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Abstract. In a recent paper, Gowda and Ravindran (Algebraic univalence theorems for nonsmooth functions,
Research Report, Department of Mathematics and Statistics, University of Maryland, Baltimore, MD 21250,
March 15, 1998) introduced the conceptstbfdifferentiability andH -differential for a functionf : R" — R"
and showed that the &chet derivative of a lechet differentiable function, the Clarke generalized Jacobian of a
locally Lipschitzian function, the Bouligand subdifferential of a semismooth function, an@-tfiferential of a
C-differentiable function are particular instances-bfdifferentials.

In this paper, we consider two applicationstbfdifferentiability. In the first application, we derive a necessary
optimality condition for a local minimum of aHl -differentiable function. In the second application, we consider
a nonlinear complementarity problem corresponding ta-adifferentiable functionf and show how, under
appropriate conditions on aH-differential of f, minimizing a merit function corresponding tb leads to a
solution of the nonlinear complementarity problem. These two applications were motivated by numerous studies
carried out forC?, convex, locally Lipschitzian, and semismooth function by various researchers.

Keywords: H-differentiability, nonlinear complementarity problem, NCP function, merit function, locally
Lipschitzian function, generalized Jacobian

1. Introduction

Inarecent paper [10], Gowda and Ravindran introduced the conceptsfdiféerentiabi-
lity and H-differential for a functionf : R — R". They showed that Echet differen-
tiable (locally Lipschitzian, semismootf-differentiable) functions arél -differentiable
(at given x) with an H-differential given by{V f(X)} (respectively,df (X), 9z f (X),
C-differential). In their paper, Gowda and Ravindran investigated the injectivity ¢f-an
differentiable function based on conditionsldrdifferentials. Also, in [25]H -differentials
were used to characteriBPy)-functions.

In this paper, we consider two applicationg-dfdifferentiability. In the first application,
we derive a necessary optimality condition for a local minimum ofadifferentiable real
valued function. Specifically, we show in Theorem 3 that*ifis a local minimum of such
a function f, then Oe €0 T; (x*) whereT; (x*) denotes amH -differential of f atx*.

In the second application, we consider a nonlinear complementarity problemaifNNICP
corresponding to ah -differentiable functionf : R" — R": FindX € R" such that

x>0, f(X)>0 and (f(X),X)=0.
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By considering an NCP functio® : R" — R" associated with NCH() so that
®(X) = 0« X solves NCPf),

and the corresponding merit function
1 2
V(x) = EIICD(X)II ; (1)

in this paper (see Sections 6, 7, and 8), we show how, under apprdpsieegularity)-
conditions on arH -differential of f, finding local/global minimum ofV (or a ‘stationary
point’ of ¥) leads to a solution of the given nonlinear complementarity problem. Our results
unify/extend various similar results proved in the literatureddylocally Lipschitzian, and
semismooth functions [1, 5-9, 11-14].

2. Preliminaries

We regard vectors iR" as column vectors. We denote the inner-product between two vectors
x andy in R by eitherxy or (x, y). Vector inequalities are interpreted componentwise.
For a setE C R", co E denotes the convex hull & andco E denotes the closure ¢b E.
For a differentiable functiorf : R" — R™, V f (X) denotes the Jacobian matrix 6fat x.
For a matrixA, A; denotes the ith row oA.

Afunctiong : R> - Riscalled an NCP functionif(a, b)=0«<ab=0,a> 0, b > 0.
For the problem NCP¥), we define

(X, T1(x)) ]

X)) = | (i, fi(x) 2

| & (%n, Fa(X) |

and, by abuse of language, cdl(x) an NCP function for NCPf).
We now recall the following definition and examples from Gowda and Ravindran [10].

Definition 1  Given a functionf : Q € R"— R™ whereQ is an open set irR" and
x* € Q, we say that a nonempty subsetx*) (also denoted byl (x*)) of R™" is an
H-differential of f at x* if for every sequencéx®} C Q converging tox*, there exist a
subsequencgd®i} and a matrixA € T(x*) such that

fxX9) — f(x*) — A — x*) = o(|xf — x*|)). ()
We say thatf is H-differentiable atx* if f has anH-differential atx*.

A useful equivalent definition of ai -differential T (x*) is: For any sequence® :=
x* + td* with t | 0 and||d¥|| = 1 for all k, there exist convergent subsequerige$ 0
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anddk — d, andA e T(x*) such that

im f(x* +tkjdk1) — f(x" _

j—>o0 tki

Ad.

Remarks As noted by a referee, it is easily seen that if a functfof2 € R" - R™
is H-differentiable at a poink, then there exist a constaht > 0 and a neighbourhood
B(X, 8) of X with

00— £ = Liix—=X|l, Vx e B(X,3). 4

Conversely, if condition (4) holds, thén(X) := R™" can be taken as an-differential of

f atX. We thus have, in (4), an alternate descriptiorHetlifferentiability. But, as we see
in the sequel, itis the identification of an appropriktedifferential that becomes important
and relevant.

Clearly any function locally Lipschitzian &t will satisfy (4). For real valued functions,
condition (4) is known as the ‘calmness’ 6fat X. This concept has been well studied in
the literature of nonsmooth analysis (see [24], Chapter 8).

