [23] showed that if the corresponding matrix game has positive
value, then it is completely mixed and provided several characterizations of non-
singular M-matrices. In [7] and [9], the concepts of value of a matrix game and
completely mixed property were generalized to the setting of a linear transforma-
tion over a self-dual cone in a finite dimensional real inner product space; for related
work on symmetric games and proper cones, see [5], [6], and [20]. In [7] and [9],
the results of Kaplansky [16] and Raghavan [23] were generalized and, in particular,
it was shown that for a Z-transformation (which is a generalization of a Z-matrix),
positive value implies the completely mixed property. In the present paper, we focus
on Z-transformations with value zero and provide a necessary and sufficient condition
for the completely mixed property in terms of an irreducibility condition.

To elaborate, we start with a brief description of relevant game-theoretic ideas. Let
(V, (-, -)) be a finite dimensional real inner product space. Consider a self-dual cone K
in V,so K is aclosed convex conein Vand K = K* :={x eV :(x,y) >0, Vy e
K}. We fix an element e in K ° (the interior of K) and let

Ale) i ={x e K:(x,e) =1},

the elements of which will be called ‘strategies’. Given a linear transformation L on
V, the zero-sum linear game — denoted by (L, ¢) — is played by two players I and
II in the following way: If player I chooses strategy x € A(e) and player II chooses
strategy y € A(e), then the pay-off for player 'is (L (x), y) and the pay-off for player
ITis —(L(x), y). Both players try to maximize their pay-offs. Since A(e) is a compact
convex set and L is linear, by the min—-max Theorem of von Neumann ([18], Theorems
1.5.1 and 1.3.1), there exist strategies x (for player I) and y (for player II) satisfying
the inequalities

(L(x),y) = (L(X),y) = (L(X),y) forall x,y € A(e).

(So the players I and II do not gain by unilaterally changing their strategies from x
and y.) The real number
v(L,e) :=(L(X), )

is called the value of the game and the pair (x,y) is called an optimal strategy pair.
This value is also given by ([18], Theorems 1.5.1 and 1.3.1)

v(L,e) = max min (L(x),y) = min max (L(x),y).
xeA(e) yeA(e) yeA(e) xeAl(e)
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We say that the game (L, e) is completely mixed if for every optimal strategy pair
(x,9), both x and y belong to K°. (As we see below, in this case, there is a unique
optimal strategy pair.)

We note that with )V = R" (under the usual inner product), K = R/, (nonnegative
orthant), and e denoting the vector of ones, we get back to the classical matrix-game
setting.

For ease of reference, we recall some results from [7] and [9]; here we use the
notationx > 0 (x > 0, x <0, x < y)tomean x € K (respectively, x € K°, —x >
0, x —y <0) and write LT for the transpose of L.

Theorem 1.1 ([7], [9]) For the linear game (L, e), the following statements hold.:

(1) If (x, y) is an optimal strategy pair, then LT (y) < v(L, ¢) e < L(x). Conversely,
if there exist x,y € A(e) and a real number v such that LT (y) < ve < L(x),
then v = v(L, e) and (x, y) is an optimal strategy pair for (L, e); additionally,
if there exists an optimal strategy pair (X,y) with X,y > 0, then LT (y) =
v(L,e)e = L(x).

(2) If (x, y) is an optimal strategy pair for (L, e), then (y, x) is an optimal strategy
pair for (—=LT, e); moreover, v(—LT , e) = —v(L, e).

(3) v(L,e) > 0ifand only if there exists u > O such that L(u) > 0.

(4) The sign of v(L, €') is a constant as ¢’ varies over K°.

(5) If for every optimal strategy pair (x, y) of (L, e), y > 0 (equivalently, x > 0 for
every optimal strategy pair (x, y)), then (L, e) is completely mixed; in this case,
there is a unique optimal strategy pair.

(6) When v(L,e) = 0, (L, e) is completely mixed if and only if dim(ker (L)) = 1
and there exist X, y > 0 such that for the transformation S := X y' (which takes
any x to (y, x)x), we have LS = SL = 0.

(7) When (L, e) is completely mixed, v(L, e) # 0 if and only if L is invertible.

(8) If (L, e) has value zero and is completely mixed, then for every ¢’ € K°, the game
(L, ') has value zero and is completely mixed.

Motivated by matrix theory and dynamical systems considerations, some special
types of linear transformations were studied in [7] and [9]. We recall that a linear
transformation L on V (relative to a proper cone K with dual K*) is said to be a

(a) Z-transformation if[x eK,ye K* (x,y)= O] = (L(x),y) <0;

(b) Lyapunov-like transformation if L and —L are Z-transformations, i.e., [x €
K.y € K* (x,y) =0] = (L(x),y) =0;

(c) Stein-like transformationif L = [ —S,where S € Aut(K) with Aut(K) denoting
the set of all bijective linear transformations from V to V such that S(K) = K;

(d) positive transformation if L(K) C K.

We note that in the setting of VV = R" with K = R/}, a Z-transformation is justa Z-
matrix. Also, in the setting of )V = S” (the space of all n x n real symmetric matrices)
with K = & (the cone of all positive semidefinite matrices in S”), corresponding to
A € R™*"_the transformations defined by L 4 (X) := AX + X AT and S5 (X) := X —
AXAT are, respectively, examples of Lyapunov-like and Stein-like transformations.
As is well-known, these two transformations, respectively called Lyapunov and Stein
transformations, appear in the study of continuous and discrete dynamical systems.
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We recall the following results from [9]; note that in these results, K is assumed to
be self-dual.

Theorem 1.2 The game (L, e) is completely mixed in each of the following instances:

(1) L is a Z-transformation with v(L, e) > 0.
(2) L is Lyapunov-like with v(L, e) # O.
(3) L is Stein-like with v(L, e) # 0.

What happens if the value is zero? Specifically, we ask:
For a Z-transformation with value zero, when is the game completely mixed?

In the matrix game setting, we have the result (see Theorem 3.1 below) that a Z-matrix
with value zero is completely mixed if and only if it is irreducible. Motivated by this, we
formulate our results based on the irreducibility concept(s). In the setting of a proper
cone K, there is the known concept of K -irreducibility (to be called cone-irreducibility
in this paper) for a positive transformation [1]: The only faces of K that are invariant
under the transformation are {0} and K . For a general linear transformation over a finite
dimensional real inner product space (still relative to a proper cone), we define space-
irreducibility by stipulating that the transformation leaves no non-trivial subspace of
the form F — F (where F is a face of K) invariant, see Definition 2.2 below. It turns
out that this space-irreducibility concept is equivalent to the irreducibility concept
introduced by Elsner [2]. Then, based on the exponential characterization of a cross-
positive transformation (which is the negative of a Z-transformation) of Schneider and
Vidyasagar [25] and an irreducibility result of Elsner [2], we prove our main result (in
Theorem 3.2):

— Over a self-dual cone, space-irreducibility is necessary and sufficient for a Z-
transformation with value zero to be completely mixed.

By way of an application, we show in Corollary 3.1 that a space-irreducible Z-
transformation with value zero has ‘almost monotone’, ‘trivially range monotone,’
and group inverse properties; these latter properties were studied recently by Encinas,
Mondal, and Sivakumar [3] for Lyapunov and Stein transformations over the space of
all n x n real symmetric matrices.