As noted in [10],(i) any superset of atd-differential is anH-differential, (i) H-
differentiability implies continuity, andiii) H-differentials enjoy simple sum, product and
chain rules.

We include the following examples from [10].

Examplel If f:R" — R™isFréchetdifferentiable at* € R", thenf is H-differentiable
with {V f (x*)} as anH -differential.

Example 2 Let f:Q € R"— R™ be locally Lipschitzian at each point of an openQet
Let Q¢ be the set of all points i where f is Fréchet differentiable. For* € Q, let

9 f(x*) = {lim V £ (xX*) 1 x* = x*, XK € Q1)

denote the Bouligand subdifferential éfat x*. Then, the (Clarke) generalized Jacobian

[2]
af (x*) = coog f (x*)

is anH -differential of f at x*.

Example 3 Consider a locally Lipschitzian functioh: Q2 € R" — R™ that is semis-
mooth atx* e Q [17, 20, 22]. This means for any sequence — x*, and for any
Vi € af (x4,

FOX) = £ = Vi = x*) = o(IX = x*|).
Then the Bouligand subdifferential

9 f(x*) = {lim V f (x*) 1 x* = x*, xK € Q¢)
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is anH-differential of f atx*. In particular, this holds iff is piecewise smooth, i.e., there
exist continuously differentiable functiorfg : R" — R™ such that

f(x) e {f1(x), fax), ..., f;(X)} Vxe R

Example 4 Letf:R" — R"beC-differentiable in a neighborhodd of x*. This means
that there is a compact upper semicontinuous multivalued mappirgT (X) with X € D
andT (x) ¢ R™" satisfying the following condition at argy € D: ForV € T (x),

f(x)— f(@—Vx—a =o(x—al.

Then, f is H-differentiable atx* with T (x*) as anH -differential. See [21] for further
details onC-differentiability.

We recall the definitions dPy andP-functions (matrices).

Definition 2  For a functionf : R® — R", we say thatf is aPq(P)-function if, for any
X #yin R,

max (X —y)i[f(x) = f(y]i =0 (> 0). %)
{ixi#yi}

A matrix M € R™" is said to be &y(P)-matrix if the functionf (x) = Mx is aPy(P)-
function or equivalently, every principle minor & is nonnegative (respectively, positive
[3]).

We note that every monotone (strictly monotone) functionFs@)-function.
The following result is from [18] and [25].

Theorem 1. Under each the following conditiond : R" — R" is a Py(P)-function.

(a) f is Fréchet differentiable on'Rand for every xe R", the Jacobian matri® f (x) is
a Po(P)-matrix.

(b) f islocally Lipschitzian on Rand for every xe R", the generalized Jacobiaif (x)
consists oPq(P)-matrices.

(c) f is semismooth on 'R(in particular, piecewise affine or piecewise smootimd for
every xe R", the Bouligand subdifferentialg f (x) consists oPq(P)-matrices.

(d) f is H-differentiable on Rand for every xe R", an H-differential T (x) consists of
Po(P)-matrices.

3. Necessary optimality conditions irH-differentiable optimization

In this section, we derive necessary optimality conditions for optimization problems in-
volving H-differentiable functions. We first consider thi-differentiability of minimum/
maximum of severaH -differentiable functions.
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Theorem 2. Fori = 1,...,m, let f : R" — R be H-differentiable at*with an H-
differential T;i (x*). Let f: R" — R be defined by

f(x) := min{ f1(x), f2(x), ..., f™(X)}. (6)
Define
T (X*) = Uier ) Tri (X5), (7)

where I(x*) = {i : f(x*) = fi(x*)}. Then f is H-differentiable at*with T; (x*) as an
H-differential. Alsg a similar statement holds imin’ in (6) is replaced bymax.

Proof: We prove the result for the min-function; the proof of the max-function is similar.
Consider a sequend&X} converging tox* in R". Then there exist € {1,...,m} and a
subsequencex’i} such thatf (x<) = f'(xk) forall j = 1,..., co. We havef (x*) =
f!(x*) (by the continuity off' and f). Now because of thel -differentiability of f' atx*,
there is a subsequence {odi }, which we continue to write af<*i} for simplicity, and a
matrix A' € T¢ (x*) such that

oy — £ xn) — Al — x*) = o(|IxM — x*|))
which leads to
f(xN) — fF(x*) — Al — x*) = o(||xk — x*|)).

SinceA € T (X*) C Ui o T1i (X¥), we see thaf is H-differentiable a* with Ty (x*)
(defined in (7)) as ail -differential. This completes the proof. O

Remark. In the above theorem, we considered real valued functions. With obvious modi-
fications, one can consider vector valued functions. See Example 8 for an illustration.