Next, in Section 4 we describe several results and examples in the setting of sym-
metric cones (which are self-dual and homogeneous) in Euclidean Jordan algebras. In
particular, we

— generalize the following result of Parthasarathy, Ravindran, and Sunil Kumar [22]
on matrix games: For a real n x n matrix A with v(A) = 0, A is completely mixed
ifand only if v(A+ D;) > Oforalli = 1,2, ..., n,where D; denotes the diagonal
matrix with 1 in the (i, 1) slot and zeros elsewhere,

— provide a finer characterization of cone-irreducibility of a positive transformation
T: Foreach0 # x > 0, (I + T)""'x > 0, where n denotes the rank of V,

— characterize the completely mixed property of a symmetric/skew-symmetric
Lyapunov-like transformation, and

— provide a necessary and sufficient condition for the space-irreducibility of a Lya-
punov transformation L 4 on S".
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While the focus of the paper is on game-theoretic ideas/results, one may con-
sider studying Z-transformations with value zero for their dynamical systems and
complementarity properties. In the case of a Z-transformation with value positive
(equivalently, positive stable, see Proposition 2.2), the dynamical system

dx
o + Lx)=0
is (globally) asymptotically stable, that is, starting from any initial point, the trajectory
of the above system converges to zero as (time) t — oo. The question of what happens
when the value is zero is left for a future study.

Given a linear transformation L, a proper cone K, and a g € V, the linear comple-
mentarity problem LCP(L, K, g) is to find x € V such that

xeK, y:i=L(x)+qg € K" and {x,y) =0.

When L is a Z-transformation (on a self-dual cone K') with value positive, this problem
has a solution for all g € V [12]; in the setting of V = R" and K = R’jr, this can be
described in more than 50 equivalent ways, see [1]. What happens to such properties
when the value is zero? Again, we relegate this to a future study.

2 Preliminaries

Throughout this paper, V denotes a finite dimensional real inner product space and
K is a proper cone in V (that is, K is a pointed closed convex cone with nonempty
interior). We define the dual of K by

K*:={xeV:{(x,y) >0, Vy e K}

and say that K is self-dual if K = K*. In all game-theoretic settings, we assume
that K is self-dual. Moreover, when V is a Euclidean Jordan algebra, we assume that
K is the corresponding symmetric cone. The interior, closure, boundary, and span of
a set X in V are denoted, respectively, by X°, X, d(X), and span(X). For a linear
transformation L, ker(L) denotes its kernel (null space). Recall that a convex cone F
within (the proper cone) K is a face if an element a in F is of the form b 4 ¢ with
b,c € K,thenb, c € F. Since K is proper, every face of K is a pointed closed convex
cone in V. If F is a face of K, then span(F) := F — F is the subspace generated by
F. For further definitions and properties regarding cones, proper cones, faces, etc., we
refer to [1].

Throughout, we use the following notation: Relative to the given proper cone K in
V, we write

x >0 when x € K and x > 0 when x € K° (= interior of K).
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With K* denoting the dual of K, we frequently use the well-known fact

[x € K°,0#y e K*] = (y,x) > 0. (D)

We freely use the game-theoretic concepts/results formulated in the Introduction.
Throughout this paper, we will be focusing on describing the completely mixed prop-
erty for linear transformations with value zero relative to some e € K°. In view of
Item (8) in Theorem 1.1, the element e can be replaced by any other ¢’ € K°. So,

when v(L,e) = 0and (L, e) is completely mixed, we suppress e and write v(L) = 0

and say that L is completely mixed.

2.0.1 Z-transformations

For the given proper cone K in V, we consider the following sets of linear transfor-

mations:
Z(K) := Set of all Z-transformations on K,

LL(K) := Set of all Lyapunov-like transformations on K ,
7 (K) := Set of all positive transformations on K.

When K is the nonnegative orthant in R", these become, respectively, the set of
Z-matrices, diagonal matrices, and nonnegative matrices.

We recall the following results of Schneider and Vidyasagar from [25]. In this
reference, the authors deal with a ‘cross-positive matrix” which is the negative of a
Z-transformation.

Theorem 2.1 ([25], Theorems 3 and 6)
L e Z(K) < exp(—tL) € n(K) forall t >0, )
where exp(L) 1= Z;fio %( Moreover, When L € Z(K),
o :=min{Re(A) : A is an eigenvalue of L}

is an eigenvalue of L with an associated eigenvector u € K.

We mention one interesting consequence:

Proposition 2.1 Suppose K is self-dual, e € K°,and L € Z(K).If (L, e) is completely
mixed, then v(L, e) and o have the same sign; in particular, when v(L, e) is zero, we
have a = 0 and so L is nonnegative stable.

Proof Assume that (L, ¢) is completely mixed. Then, by Theorem 1.1, there exist
X,y > 0 such that LT (y) = v(L, ¢) e = L(x). From Theorem 2.1, there exists (an
eigenvector) u such that 0 #= u > 0 and L(u) = owu; without loss of generality, let
(e,u) = 1. Then, v(L,e) = (v(L,e)e,u) = (LT@),M) = (y,L(w)) = a(y, u).
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As (y,u) > 0 (from (1)), we conclude that v(L, ¢) and o have the same sign. In
particular, when the v(L, e) is zero, @ = 0; so, the real part of any eigenvalue of L is
nonnegative, that is, L is nonnegative stable. O

We also have the following from [12], Theorem 6 and [9], Theorem 6:
Proposition 2.2 The following are equivalent for L € Z(K):

— L is positive stable (that is, the real part of any eigenvalue of L is positive).
— There exists u > 0 such that L(u) > 0.
— L1 exists and belongs to w(K).

When K is self-dual and e € K°, these are further equivalent to: v(L,e) > 0.
Moreover, in this case, (L, e) is completely mixed.

2.1 Irreducibility concepts for a linear transformation relative to a proper cone

Here we describe two irreducibility concepts, both relative to a proper cone K (with
dual K*) in a finite dimensional real inner product space V. The first one, which we call
cone-irreducibility, is known. It is defined (only) for those transformations in 7 (K).
Recall that L. € w(K) if L is linear and L(K) C K.

The following definition and result(s) are from [1], where they are stated for R";
by isomorphism considerations, we state them here for V.

Definition 2.1 ( [1], Definition 3.14) Let K be a proper cone in V. A transformation
T in w(K) is said to be K -irreducible or cone-irreducible if the only faces of K that
are invariant under 7 are {0} and K.

Proposition 2.3 ([27] and [1], Chapter 1, Section 3) Let K be a proper cone in'V and
T € n(K). Then the following are equivalent:

(a) T is K-irreducible.

(b) T has no eigenvectors on the boundary of K.

(c¢) Up to scalar multiples, T has exactly one eigenvector in K, and this eigenvector
belongs to K°.

(d) The transpose of T is K*-irreducible.

(e) (I +T)"! (K\{O}) C K°, where n is the dimension of V.

Our second irreducibility concept is motivated by the usual irreducibility concept of
a matrix. Recall that a real square matrix is said to be irreducible if no (simultaneous)
permutation of rows and columns produces a 2 x 2 block matrix in which the diagonal
blocks are square and the southwest (equivalently, northeast) block is zero. We extend
this to a general linear transformation (but still based on the proper cone K):

Definition 2.2 Let K be a proper cone in }V and L be linear on V. Then L is said to be
space-irreducible if

[F is a face of K with L(F — F) C F—F] — F = {0}orK.
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We say that L is space-reducible if it is not space-irreducible. Trivially, when V
has dimension one, every linear transformation is space-irreducible. A few simple
observations are recorded below.

Proposition 2.4 Let K be a proper cone in) and L be linear on V. Then, the following
hold:

(a) If L is space-irreducible, then {0} and possibly K are the only faces of K that are
invariant under L.

(b) When L € n(K), space-irreducibility is the same as cone-irreducibility.

(c) When L = rI — S, wherer € R and S € n(K), space-irreducibility of L is
equivalent to the cone-irreducibility of S.

(d) WhenV =R" and K =R, space-irreducibility reduces to the usual/classical
one.

Proof (a) Suppose L is space-irreducible and let F be a face of K with L(F) C F.
Then, L(F — F) = L(F) — L(F) € F — F. By space-irreducibility, F = {0} or K.

(b) Suppose L € 7 (K).If L is space-irreducible, then by (a), L is cone-irreducible.
Now assume that L is cone-irreducible and let L(F — F) C F — F, where F is a
face of K. Consider any a € F. Then, L(a) (which is in L(F — F)) is of the form
b—c,whereb,ce F.So,L(a) =b—c.Since L e n(K)anda € F C K, we have
L(a) € K. As b = ¢+ L(a) and F is a face of K, we see that L(a) € F. Hence,
L(F) C F.From cone-irreducibility, F = {0} or K. Thus, L is space-irreducible.

(c) Clearly, L = rI — S is space-irreducible if and only if S is space-irreducible;
the stated assertion follows from (b).

(d) This statement is easy to see as every face of R”_, up to a permutation, is of the
form RE x {0}. O

In [2], Elsner introduced the following type of irreducibility (which we shall call
E-irreducibility). Let K be a proper cone in V. Recall the order relation relative to K:
x <yify—xe€ K.Forany y € K, let

yI:={xeV:0<x <y} and S, :=span([y]).

Definition 2.3 [2] Let K be a proper cone in V and L be linear on V. Then L is said
to be E-irreducible if

[y e K, L(Sy) € Sy] = S, = {0} or S, = V.

We now have an important observation (due to Orlitzky [21]): The space-
irreducibility is the same as E-irreducibility:
This is seen as follows. For any y € K, [y] = K N (y — K). Consider the face F
generated by y (which is the smallest face containing y) so y € relint(F'), thatis, y is
in the relative interior of F. Then, by the definition of face, KN(y—K) = FN(y—F).
As y € relint(F), span([y]) = span(F N (y — F)) = FF — F.Hence §, = F — F.
On the other hand, suppose F is a face of K; take any y that is in the relative interior
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of F. Then KN (y — K) = FN(y — F) and so S, = span([y]) = F — F. Thus,
for each y € K, there is a face F' such that §, = F — F and conversely, for every
face F, there is some y € K such that §, = F — F.Itis now easy to see that the two
definitions are equivalent.

Now, based on the above equivalence and the results in [2] (where Elsner states
his results for quasimonotone/cross-positive matrices, i.e., for the negatives of our
Z-transformations), we have the following:

Theorem 2.2 Let K be a proper cone inV and L € Z(K). Then, relative to K, the
following are equivalent:

(i) exp(—tL) is cone-irreducible for some t > 0.
(ii) L is space-irreducible (equivalently, E-irreducible).
(iii) L has no eigenvector on the boundary of K.
(iv) Except for a countable number of ts in the interval (0, 00), exp(—tL) is cone-
irreducible.

Proof (i) = (ii): Consider/fix a ¢t > 0 for which exp(—tL) is K-irreducible. As
L € Z(K), we know from (2), exp(—tL) € w(K). From Proposition 2.4, exp(—tL)
is space-irreducible. Suppose, L(F — F) C F — F for some face F of K. Let W :=
F — F. Then for every k € {0,1,2...}, (—tL)* keeps the subspace W invariant.
Therefore exp(—tL) keeps W invariant, i.e., exp(—tL)(F — F) € F — F. By the
space-irreducibility of exp(—tL), we have F = {0} or K. This proves that L is
space-irreducible.

(ii) = (iii): See [2], Satz 1 and Satz 3.

(iii) = (iv): See [2], Satz 3.

(iv) = (i): Obvious. m]

Remarks. It is easy to see that L € Z(K) if and only if LT € Z(K*). Now suppose
L € Z(K) and is space-irreducible relative to K . Then, by the above result, exp(—zL)
is K-irreducible for some ¢ > 0. By the equivalence (a) < (d) in Proposition 2.3,
exp(—tLT) is K*-irreducible. It follows that L is space-irreducible relative to K*.
Since (LT)T = L and (K*)* = K, we see that

When K is a proper cone and L € Z(K),
L is space-irreducible relative to K if and only if LT is space-irreducible relative to
K*.

We note that Item (i) in the above theorem deals with a scaled L. In particular,
the cone-irreducibility of exp(—L) implies the space-irreducibility of L. We may ask
when the converse holds. Here is a partial answer.

Corollary 2.1 Let K be a proper cone inV and L = rI — S, where r € R and
S € w(K). Then, L is space-irreducible if and only if exp(—L) is cone-irreducible.

Proof Clearly L € Z(K), so exp(—L)(K) € K. If exp(—L) is cone-irreducible,
then by Theorem 2.2, L is space-irreducible. Now suppose L is space-irreducible and

@ Springer



27  Page 10 of 25 Journal of Optimization Theory and Applications (2026) 209:27

let F (# K) be a face of K such that exp(—L)(F) C F. By Proposition 2.4(c), S is
cone-irreducible and by Proposition 2.3,

I+ $" ' (K\{0}) € K°, A3)

where n is the dimension of V. Now, as I and S commute, exp(—L)(F) C F =
exp(S)(F) € F.Fix x € F so that exp(S)x € F € 9(K). By the supporting
hyperplane theorem, there exists 0 # y € K* such that (exp(S)x, y) = 0. Expanding
exp(S) as a series, we see that (Sk(x), y) =0forall k =0,1,2.... Then, (I +
Sy, y) = 0. From (3), we see that x = 0. (Note that 0 # y € K*, u € K° =
(u, y) > 0). Thus, F = {0}; so exp(—L) is cone-irreducible. O

3 The completely mixed property

In this section, we present our main result describing the completely mixed property
of a Z-transformation with value zero. This is motivated by the following result in
the classical matrix game setting which, perhaps, is known. For lack of a precise
reference (see Theorem 3.7 in [19] for an implicit formulation dealing with a singular
Z-matrix), we state the result with its proof. Recall that in the matrix game setting,
YV =TR", K =R/ and e = 1 (the vector of 1s).

Theorem 3.1 Suppose A is a Z-matrix with value zero. Then A is completely mixed if
and only if it is irreducible.

Proof We are given that A is a Z-matrix with value zero. Let A € R"*". Suppose
A is irreducible and consider an optimal strategy x so that x > 0, (x,1) = 1, and
AXx > v(A)1 = 0. We claim thatx > 0. Suppose, if possible, X has a zero component.
Modulo a permutation, we may assume that (only) the first K components of X are
nonzero, where 1 < k < n.LetXx| be the vector in RK with these nonzero components.
Correspondingly, we rewrite A as a 2 x 2 block matrix with square diagonal blocks and
A3z in the southwest corner. Then, Ax > 0 implies that Azx; > 0. Since A3 <0 (as A
is a Z-matrix) and x; > 0, we must have A3 = 0. As A is assumed to be irreducible,
this cannot happen. Hence, X > 0. This proves that A is completely mixed.