Theorem 3. Suppose fR" — R and X is a local optimal solution of the problem
QiFQ f(x).
If f is H-differentiable at X and T(x*) is any H-differential then
0 € TO T(X*).
Proof: Suppose, if possible, that@To T(x*). Sinceco T(x*) is closed and convex, by
the strict separation theorem (see p. 50, [15]), there exists a nonzero dent®” such

that Ad < O for all A € €0 T(x*). From theH-differentiability of f, for the sequence
{x* + %d}, there exist a subsequenice& + k—ljd} andA € T(x*) such that

Kj [f (x* + %d) — f(x*)} — Ad.
J
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Sincef (x) > f(x*) for all x nearx*, we see thaAd > 0 reaching a contradiction. Hence
0 e To T(x*). O

Remarks When f is differentiable at* with T (x*) = {V f (x*)}, the above optimality

condition reduces to the familiar conditianf (x*) = 0. Whenf is locally Lipschitzian at

X, the above result reduces to Proposition 2.3.2 in [2] thatdd (x*); see also, Theorem 7
in [17].

The above theorem motivates us to defilstationary poinbf the problem minf (x) as a
pointx* such that = TO T; (x*) whereT; (x*) is anH -differential of f atx*. By weakening
this condition, we may call a point* a quasi-stationary pointsemi-stationary pointof
the problem minf (x) if 0 € T;(x*) (respectively, Oc co T (x*)). While local/global
minimizers of minf (x) are stationary points, it is not clear how to get or describe semi-
and quasi- stationary points. However, as we shall see in Sections 6, 7, and 8, they are used
in formulating conditions for a poimt* to be a solution of a nonlinear complementarity
problem.

We now describe a necessary optimality condition for inequality constrained optimization
problems.

Theorem 4. Suppose that f and @i = 1, 2. .., m) are real valued functions defined on
R" and x* is a local optimal solution of the problem

minimize f(x)
subjectto g'(x) <0 for i=1,...,m.

(8)
Suppose that f and'gi = 1,2..., m) are H-differentiable at x with H-differentials
given respectivelyby Ty (x*) and Ty (x*) (i = 1,2, ..., m). Let g(X) := Max<i<m ¢' (X)
and |(x*) = {i : g(x*) = ¢'(x*)}. Then

0 € TO(T¢ (X*) U (Uier x Tg (X))} 9)
Proof: We see thak* is a local optimal solution of the problem

minimize f(x)
. (10)

subjectto g(x) <0.
From Theorem 2, we see thatis H-differentiable withTy(x*) := Uj¢ ) Tg (X*) as an
H -differential. We have to show that® To[ T (x*) U Ty(x*)]. Suppose this statement is
false. Then by the strict separation theorem (see p. 50, [15]), there exists a nonzerd vector
in R" such thatAd < O for all A e T (x*) U Tg(x*). From theH -differentiability of f and
g, for the sequencex* + %d}, there exist a subsequenie& + %d}, matricesA e T (x*)
andB e Ty(x*) such that

Kj [f (x*+ %d) — f(x*)} — Ad
J
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and

Kj [g (x* + %d) — g(x*)} — Bd.
i

FromAd < 0 andBd < 0, we see thaf (x* + k—ljd) — f(x*) <0andg(x* + Fd) — g(x*)

< O for all largek;. We reach a contradiction singé is assumed to be Iocélly optimal to
the given problem. Thus we have the stated conclusion. O

4. H-differentials of some NCP functions associated withi -differentiable functions
In this section, we describe th¢-differentials of some well known NCP functions.

Example 5 Supposef : R" — R" has anH-differential T (X) atX € R". Consider the
associated Fischer-Burmeister function [7]

P (X) =%+ f(X) — /X2 + f(x)?
where all the operations are performed componentwise. Let
JX) ={i: fix)=0=x]}.

Consider the sdrt of all quadruplegA, V, W, d) with A € T(X), ||d|| = 1,V = diag(v;)
andW = diag(w;) are diagonal matrices satisfying the conditions

A—v)?>+Q—-w)?=1 Vi=12...,n (11)
and
1 ¢ wheni ¢ J(X)
X+ (fi ()2
Vj = A|d . - 2 2
1-————  wheni € J(X) andd? 4+ (Aid)? > 0
1/ di2 + (AI d)2
arbitrary wheri € J(X) andd? + (Aid)? = 0,
_ (12)
1-—— X \wheni ¢ J(X)
X+ (fi ()2
Wi=11- 4 wheni € J(X) andd? + (A/d)2 > 0
diZ + ('A\Id)2
arbitrary whern € J(X) andd? + (Aid)? = 0.
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We nowclaim that®¢ (or @ for simplicity) has an H-differential ak given by
S(X) ={VA+W:(A,V,W,d) eI}

To see this claim, let + t,d“ — x with t, | 0 and||d*|| = 1. By the H-differentiability
of f, there exist a subsequenftg } of {t}, dki — d, and A € T(X) such thatf (X +
t, d) — f(X) — At,d") = o(ty,). Let, for ease of notationy! := X + t,;d“. With
A andd, defineV andW satisfying (11) and (12); leB := V A+ W. We claim that
®(y)) — ®(X) — B (t,d%) = o(ty,). To see this, we fix an indeéxand show tha®; (y') —
@; (X) —[B (t, d)i = o(ty, ). Without loss of generality, let= 1. We consider two cases:

Case (1)1 ¢ J(X).
In this case we have

Bi=11- f1(X) A+ L1 X1 e’
VX2 4 (£1(%))2 \/>'<f+ (f1(x))?
wheree, " is the first row of the identity matrix and

®1(y)) — P1(%) — Byt d
= tkj dll(j + (Al tkjdkj) + o(tki)

- [\/(xl + t, dfl)2 + [ f1(%) + Aq ti d + o(tkj)]2 — \/xf + (f1(>‘<))2}

fl()_() ki )_(1 ki
{1t Aty d - 11—}ty d]
[ V& + (F1(%))? ] { R+ (f1(%))2 ]

= O(tkj). (13)
Case (2)11 € J(X).