Now suppose A is completely mixed. Let (x, y) be the unique strategy pair such
that ATy = 0 = Ax. We also know from Kaplansky’s result [16] that the ker(A) has
dimension 1. Assume if possible, A is reducible. Without loss of generality, we write
(in the block form)

_[Aara] —_[x S_ |7
A_I:OA4:|’ x_[fz:l’ and y_|:§2 .

From ATi =0=Ax,weget A|X|+Ax, =0= A{yl. Since A isa Z-matrix, Ay <
0; hence, A1 X| = —AsX» > 0. Thus, AT5; = 0 < A%, Since 0 = (ATy,,%)) =
(¥1, A1x1) and y; is positive, we must have A1x; = 0. But then, A>X> = 0. Since
Ay < 0and x> > 0, we must have A» = 0. Thus,
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A 0O
=[5
with A1x1 = 0 and A4X> = 0. By considering scalar multiples of positive vectors

X1 and X, we see that ker (A) has dimension at least 2. This yields a contradiction.
Hence, A must be irreducible. O

Here is a simple example illustrating the above result.

Example 3.1 In the setting of a matrix game, consider the symmetric irreducible Z-

matrix
1 -1
[

With 1 denoting the vector of ones, we see that A1 = 0. So, withx =y = %1, we
have AT(i) = 0 = AX. Thus, the value of A is zero. Since the conditions x > 0,
Ax > 0 imply that x is a multiple of 1, we see that A is completely mixed.

Remarks. Suppose A is an irreducible Z-matrix with value zero. Then, by the above
result, there exists X > 0 such that Ax = 0. Writing A = rI — B, where B is a
nonnegative matrix, we have Bx = rX. As B is nonnegative and irreducible (cf. Prop.
2.4), by the Perron-Frobenius theorem, r = p(B). Thus, A = p(B) I — B is now an
M -matrix. So, every irreducible Z-matrix with value zero is an irreducible singular
M -matrix.

We now present our main theorem.

Theorem 3.2 Let V be a finite dimensional real inner product space, K be a self-dual
coneinY ande € K°. Suppose L € Z(K) withv(L, e) = 0. Then (L, e) is completely
mixed if and only if L is space-irreducible.

Proof We are given that L € Z(K) with v(L, e) = 0.

‘If” part: Assume that L is space-irreducible. By (2), exp(—tL) € n(K) for all
t > 0;also, by Theorem 2.2, exp(—tyL) is K -irreducible for some 7y > 0. Since toL €
Z(K),v(toL, e) = tyv(L, e) = 0, and the game (L, ¢) is completely mixed if and only
if the game (#o L, e) is completely mixed, itis enough to show that (fo L, e) is completely
mixed. We assume, without loss of generality, thatty) = 1. Then, L € Z(K), v(L,e) =
0 and exp(—L) is K -irreducible. We now show that (L, e) is completely mixed.

Since L € Z(K), by Theorem 2.1,

o :=min {Re(A) : A is an eigenvalue of L}
is an eigenvalue of L with an associated eigenvector u € K. So, L(u) = o u with
0 # u > 0. Then, exp(—L)u = exp(—a) u. As exp(—L) is K -irreducible, we must
have u > 0 (by Proposition 2.3). Thus,

L(u)=au with u > 0.

@ Springer



27  Page 12 of 25 Journal of Optimization Theory and Applications (2026) 209:27

Since K is self-dual, we see that LT is a Z-transformation on K: moreover,
exp(—LT), which is the transpose of exp(—L), is also K -irreducible by Proposition
2.3. Since the eigenvalues of L and LT are the same, we see that « = min {Re(}) :
A is an eigenvalue of LT}. So, as in the previous argument, there exists v > 0 such
that LT (v) = a v.

Asv(L,e) =0, let (x,y) be an (arbitrary) optimal strategy pair so that

LT(3) <0< LE).

We claim that x > 0.
Now, from LT (y) < 0and u > 0, we get

0= (LT (¥),u) = (3, L) = a{y, u).

Since 0 #y > 0 and u > 0, we have (y, u) > 0. Thus, « < 0.

Similarly, by working with L(x) > 0 and LT (v) = av, we deduce that o > 0.
Hence, o = 0. So, L(u) = 0 = LT (v) with u, v > 0; consequently, exp(—L)(u) =
u. Now the inequalities v > 0, L(xX) > 0, and (L(¥), v) = (x, LT (v)) = 0 imply that
L(x) = 0. From this, we get exp(—L)(X) = X. So, X is an eigenvector of exp(—L);
as ¥ € K, by the K-irreducibility of exp(—L), x > 0. So, we have proved that for
any strategy pair (x,y), x > 0. Thus, (L, e) is completely mixed.

‘Only if’ part: Now assume that (L, e) is completely mixed. As v(L, ¢) = 0, by
Theorem 1.1, there exists a unique strategy pair (¥, ¥) such that X,y > 0 and

L"(3) =0=L®).

Additionally, ker (L) (being one-dimensional) consists of multiples of X. We claim that
L is space-irreducible. Suppose F is anonzero face of K suchthat L(F—F) € F —F.
Let W := F — F. Then, forallt > 0, exp(—tL)(W) € W.As L € Z(K), we have
exp(—tL)(K) € K forall t > 0 and so exp(—tL)(W N K) € W N K. However,
W N K = F as F is aface of K. Hence, exp(—tL)(F) C F forallt > 0. As F is a
proper cone in W, by Theorem 2.1, L|w (L restricted to W) is a Z-transformation on
F and
o :=min{Re(A) : A is an eigenvalue of L|w}

is an eigenvalue of L with an associated eigenvector u € F. Explicitly, L(u) = au
with 0 # u € F. Then

0= (L"), u) =, Lw) = (y,au) =a(y,u).

Sincey > 0and 0 # u € F € K, we have (y,u) > 0. Hence, o = 0. At this
stage, we have L(u) = 0, thatis, u € ker(L). Since ker (L) is one-dimensional and
L(x) = 0, we see that u is a positive multiple of x. This proves that u > 0, that is,
u € K°. Since u belongs to the face F, we must have F' = K. This shows that L is
space-irreducible. O
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Remarks. In an earlier version of the paper, see [8], the equivalence of com-
pletely mixed property and space-irreducibility was proved under certain restrictions.
The implication that the completely mixed property implies space-irreducibility was
proved under the additional assumption that each face of K is self-dual in its span,
see [8], Theorem 3.4. Also, the implication that space-irreducibility implies com-
pletely mixed property was proved only for certain types of Z-transformations over
Euclidean Jordan algebras, see [8], Theorem 4.2. The above theorem/proof removes
these restrictions.

In their recent work [3], Encinas, Mondal, and Sivakumar study the concepts of
range monotone and trivially range monotone properties of Lyapunov and Stein trans-
formations on the space S” of all real n x n symmetric matrices. Their motivation
comes from the matrix theory result that every singular irreducible M -matrix is almost
monotone and has a group inverse, see [1], Theorem 4.1 and [3], Theorem 1.3. We
make three observations: First, a singular M-matrix is a Z-matrix with value zero;
second, Theorem 4.16 in [1] appears to be related to Kaplansky’s characterization of
completely mixed property; and third, Lyapunov and Stein transformations on S” are
particular examples of Z-transformations. Motivated by these considerations, we now
formulate the following broader result.

Corollary 3.1 Let V be a finite dimensional real inner product space, K be a self-dual
coneinV and e € K°. Suppose L € Z(K), v(L,e) =0, and L is space-irreducible.
Then, the following statements hold:

(a) L is almost monotone, that is, L(x) > 0 = L(x) =0.

(b) L is trivially range monotone, that is, L?(x) > 0= L(x)=0.
(c) ker(L?) = ker(L).

(d) the group inverse of L exists.

Proof Under the specified assumptions, by the above theorem, space-irreducibility
implies the completely mixed property. Now, from Theorem 1.1, there exist X,y > 0
such that

LT3 =0=L®®).

To see (a), suppose L(x) > 0. Then,
0<(L(x),7) =(x, L") =0.

Asy > 0and L(x) > 0, we must have L(x) = 0.

(b): Now suppose L%(x) > 0, that is, L(L(x)) > 0 for some x € V. Then, from
(a), L(L(x)) = 0, thatis, L(x) € ker(L). We know from Theorem 1.1, Item (6) that
ker(L) = {AX : A € R}. So, L(x) = Ax for some A € R. We claim that A = 0.
Suppose A > 0 so that L(x) = Ax > 0. But then, for any small ¢ > 0, x + ex > 0
and L(x + ex) = ¢L(x) > 0. By Theorem 1.1, Item (3), the value of the game is
positive, contradicting our assumption. Hence, A cannot be positive. If . < 0, we can
work with —x in place of x to get a contradiction. Hence, . = 0, so L(x) = 0. Thus,

L*(x) > 0= L(x) = 0.
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This proves (b).

When L%(x) = 0, we have, from (b), L(x) = 0. Thus, Ker(L?) C ker(L). As
ker(L) C ker(L?) always, we get the equality in (c).

Because of (c), the group inverse of L exists, see [24], Theorem 5. O

Example 3.2 Let V be a finite dimensional real inner product space, K be a self-dual
cone in V and e € K°. On V, consider the transformation L = p(S) I — S, where
S € w(K) with p(S) denoting the spectral radius of S. Suppose L is space-irreducible
(equivalently, S is K-irreducible, by Proposition 2.4). Then, by the Krein-Rutman
Theorem (see Theorem 3.2 in [1]) and Proposition 2.3, there exists X,y > 0 such
that ST(y) = p(S)y and S(X) = p(S)x. We see that LT (y) = 0 = L(x) and
so v(L, e) = 0. Moreover, by Theorem 3.2, (L, e) is completely mixed. In analogy
with matrices, we may call L, a ‘singular M-transformation’. So, as in the matrix
case, a singular space-irreducible M-transformation is completely mixed. A simple
example of such an L can be seen by defining S(x) = (x, e)e. To get a general
L, we may consider a ‘strictly positive transformation” which satisfies the condition
0# x >0 = S(x) > 0. Then, S is K-irreducible (by Proposition 2.3) and p(S) > O.
Thus the game (L, ), where L = p(S) I — S, has value zero and is completely mixed.
In this way, we get a large collection of Z-transformations with value zero and having
the completely mixed property.

4 Completely mixed and irreducibility properties on symmetric cones
in Euclidean Jordan algebras

In this section, we specialize by assuming that the given proper cone K is a symmetric
cone which, by definition, is self-dual and homogeneous. Since every symmetric cone
appears as the cone of squares in a Euclidean Jordan algebra, we (can) use the Jordan
algebraic machinery to describe our completely mixed and irreducibility properties
and also to provide interesting examples. First, we cover some background material.

For basic definitions and results on Euclidean Jordan algebras (particularly, those
that are not explicitly mentioned/referenced), we refer to [4, 11]. Let (V, o, (-, -))
denote a Euclidean Jordan algebra with unit element e; here, for any two elements
x, v, the Jordan product and inner product are denoted, respectively, by x o y and
(x, y). It is well-known that any Euclidean Jordan algebra is a direct product/sum
of simple Euclidean Jordan algebras and every simple Euclidean Jordan algebra is
isomorphic to one of five (families of) algebras, three of which are the algebras of n x n
real/complex/quaternion Hermitian matrices. The other two are: the algebra of 3 x 3
octonion Hermitian matrices and the Jordan spin algebra £". In the algebras " (of all
n x n complex Hermitian matrices) and S” (of all n x n real symmetric matrices), the
Jordan product and the inner product are given by X oY := w and (X,Y):=
tr(XY). The algebra R" carries the componentwise product (as the Jordan product)
and the usual inner product.

In the Euclidean Jordan algebra V), the set

K=V;y ={xox:xeV}
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is (called) the symmetric cone of V. It is a self-dual cone, so x € K < (x, y) > 0 for
all y € K. Moreover, u € K° < (u, y) > 0forall 0 # y € K. In the case of H" (or
S™), K is the cone of positive semidefinite matrices.

In V, the following holds [11]: When x, y € K,

xoy=0¢ (x,y)=0. “)

An element ¢ in V is an idempotent if ¢> = c; it is a primitive idempotent if
it is nonzero and cannot be written as sum of two other nonzero idempotents. A
Jordan frame {e1, e2, . . ., e,} in )V consists of primitive idempotents that are mutually
orthogonal and with sum equal to the unit element e. It is known that all Jordan frames
in V have the same number of elements — called the rank of V. With n denoting the
rank of V, we have the spectral decomposition theorem ([4], Theorem II1.1.2): Every
x in 'V can be written as

X =x1e] +x2e2 + -+ xpep,
where the real numbers xi,Xx2,...,x, are (called) the eigenvalues of x and
{e1, ez, ..., e} is a Jordan frame in V. Then, we define the rank of x — denoted
by rank x — as the number of nonzero eigenvalues of x. Corresponding to the above
decomposition, we define the trace of x as tr(x) := x; + x2 + - - - + x,. It is known
that (x, y) — tr(x o y) defines another inner product on ) that is compatible with the

Jordan product. Throughout this paper we assume that the inner product on 'V is this
trace inner product, that is, (x,y) = tr(x o y).

Given an idempotent ¢ and y € {1, % 0}, we let
Vic,y)={xeV:ixoc=yux}
It is known, see [4], Prop. IV.1.1, that V(c, 1) and V(c, 0) are subalgebras of V and
Ve, 1) o V(c, 0) = {0}.

More importantly, the following Peirce (orthogonal) decomposition holds:
1
V=V, 1)+ Vi, 5) +V(c, 0). (5)
Let V4 (¢, 1) denote the symmetric cone of the (sub)algebra V(c, 1). Then,

Vic,1) =Vi(e, 1) = Vi(e, 1)

and, moreover, V. (c, 1) is self-dual in V(c, 1). Regarding the faces of a symmetric
cone, we have the following:
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Proposition 4.1 ([10], Theorem 3.1) Every face of the symmetric cone K is of the form
Vi(c, 1) for some idempotent c.