Subcase (1): fi+ (A1d)? > 0.
In this case,

A]_d dl T
Bi={l-—-—— A +{l-——— 8,
{ VA2 + (A1d)? ] { VA2 + (A1d)? ]
and an easy calculation shows

®1(y!) — P1(X) — By ty,d"

= 1, dll(j + (Al tkidkj) - \/(tkj dil(j)2 + (Al tkidkj + O(tki))z
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Ad ’
— 1-— A]_ tkd )
JIEZ o+ (A2 } |
ch K
{1 ———— 1 tdy +o(t)
Joz+ (Ald)Z} | |
= O(tki)~ (14)

Subcase (2)tetd? + (A;d)>=0.
In this cased; = 0 = A;d. Then®;(y') — ®1(X) = 0o(ly;).

These arguments prove théf(y!) — ®;(X) — [B (t,d*)]i = o(t,) holds for alli.
Thus we have théi -differentiability of ® with S(X) as anH -differential.

Remarks We observe that in the above exampl§, (k) consists of- matrices thers(x)
consists oP-matrices. To see this, suppose that every T (X) is aP-matrix and consider
anyB = VA+ W € S(X). SinceA is aP-matrix, there exists an indexwith x; # 0
such thatx;[Ax]; > 0. Sincev; andw; in (12) are nonnegative and their sum is positive,
Xi[BxX]; = x;[(V A+ W)x]j = vj[X; (AX);] + wjx? > O. It follows thatB is aP-matrix.

This observation together with Theorem 1 says that(¥) consists ofP-matricesvx €
R", then the function® is a P-function. (In fact,® is a P-function wheneverf is a
continuougP-function, see [23].)

We note thatS(X) may not consist oP-matrices if f is merely aP-function onR".
This can be seen by the following example. lfgk) = x3 on R. Then f is aP-function
and®r(x) = X + x3 — +/x6 4+ x2. By a simple calculation, we see that t{& 0} is an
H -differential of ¢ at zero and that it contains a singular object.

Example 6 In the previous example, we described thiedifferential of Fischer-
Burmeister function. A similar analysis can be carried out for the NCP function [13]

P(x) ==X+ f(x) — v/ (x — F(x))2+ axf(x) (15)

where is a fixed parameter 60, 4). We note that when. = 2, ®(x) reduces to the
Fischer-Burmeister function, while as— 0, ®(x) becomes

D(X):=%x+ f(X) — /(X = f(X))? (= 2min{x, f(x)}).
Let

JX) ={i: fiXx) =0=x].
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An H-differential of ® in (15) is given by
SX) ={VA+W: (A V,W,d) eT},

wherer is the set of all quadruplg®\, V, W, d) with A € T(X), ||ld|| = 1,V = diag(vi)
andW = diag(w;) are diagonal matrices satisfying the conditions

A—v)?+1A-w)?€ (0,2 Vi=12...,n (16)
and
1 2% — i)+ A%
2/(% — fi(®))2+ 1% fi (%)

_ G- Ad+rd wheni € J(X) and(di — A d)2
2,/(d — Aid)? + Adi (Ad) + A0 (Ad) > 0

arbitrary wheri € J(X) and(d; — A d)?
+Adi (Ad) =0,

wheni ¢ J(X)

Vi =

(17)
2% = i) + AR
2/ (X — fi(%)2 4+ A% fi (%)

_ 20— Ad)+Ad wheni € J(%) and(d; — A/d)2
2,/(di — Aid)? + Adi (A d) +Adi(Ad) >0

arbitrary when € J(X) and(d; — A d)2
+Adi (Aid) =0.

wheni ¢ J(X)

Example 7 The following NCP function is called the penalized Fischer-Burmeister func-
tion [1]

D, (X) := AP (X) + (L — 2)x FT(X)4 (18)
wherex, = max0, x} andx € (0, 1) is a fixed parameter. Let

JX) ={:fx)=0=%x} and KX ={i:% >0, fi(X) > 0}.
For @, in (18), a straightforward calculation shows thattardifferential is given by

S(X) = {(VA+W: (A, V,W,d) eI},
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whereT is the set of all quadrupleg®, V, W, d) with A € T(X), |d|| = 1,V = diag(v;)
andW = diag(wj) are diagonal matrices with

Al1- L + (@1 —-A)% wheni € K(X)
R+ i (%2
rl1- wheni € J(X) andd? + (Aid)? > 0
vi = ,/d2+(A|d)2)
a1 wheni ¢ J(X) U K (%)
%2+ fi(%)?
arbitrary wheri € J(X) andd? + (Aid)2 =0
(19)
rl1- +@=1)fi(X) wheni € K(X)
,/x2+ f, (x)2
Al1- 4') wheni € J(X) andd?
wj = Vv di2 +(Ad)? +(Ad)?Z >0
Xi . _ _
Ml — wheni ¢ J(X) U K(X)
Jxﬁ+fuxﬁ)
arbitrary when € J(X)
anddiz + (A d)2 =

The above calculation relies on the observation that the following I4-alifferential of
the one variable functioh t, at anyt:

(1} ift>0
A =101 iff=0
0 ifi<o.