If {e1, ez, ..., e,} isaJordan frame in V), then we have (another) Peirce orthogonal
decomposition (Theorem IV.2.1 in [4]):

V= > Vi ©)

I<i<j=n

where V;; := V(e;, 1) = Re; foralli and fori # j, Vi; := V(ei, 5) N V(ej, 3).
Given a € V, the corresponding Lyapunov transformation and quadratic represen-
tation are defined by:

L,(x):=aox and P,(x) :=2ao(aox)—a20x x eV).

These two transformations are self-adjoint, L, € Z(K), and P, € 7w (K).

Given (6), consider a, x € V witha = aje; + azey + - - - + aye;, and

X = Z xij (xij € Vij).

1<i<j<n

Then we have the well-known formulae

Li= Y (a";af)xij and Po)= Y aajxy. (D)

I<i<j=zn I<i<j<zn

Let L be a Lyapunov-like transformation on the symmetric cone K . Then, its sym-
metric part L+2LT and skew-symmetric part & _ZLT are both Lyapunov-like. Moreover,
it is known, see [26], that the symmetric part is of the form L, for some a € V and the
skew-symmetric part is a derivation D (which means that D(xoy) = Dxoy+xo Dy

for all x, y € V). So, in the setting of a Euclidean Jordan algebra,

L elLlL(K) < L =L,+ D forsome a € V and derivation D. (8)

It is known (a result due to Damm, see [26]) that in the Euclidean Jordan algebra
‘H™, every Lyapunov-like transformation is of the form L 4 for some complex matrix
A, where

La(X)=AX + XA* (X e HY).

A similar statement holds in S” with A real and A* replaced by AT .
Henceforth, in all game-theoretic results/concepts dealing with Euclidean Jordan

algebras, we assume that V carries the trace inner product, K is the symmetric cone
of V, and e is the unit element; We also write v(L) in place of v(L, e), etc.
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4.1 A generalization of a result of Parthasarathy et al.

The following is a generalization of the recent result by Parthasarathy et al. [22],
mentioned in the Introduction.

Theorem 4.1 Suppose L is a linear transformation on the Euclidean Jordan algebra
V withv(L) = 0. Then, L is completely mixed if and only if v(L + P.) > O for every
primitive idempotent c in V.

Proof 1Itis given that v(L) = 0. Take any primitive idempotentcin V. As P.(K) C K,
((L+ Py)x,y) = (L(x), y) for all strategies x and y; hence, by the min-max theorem
mentioned in the Introduction, v(L + P.) > v(L) = 0.

Now suppose L is completely mixed. Then there exist optimal strategies x, y > 0
such that L7 (¥) = 0 = L(x). Additionally, for (arbitrary) strategies z, w,

LT(z) <0< L(w)= (w,z)optimal = z, w > 0= LT (z) = 0= L(w).

Now, assume if possible, v(L + P.) = 0 for some c. Then, there is a strategy z such
that
(L+P)'(z)=<0.

Since P. is self-adjoint and P.(K) € K, we have LT(z) <0. As L(xX) = 0, we now
have
LT(z) <0=L®).

From the above implications, z > 0 and LT(z) = 0. But then, P.(z) < 0 with z > 0.
Again, since P.(K) € K, we must have P.(z) = 0. Asz > 0and 0 # ¢ € K, we
must have (z, ¢) > 0. However, 0 < (z,¢) = (z, P.(¢)) = (P.(2),c) = (0,¢) = 0.
We reach a contradiction. Thus, the value of L + P. must be positive.

To see the reverse implication, suppose the value of L + P, is positive for all
primitive idempotents c. Assume, if possible, that L is not completely mixed. Then,
there are strategies x and y such that LT (y) <0 < L(x), where some eigenvalue of y,
say, y1 is zero. we write the spectral decomposition y = yje; + y2e2 + -+ - + ype, =
Oe; + y2e2 + -+ - + ype, and let ¢ = e (which is a primitive idempotent). Then, by
(7), P-(y) = 0. As P.(x) > 0, we have (L + P.)T(y) < 0 < (L 4+ P.)(x). This
implies that the value of L + P, is zero, leading to a contradiction. Hence, L must be
completely mixed. O

4.2 Irreducibility of a linear transformation on a symmetric cone

Now consider a Euclidean Jordan algebra V' with its symmetric cone K (= V) and
unit element e. In this setting, as noted in Proposition 4.1, every face of K is of the
form V4 (c, 1) (the symmetric cone of V(c, 1)) for some idempotent c. Moreover,
Vi(c, 1) ={0}or V4 if and only if ¢ = O or e. Since V(c, 1) = Vi (c, 1) — V4 (c, 1),
Definition 2.2 reduces to the following.
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Definition 4.1 Let L be a linear transformation on a Euclidean Jordan algebra V. Then,
L is space-irreducible if

L(V(c, 1) SV, 1) =ce{0,e).

So, space-irreducibility means that other than {0} and V, L does not have any
invariant subalgebras of the form )V (c, 1). We note that when L is not space-irreducible,
with ¢ # 0,e, W := V(c, 1), and L(W) € W, we can write V = WL + W and
represent L in the block form

Ly L,
o)

where L1 : W+ —> WL, L, : W —> W<, and Ly : W — W are linear transforma-
tions.

The following two examples deal with the space-irreducibility of L4 on S" and

.

Example 4.1 Letn > 1. For any A € R""*", consider the transformation L4 on S”
defined by La(X) = AX 4+ XAT. We first claim that L is space-irreducible if and
only if for every orthogonal matrix U, the matrix UT AU is irreducible. We sketch a
proof. Suppose L 4 is space-reducible, that is, there exists an idempotent C (# 0, 1)
in 8" such that Lo (V(C, 1)) € V(C, 1). As C is an idempotent, its eigenvalues are
either 0 or 1; we can write C = UPUT, where U is orthogonal and P is a diagonal
matrix written in the block form as

| k0
r=[50)

with I denoting the identity matrix of size k X k, 1 < k < n. Since X € V(C, 1) if
and only if C o X = X, that is, % = X, we see that V(C, 1) = UV(P, HUT.
Moreover, the condition L4 (V(C, 1)) € V(C, 1) is equivalent to Lp(V(P, 1)) C
V(P, 1), where B = UT AU . Now, every element in (P, 1) has the same block form
as P, except that in place of I, we have a matrix from S¥. So then Lz (P) € V(P, 1)
implies that the southwest block of the matrix B is zero, implying that B is reducible.
Now suppose there is an orthogonal U such that the matrix B = U AU is reducible.
By choosing an appropriate diagonal matrix P and reversing the argument given
above, one can construct an idempotent matrix C (# 0, I) for which L4 (V(C, 1)) C
V(C, 1) holds. Thus, we have shown that L 4 is space-reducible if and only if for some
orthogonal matrix U, UT AU is reducible. This proves our claim.

Now, by the real version of Schur’s upper triangularization theorem ([14], Theorem
2.3.4), A is orthogonally similar to a real block upper triangular matrix with each
diagonal block either a 1 x 1-matrix or a 2 x 2-matrix with a non-real pair of complex
conjugate eigenvalues. So, if L4 is space-irreducible (in which case, by our claim
above, every matrix of the form UAU T is irreducible), A must be a 2 x 2 matrix
with a non-real pair of complex conjugate eigenvalues. Conversely, if A is a2 x 2
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matrix with this specific property, then every UT AU is irreducible; hence, L4 is
space-irreducible. In summary, we have proved:

On 8" (n > 1), L4 is space-irreducible if and only ifn = 2 and A is a real matrix
with a non-real pair of complex conjugate eigenvalues.

To see a specific example, consider the Lyapunov transformation L 4 on S* defined
by

Lia(X)=AX + XAT where A:[_?é]

As A+ AT =0, weseethat L4+ (L4)T =0.Wealsohave L4(I) =0 = (Ls)" (I)
andso,v(L 4, I) = 0. Additionally, if X in S2%is positive semidefinite with L 4 (X) > 0,
then X is a multiple of /. This shows that L4 is completely mixed, hence space-
irreducible. It is easy to verify that this L4 cannot be of the form r/ — S for any
Sern (842_). Thus, in contrast to the matrix game case (cf. Remarks made after Theorem
3.1), we have an example of a Lyapunov-like transformation with value zero that is
completely mixed and which is not a singular M -transformation.

Example 4.2 For any n x n complex matrix A, n > 1, consider L4 on H" defined
by La(X) = AX + XA*, where A* is the conjugate-transpose of A. By Schur’s
upper-triangularization theorem ([14], Theorem 2.3.1), we can write A as UQU*,
where Q is an upper-triangular matrix and U is unitary. We note that the matrix Q
is reducible. We can mimic the argument given in the previous example to show that
L 4 keeps some nontrivial V(C, 1) invariant. This means that over H" (n > 1), every
L 4 is space-reducible. By Theorem 3.2, no such transformation can (simultaneously)
have value zero and be completely mixed. Thus, because of Theorem 1.2, Over H"
(n > 1), L4 is completely mixed if and only if its value is nonzero.

4.3 Irreducibility of a positive transformation on a symmetric cone

The following theorem is a modified form of Proposition 2.3 stated for Euclidean
Jordan algebras. We emphasize that the natural number n appearing in Item (iv)
below is the rank (and not the dimension) of the algebra. This result is motivated by
a similar result in the setting of Hermitian matrices, see [28], Theorem 6.2 or [15],
Proposition C.1.

Before stating the theorem, we present two lemmas. The first lemma is motivated
by the result that when a (Hermitian) positive semidefinite matrix is written in a block
form, if a diagonal block is zero, then the corresponding off-diagonal blocks are also
zero. The second lemma is about the rank of a sum.

Lemma 4.1 For an idempotent c, consider the Peirce orthogonal decomposition (5).
Suppose an element 7 € V has no component in V(c, 0), that is,

z=x+Y,

where x € V(c, 1) and y € V(c, %). If 7 >0, then, y = 0.
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Proof Since e — ¢ € V(c, 0), by the orthogonality of the spaces involved, we have
x+y,e—c)=0.Asz=x+y>0and e — c > 0, by (4), we have

(x+y)o(e—c)=0.

This leads to (x + y) oe — (x + y) oc = 0. Now, x € V(c,1) = x oc = x and
y € V(c, %):>yoc=%y.Hence,

1
(x—i—y)—(x—i—zy):O.

This simplifies to y = 0. O

Lemma 4.2 Suppose 0 # x > 0 and rank (x) = k, where 1 < k < n. Consider the
spectral decomposition x = x1e1 + x2e3 + -+ - + xrex + Oegy1 + - - - + Oey, where
{e1, ez, ..., ey} is aJordan frame, and x; > O foralli = 1,2, ..., k. Let

c:=e+e+- - +e.

Ify>0andy ¢ V(c, 1), thenrank (x + y) > rank x.

Proof Let z := x + y and suppose, if possible, [ := rank z < k. Then, we write the
spectral decompositionof zas z = zjc1 +z2¢c2+- - -+ z1¢; +0cj41 + - - - +0c;y, Where
{c1,c2,...,cp}is aJordan frame and z; # O for 1 <i < [. Noting that/ < k < n,
we consider the idempotent

d:=ci+1+ k42 + -+ cn.

Clearly, (z,d) = 0. This implies (recall x,y > 0) that (x,d) = 0 = (y,d).
From 0 = (x,d) = Zle xi(ei,d) with x; > 0 for all i appearing in the sum,
we see that {(¢;,d) = 0 fori = 1,2...,k. It follows that {ej,es,...,er} L
{ck+1, Ck+2, - - ., cn}; hence, by (4), the Jordan product between any two (different)
elements in the set {eq, €2, ..., €k, Ck+1, Ck+2, - - - » Cn} 1S Zero. As the rank of V is n,
{e1,e2, ..., €k, Ck+1, Ck42, - - ., Cn} forms a Jordan frame (else, this set together with
the primitive idempotents corresponding to the nonzero terms in the spectral decom-
position of the idempotent e — (¢ + d) produces a Jordan frame containing more
than n elements); in particular, c+d =e; +e2+---+ex +cky1 + - +cn = e.
From (y, d) = 0 and (4), we have, y o d = 0. Consequently, as d = ¢ — ¢, we have
y € V(,0) = V(c, 1). We reach a contradiction to our assumption that y ¢ V(c, 1).
This proves that [ > k, i.e., rank (x + y) > rank x. O

Theorem 4.2 Suppose V is a Euclidean Jordan algebra with unit e, K = V4, and
T € n(K). Let c denote a generic idempotent. Then the following are equivalent:
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@) (T(c),e—c)y=0=ce€{0,e}.
(ii) T is space-irreducible, that is, T(V(c, 1)) CV(c,1)=ce{0,e}
(iii) T is K-irreducible.
(iv) Foreach 0 # x > 0, it holds that (I + T)""!'x > 0, where n (> 1) denotes the
rank of V.
(v) Foreach0 # x > 0andeveryt > 0, exp(tT)x > 0.

Proof (i) < (ii): Suppose the negation of (i) holds so that there is an idempotent
¢ ¢ {0,e} such that (T'(c),e —c¢) = 0. Letd := e — ¢, so that d ¢ {0, e} and
(T'(c),d) = 0. Then, in the algebra V(c, 1), c is the unit element and in V(c, 0)
(whichis V(d, 1)), d is the unit element. Now take primitive idempotents cj in V(c, 1)
and dj in V(c, 0). Since 0 < ¢; < cand 0 < d; < d, we have, by the positivity of
T,0<(T(c1),d1) <(T(c),d)=0.Thus, (T(c1),d1) = 0. Since (from the spectral
theorem) any element in V(c, 1) is a linear combination of primitive idempotents in
V(c, 1) and any element in V(d, 1) is a linear combination of primitive idempotents
in V(d, 1), we see that
T(V(c, 1)) 1 V(e 0).

Now take any element x € V (c, 1) and consider the Peirce orthogonal decomposition
of T(x):

1
T(x)=u-+v+w, where uecV(,1),ve Vi, E), w € V(c,0).

Since T'(x) L w, we must have w = 0. Sonow, 0 < T(x) = u + v. By Lemma 4.1,
we have v = 0. Thus, for any x € Vy(c, 1), T(x) € V(c, 1). Since any element in
V(c, 1) is a difference of two elements in V4 (c, 1), we see that T (V(c, 1)) € V(c, D).
Hence, the negation of (i7) holds.

Now suppose the negation of (ii) holds so that there exists ¢ (# 0, e) with T'(¢) €
T(V(c, 1)) C V(c, 1). Then, with 0 # d := e — ¢, we have V(c, 1) L V(d, 1), hence
(T (¢), d) = 0. This gives the negation of (i). Hence, (i) and (ii) are equivalent.