Example 8 For anH-differentiable functionf : R" — R", consider the NCP function
®(x) = min{x, f(x)}. (20)
We claim that theH -differential of @ is given by

To(X) = {(VA+ W :V =diag(vi), W = diag(w;), with vj, w; € {0, 1},
V4+W=1,AeTi(X)}. (21)
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To see this claim, lex — x. By the H-differentiability of f, there exist a subsequence
of {x¥}, which we continue to write agx} for simplicity, and a matrixA € T (X) such
that f(x*) — f(X) — A (X — X) = o(|]x* — X|)). By considering a suitable subsequence,
if necessary, we may writdl, ..., n} as a disjoint union of sets andg where
a={i:dx)=fixVk} and g={i:®(x") =xVk}.
Put
1 ifiea |0 ifiea
' 0 ifiep’ ' 1 ifiep’
V =diag(vi), W =diag(wj), and B:=VA+W.
We show thatb (x) — & (X) — B(xk — x) = o(||xk — X||). To see this, we fix an indek
and show tha® j (x¥) — @;(X) — [B(XK — X)]j = o(|Ix< — X||). Let j = 1 (for simplicity).
We have two cases:

Case (1)1 € a.

[ — d(X) — (VA+ W)X - 0)]1

f1x5) — f1(X) — [V AXK — )1 + [W(XK — )1
= [f(x*) — F(X) — A=)

= o(Ix* — x|).

Case (2)11 € . Itis easy to verify tha®, (xK) — ®1(X) —[B(xK—%)]1 = 0 = o(||x* —X||).
This proves the above claim.

5. TheH-differentiability of the merit function

In this section, we consider an NCP functidncorresponding to NCH ) and let¥ :=
1 2
S|

Theorem 5. Supposebd is H-differentiable atx with SX) as an H-differential. Then
V= %||<I>||2 is H-differentiable ak with an H-differential given by

Ty(X) = {®(X)"B: B € S(X)}.
Proof: Consider a sequend& + t,d*} with t, | 0 and|d¥|| = 1 for all k. Then there

existd“ — d € R"andB e S(X) such thatd (X + t,,d“) — ®(X) — Bt d*) = o(ty).
We have

1

— S(®(X), ()

2@+ Bt d) +0ft ). @) + Bt d") + oft)
1 _ -

— S(0R), D).

W(X+1,d9) — W(K) = %(d)()'( + 1, d), D(X + 1t d))
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This gives us

W (X +t,d") — ¥ (%)

l = (®(X), Bd) = ®(X)"Bd.
tkljr?o e (P (X) ) (%)
This completes the proof. O

6. Minimizing the merit function under Py-conditions

For a given functionf : R" — R", consider the associated NCP functibrand the corre-
sponding merit functiowr = %||CI>||2. It should be recalled that

Y(X) =0« ®&(X) =0« x solves NCPf).

One very popular method of finding zeros®fs to find the local/global minimum points or
‘stationary’ points of’. Various researchers have shown, under ceRgiconditions, that
when f is continuously differentiable or more generally locally Lipschitzian, ‘stationary
points of ¥ are the zeros o¥'. In what follows, starting with am -differentiable function

f, we show that under appropriate conditions, a vextara solution of the NCP¥) if and
only if zero belongs to one of the séfig (X), co Ty (X), orco Ty (X).

Theorem 6. Suppose f R" — R"is H-differentiable ak with an H-differential Tx).
Supposeb is an NCP function of .fAssume tha¥ = %||d>||2 is H-differentiable ak with
an H-differential given by

Te(X) = {PX)T[VA+W]: Aec T(X),V = diag(v), and W= diag(w;), with
vi wi > 0whenever; (X) # 0}.

Further suppose that {iX) consists oPy-matrices. Then
OeTy(X) & &(X) =0.

Proof: Clearly, ®(x) = 0 implies thatTy (X) = {0} by the description offy (X). Con-
versely, suppose that® Ty (X), so that for some (X)'[V A+ W] € Ty (X),

0=dX)"VA+dX)™W

yielding ATy 4+ z = 0 wherey = VT ®(X) andz = W' &(X). Note that for any index,
D (X) #0 <« vy # 0 (becausgy = VO(X) andvjw; > 0 whend;(X) # 0) in which
casey; (ATy); = —vwi[®; (X)]? < 0. Hence if®(X) # 0, then may, o) yJ(A y)j < O
contradicting thé>y-property of A. We conclude tha® (X) = 0.

In the next two successive theorems, we replace the conditienTq (X) by weaker
conditions 0e co Ty (X) and 0 € TO Ty (X). Of course, these relaxations come at the
expense of imposing either stronger or different conditions orHthdifferential of f.

First we recall a definition from [26].
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Definition 3 Consider a nonempty sétin R"™". We say that a matriA is arow rep-
resentative ofC if for each indexi = 1,2,...,n, theith row of A is theith row of
some matrixC € C. We say that has therow-Po-property (row-P-property) if every row
representative of is a Po-matrix (P-matrix). We say that has thecolumnPy-property
(columnP-property) if CT = {AT : A e C} has thaow-Py-property(row-P-property).

We have the following result from [26].

Proposition 1. A setC has the rowPy-property (row-P-property) if and only if for each
nonzero X in Rthere is an index i such that £ 0 and % (Cx); > 0(>0) forall C € C.

A simple consequence of this proposition is the following.

Corollary 1.  The following statements hold
(i) Suppose the set of matricga®, A2, ..., A} has the rowPy-property. Then for any
collection{V?!, V2 ..., V'} of nonnegative diagonal matricethe sum
L

A*:Z;VjAj

is a Po-matrix. In particular, any convex combination of thésAs aPo-matrix.
(i) Suppose the set of matriceal, A%, ..., AL} has the rowP-property. Then for any
collection{Y?%, ..., YL, Z*} of nonnegative diagonal matrices with ¥- - - - + Y- +
Z* > 0,
L
A =>"YIA 4+ 7°
j=1
isa P-matrjix.

Proof: (i) Letx # 0 in R". By the above proposition, there exists an indesuch that
X; # 0 andx (Alx); >0Vj=1,...,L. CIearIyx.(A*x). = Z, 1(Vl)II [x (Alx)] = 0.
This proves thdy-property of A*. By specializingV!s, we get the additional statement.
(ii) Letx £ 0. By Proposition 1, there exists an indesuch that; # 0 andx; (Al x); >
0Vj =1,...,L. Now we havex (A*X)j = Z _1(Y')n xi (Al X)i + (Z*)..x2 All the
terms of the above sum are nonnegatlve(Zf)II > 0, thenx (A*x); > 0 (smcex2 >
0). If (Z2*);i =0, thenZ ,1(Y1)” > 0 which means thatY°);; > 0 for somejo. Since
xi (Alex); > 0, we see tha;tI (A*X); > 0. ThenA* is aP-matrix. O

Remark. We note that the implications in the above corollary can be reversed: if every
A*in (i) ((ii)) is aPo-matrix (respectivelyP-matrix), then{ Al, A%, ... AL} has the row-
Po-property (respectively, ro-property). Peng [19] proves results similar to Corollary 1
under additional/different hypotheses.

Theorem 7. Suppose fR" — R"is H-differentiable ak with an H-differential TX).
Suppose thav is H-differentiable atk with an H-differential given by
Te(X) = {®X)T[VA+W]: Ae T(X),V = diag(vi), and W = diag(w), with
vi > 0, wj > 0whenever; (X) # 0}.
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Further suppose that {X) has the rowPq-property. Then
OecoTy(X) & &(X) =0.

Proof: SupposeV(X) = 0. Then®(x) = 0 and we haveo Ty (X) = {0}. Conversely,
suppose G co Ty (X). Then by Caratbodory’s theorem [15], there exigt(x)T[VIAl +
W] € Ty(X), and scalarsj for j = 1,2, ..., L with L < n+ 1 such that

o)AV A + W (22)

L
0:
i=

=1
WhereZiL:lki =1, 2 >0Viell,...,L}. Werewrite (22) as
0=dX) YA + ... YA 204 4 7Y (23)
whereA; V! = Y' andi;W' = Z' for all i. Now (23) reduces to
0=(M+2Z9"u

whereu = ®(X), M = YAl + ... + YLAL andZ* = Z' 4 ... + Z-. Now writing
|D| = diag(|d;|) for any diagonal matriXD = diag(d;), we note thafY'|u = Y'u and
|Z'|lu = Z'u for all i. Since the equality 8= (M + Z*)Tu is unchanged if we replace
Y by |Y'| andZ' by |Z'|, we may assume that andZ' are nonnegative for ail Now
suppose, if possible, that= ®(X) # 0. By the above corollary, the matricés andM T
arePo-matrices. Therefore, there exists an indeguch thau;, # 0 andu;, (M Tu);, > 0.
From®(X);, = u;, # 0, we see thatW!); ;. > 0 and saZ*);;, > 0. But

0<u,(MTu), =u;, (—Z*u);, = —(Z*)i*i*(ui*)z
is clearly a contradiction sinag, # 0. This proves tha®(X) = u = 0. O

Remarks We note that Theorems 6 and 7 are applicable to the Fischer-Burmeister function
®d(X) = Pr(X) = x + f(X) — /x2+ f(x)2. This is because, the s& (X) described in
Theorems 6 and 7 is a superset of Hhalifferential Ty (X) = {®(X)" B : B € S(X)} where