(ii) < (iii): This follows from the facts that for T € 7 (K), T(V(c, 1)) € V(c, 1)
if and only if T (V4 (c, 1)) € V4 (c, 1), and that every face of (the symmetric cone) K
is of the form of V, (¢, 1) for some idempotent c.

(ii) = (iv): Assume that (ii) holds. Let 0 # x > 0. If x > 0, (iv) trivially
holds as T € m(K). So, suppose rank (x) = k, where 1 < k < n. We write the
spectral decomposition x = xjej + x2e3 + - -+ + xrex + Oex+1 + - - - + Oey,, where
{e1,en,...,e,}is aJordan frame and x; > Oforalli =1,2,...,k. Let

c:=e+e+---+e.

Then, in the (sub)algebra V(c, 1), x > 0. We show that T'(x) ¢ V(c, 1). Assume the
contrary,i.e., T(x) € V(c, 1);then,as T € n(K), T (x) € V4 (c, 1). We now claim that
T(V(c, 1)) € V(c, 1). To see this, take any y € V(c, 1). Then, for small positive &,
xtey >0inV(c, 1).AsT € 7(K)and Vi (c, 1) € K,wehave T (xxey) > 0. Since
T (x) (which is in V(c, 1)) is now the average of two elements (namely, T (x + €y)
and T (x — €y)) in K, these two elements belong to the face V. (c, 1); consequently,
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their difference 2¢ T (y) (equivalently, 7' (y)) belongs to V(c, 1). This proves the claim.
However, this contradicts (ii) and so we must have 7' (x) ¢ V(c, 1). Sincex € V(c, 1),
this implies that

2:=x4+Tx)=U+T)x ¢ V().

Now, with y := T'(x), we apply Lemma 4.2 to see that
rank z > rank x = k.
At this stage, we have proved that
0#x €K, rank x <n = rank (I + T)x > rank x.

So, starting with an element 0 # x € K and applying I + T repeatedly, we reach an
element in K with rank » in at most n — 1 steps. Thus, (iv) holds.

(iv) = (v): Assume that (v) does not hold. Then, there exist 0 % x > 0 and a
positive number ¢ such that exp(tT)x # 0. (We note that exp(tT) € n(K).) Then,
for some (primitive) idempotent ¢, (exp(tT)x, c) = 0. Expanding exp(¢T) and using
the positivity of 7' and its powers, we see that (7" (x),c) =0 forallm =0, 1,2, ...
Hence, ((I +T)" 'x, ¢) = 0. This shows that (iv) does not hold. Hence, we have the
implication (iv) = (v).

(v) = (ii): Assume the negation of (ii). Then, for some idempotent c (£ 0, e),
we have T(V(c, 1)) € V(c, 1). As ¢ € V(c, 1), we have T™(c) € V(c, 1) for all
m=20,1,2,... Thus, exp(T)c € V(c, 1). In particular, exp(T)c # 0, contradicting
(v)forx =candt = 1.

In summary, we have proved the implications (i) < (ii) & (iii) = (iv) =
(v) = (ii). Thus, all the statements in the theorem are equivalent. This completes the
proof. O

4.4 The completely mixed property of symmetric/skew-symmetric Lyapunov-like
transformations

Inthe next two results, we deal with the completely mixed property of a symmetric/skew-
symmetric Lyapunov-like transformation on a Euclidean Jordan algebra. Recall that
in this setting, every symmetric Lyapunov-like transformation is of the form L, for
some a € V and a skew-symmetric Lyapunov-like transformation is a derivation, see
[26]. When the rank of V is one, we can write VV = Re. In this case, e is the only
strategy vector. Hence, when the rank of 'V is one, every linear transformation on Vis
completely mixed.

Theorem 4.3 Suppose V is a Euclidean Jordan algebra of rank n, where n > 2. For
a €V, the following statements are equivalent:

(i) L, is completely mixed.
(ii) a>0o0ra <0.

(iii) v(Lg) # 0.
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Proof (i) = (ii): Suppose L, is completely mixed. Consider the spectral decompo-
sitiona = aje; + azez + - - - + aye,. If possible, let a; = 0. Then, by (7),

LI(e)) = La(er) = 0.

As e; # 0, we reach a contradiction to (i). Hence, a; # 0 for all i. Now suppose,
if possible, there is an index k such that | < k < nsuchthata; > Oforl <i <k
anda; < Ofork+ 1 <i <n.Letc:=e1+ey+ -+ e Then, by (7), L,(c) =
Zle aie; >0and LI (e — ¢) = Y iy aiei < 0. We see that

() <0 (l)

As % # 0, we reach a contradiction to (i). Hence,a > Oora < 0.

(ii) = (iii): We first show thata > 0 = v(L,) > 0.

Suppose a > 0 and v(L,;) < 0. Then, there exists y > 0 with (y,e) = 1 (in
particular, y # O)suchthat L (y) < v(L,)e < 0.Asa > 0, wehave (LT (y),a) <0,
that is, (y, Ly(a)) < 0. Since y > 0 and L,(a) = a® > 0, we must have y =0,
yielding a contradiction. Hence ¢ > 0 = v(L,) > 0.

When a < 0, we have —a > 0 and so v(L_,) > 0. Since L_, = —L, and L, is
self-adjoint, this gives —v(L,) > 0, thatis, v(L,) < O.
(iii) = (i): As L, is Lyapunov-like, this follows from Theorem 1.2. O

Suppose the linear transformation L is skew-symmetric, thatis, L + L7 = 0. In this
case, the game (L, e) is called a symmetric game [5]. For such an L, the value is zero
(see Theorem 1.1, Item (2)). It is easy to see that a skew-symmetric Z-transformation
is Lyapunov-like.

Theorem 4.4 Let D be a skew-symmetric Z-transformation (=derivation) on a
Euclidean Jordan algebra V. Then, the following are equivalent:

(i) The game (D, e) is completely mixed.
(ii) D is space-irreducible.
(iii) ker (D) is one dimensional.

Proof Since D is skew-symmetric, its value is zero. As D is a Z-transformation, by
Theorem 3.2, (i) and (i7) are equivalent.

(i) = (iii): This follows from Theorem 1.1, Item (6).

(iii) = (i): As D is a derivation, D(e) = 0, see [26], Proposition 3. Furthermore,
as D is skew-symmetric, D’ (¢) = 0. Now suppose (¥, y) is any optimal strategy
pair for the game (D, e) so that DT@) < 0 < D(X). Since (e, e) is also an optimal
strategy pair and e > 0, we have DT@) =0 = D(x), see Theorem 1.1, Item (1). So,
when (iii) holds, X is a positive multiple of e; thus, X > 0. This proves (i). O

We refer to the last part of Example 4.1 for an illustration of the above theorem.
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5 Concluding remarks

In the setting of a self-dual cone in a finite dimensional real inner product space,
we showed that a Z-transformation with value zero is completely mixed if and only
if it is space-irreducible. We also gave a finer characterization of cone-irreducibility
for a positive transformation on a Euclidean Jordan algebra and generalized a recent
result of Parthasarathy et al. to the setting of a symmetric cone. As mentioned in the
Introduction, one can look for the properties of Z-transformations with value zero in
regard to dynamical systems and complementarity theory. These are left for future
study.
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