S(X) is described in Example 5. (Note tHdtr (X)]; # 0 =i ¢ J(X) and hence from (12),

vi, w; > 0.) Similarly, we see that Theorems 6 and 7 are applicable to the following NCP
functions:

ed(X) = x4+ f(X)— \/(x — f(x))2+ Axf(x). (Clarification Example 6)
ed(X) = AP (X) + (L — )Xy F(X)4. (Clarification Example 7)
We state the next result for the Fischer-Burmeister funcgtiodowever, asin Theorems 6

and 7, it is possible to state a very general result for any NCP fundtidfor simplicity,
we avoid dealing in such a generality.
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Theorem 8. Suppose f R" — R"is H-differentiable ak with an H-differential Tx)
which is compact and having the roR¢-property. Letb be the Fischer-Burmeister function
as in Exampl& and ¥ := 1||®||%. Let SX) and Ty (X) be as in Examplé and Theorens.
Then the following are equivalent

(a) X is a local minimizer ofl.

(b) 0€TO Ty (X).

(c) ®(x) =0, i.e, X solves NCPf).

Proof: Theimplication(a) = (b) follows from Theorem 3. The implicatioft) = (a) is
obvious. We now prove th@b) = (c). Suppose & €0 Ty (X) and assume that= ®(X) £

0. Then there exists a sequerf@} of matrices inco SX) such that 0= lim uTCK. Now
eachCk is a convex combination of at most + 1 matrices of the fornv A+ W e S(X)
whereA € T (X), V andW satisfy (11) and (12). Sincé(X) is compact and the entries of
V andW vary over bounded sets R, we may assume th&* — C whereC is a convex
combination of at most? + 1 matrices of the forrv A+ W whereA € T (%), V andW are
nonnegative diagonal matrices satisfying a condition like (11) it 1 — ——1%

) < _ 3 ) _ T«/zfﬂfi (%))

andw; = 1 — W wheni ¢ {fi(>f) :__0 = xi_}._ From 0 = Ilmu C , we ggt

an equation similar to (22) but now witi', A', andW' in place ofV', A", and W',
respectively. By repeating the argument given in the proof of the previous theorem, we
arrive at a contradiction. Henek(X) = 0 proving(b) = (c). O

We now state two consequences of the above theorems for the Fischer-Burmeister function
(for the sake of simplicity).

Corollary 2. Let f : R" — R" be differentiable andb(x) be the Fischer-Burmeister
function and¥ (x) = %||cb||2. If f is Pg-function thenx is a local minimizer toV¥ if and
only if X solves NCPf).

This corollary is seen from the above theorem by taking) = {V f (X)}. If we assume
the continuous differentiability of in the above corollary, we get a result of Facchinei
and Soares [5]: For a continuously differentiaBtefunction f, every stationary point of
W solves NCRf). (This is because, whehis C!, & becomes continuously differentiable,
see Prop. 3.4 in [5].) See [9] for the monotone case.

Corollary 3. Let f: R" — R" be locally Lipschitzian. Le® be the Fischer-Burmeister
function and¥ (%) = 3||®||%. Then the equivalence

Oedv(X) & ¥(x)=0
holds under each of the following conditions.

(a) af (x) consists oPy-matrices
(b) 9g f (X) has the rowPy-property.
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Proof: The stated equivalence unden has already been established by Fischer [8]. In
fact, by applying Theorem 6 witii; (x) = af (x) and using his result that¥ (x) C Ty (X)
for all x, we get the equivalence ii@). Now to see the equivalence undby, assumeb)
holds. Then by Corollary 1, every matrix #f (X) = codg f (X) is aPo-matrix. Now we
have condition(@a) and hence the stated equivalence. O

Remark. The condition(b) in the above corollary might be especially useful when the
function f is piecewise smooth in which caggf (X) consists of a finite number of matrices.

7. Minimizing the merit function under P-conditions

The following theorem is similar to Theorem 6.

Theorem 9. Suppose fR" — R"is H-differentiable a&k with an H-differential TX).
Supposeb is an NCP function of .fAssume tha¥ = %||<I>||2 is H-differentiable ak with

an H-differential given by

Te(®) ={®®T[VA+W]: Ae T(X),V = diag(v). and W= diag(w;), with
vi wi > 0andv; + w; # 0wheneverd; (X) # 0}.

Further suppose that {X) consists oP-matrices. Then
0eTy(X) & &(X) =0.

Proof: Supposeb(X) = 0. Then by description oTy (X), we haveTy (X) = {0}. Con-
versely, suppose that® Ty (X), so that for some ()T [V A+ W] € Ty (%),

0=dX)'VA+dX)'W= ATy+z=0

wherey = VT ® (%) andz = W' ®(X). We claim thatd (X) = 0. Suppose, if possible, that
®(X) #£ 0. If y =0, thenz = 0 which leads to

O=y+z=NVT+WHoX = & X (V+W)j =0Vi

a contradiction since for somig, ®;,(X) # 0 andvi, + wj, # 0. Hencey # 0 and
Yi(ATY) = —zyi = —vw @ (X)* < 0Vi

contradicting thd>-property ofA. Henced (x) = 0. O

Theorem 10. Suppose f R" — R"is H-differentiable ak with an H-differential Tx).
Suppose tha¥ is H-differentiable atk with an H-differential given by

Te(X) = {®X)T[VA+W]: Ae T(X),V = diag(vi), and W= diag(w), with
vi >0, wy >0, andv; + w; # 0whenever; (X) # 0}.
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Further suppose that {X) has the rowP-property. Then
0ecoTy(X) & d(X) =0.
Proof: The proofis similarto that of Theorem 7. To show that 8o Ty (X) = ®(X) = 0,
we proceed as in the proof of Theorem 7. We have statements (22) and (23) in our new
setting where we may assume (as before) ¥atnd Z' are nonnegative for all. Since

S, (Y' 42 > 0,. by Corollary 1(ii), takingZ* = Y"1, Z', we see that the matrix in
(23) is nonsingular. It follows thab (x) = 0. O

Remark. We note that Theorems 9 and 10 are applicable to the min-funebioof
Example 8.

8. Minimizing the merit function under regularity (strict regularity) conditions

We now generalize the concept of a regular (strictly regular) point [14] in order to weaken
the hypotheses in the Theorems 6 and 7.

For a givenH -differentiable functionf andx € R", we define the following subsets of
I ={1,2,...,n}.

Cx)y={iel: x>0, fix)>0, xfi(X) =0}, RX :=I1\C(X),
PX) :={i e R(X):% >0, fi(X) > 0}, N(X) = RE)\P(X).
Definition 4 Considerf, X, and the index sets as above. [€k) be anH -differential of

f atx. Then the vectoR € R" is called aregular (strictly regulan point of f with respect
to T (X) if for every nonzero vectoz € R" such that

zc =0, zZp > 0, Zy <0, (24)
there exists a vecta € R" such that

sp>0, sy=<0  sg#0, and (25)

sTATz>0(>0) forall Ae T(X). (26)
Theorem 11. Suppose f R" — R"is H-differentiable ak with an H-differential Tx).
Let ® be an NCP function satisfying the following conditions

ieP= &) >0,

ieN = & (X) <0, (27)

ieC= d;(X)=0.
Supposel is H-differentiable with an H-differential given by

Te(X) = {PX)T[VA+W]: Aec T(X),V = diagv),

W = diag(wj), withv; > 0, w; > Owheneverd (X); # 0}. (28)

Then0 € Ty (X) andX is a regular point if and only ik solves NCPf).
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Proof: Suppose that @ Ty (X) andx is a regular point. Then for som(x) " [VA+ W]
€ Ty(X),

0=dX)"VA+dX) W= ATz+y=0 (29)
wherez = VT ®(X) andy = WT ®(X). For anys € R", (29) yields

sTATz+sTy=0. (30)
We claim that® (X) = 0. Assume the contrary th&tis not a solution of NCPf). Then
R #@andz. =0, zp > 0, zy < 0. SinceX is a regular point, angl andz have the same
sign, by taking a vects € R" satisfying (25) and (26), we have

sTATz>0 (31)
and

s'Yy=s Yo+ SpYp + Sy > 0. (32)

Clearly (31) and (32) contradict (30). Hentés a solution to NCPf). The ‘if’ part of the
theorem follows easily from the definitions. O

Remark. Theorem 11 is applicable to the NCP functions of Examples 5, 6 and 7.
A slight modification of the above theorem leads to the following result.

Theorem 12. Suppose f R" — R"is H-differentiable ak with an H-differential Tx).
Let ® be an NCP function satisfying the following conditions

ieP = & (X) >0,
i e N = ®(X) <0, (33)
i €C= ®(X)=0.

Supposel is H-differentiable with an H-differential given by

Te(X) = {PX)T[VA+W]: Aec T(X),V = diag(v),
W = diag(wj), withv; > 0, w; > 0 wheneverd (X); # 0}. (34)

Then0 € Ty (X) andX is a strictly regular point if and only ik solves NCPf).

Proof: The proof is similar to that of Theorem 11. O
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Concluding remarks

In this paper, we considered two applicationstbfdifferentiability. The first application
dealt with the necessary optimality conditiorHndifferentiable optimization. In the second
application, for a nonlinear complementarity problem corresponding kb-differentiable
function, with an associated NCP functidrand a merit functio = % | |12, we described
conditions under which every global/local minimum or a stationary point &f a solution

of NCP(f). We would like to note here that similar methodologies can be carried out for
other merit functions. For example, we can consider the Implicit Lagrangian function of
Mangasarian and Solodov [16]:

D(X) =X x f(X)+ %[maxz{o, x —af (X)) —x2+max{0, f(x) —ax}— f(x)?],

wherex > 1 is any fixed parameter anxdk y is the Hadamard£componentwise) product
of vectorsx andy. (In [16], it is shown thatb (X) = 0 < Xsolves NCP(f).)
By defining the merit function

W(x) =) (%)
i=1

and formulating the concept of strictly regular point, we can extend the results of [4] for
H-differentiable functions.

Our results recover/extend various well known results stated for continuously differen-
tiable (locally Lipschitzian, semismoot@-differentiable) functions.
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