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Abstract. In a recent paper, Gowda and Ravindran (Algebraic univalence theorems for nonsmooth functions,
Research Report, Department of Mathematics and Statistics, University of Maryland, Baltimore, MD 21250,
March 15, 1998) introduced the concepts ofH -differentiability andH -differential for a function f : Rn→ Rn

and showed that the Fr´echet derivative of a Fr´echet differentiable function, the Clarke generalized Jacobian of a
locally Lipschitzian function, the Bouligand subdifferential of a semismooth function, and theC-differential of a
C-differentiable function are particular instances ofH -differentials.

In this paper, we consider two applications ofH -differentiability. In the first application, we derive a necessary
optimality condition for a local minimum of anH -differentiable function. In the second application, we consider
a nonlinear complementarity problem corresponding to anH -differentiable function f and show how, under
appropriate conditions on anH -differential of f , minimizing a merit function corresponding tof leads to a
solution of the nonlinear complementarity problem. These two applications were motivated by numerous studies
carried out forC1, convex, locally Lipschitzian, and semismooth function by various researchers.

Keywords: H -differentiability, nonlinear complementarity problem, NCP function, merit function, locally
Lipschitzian function, generalized Jacobian

1. Introduction

In a recent paper [10], Gowda and Ravindran introduced the concepts of theH -differentiabi-
lity and H -differential for a function f : Rn → Rn. They showed that Fr´echet differen-
tiable (locally Lipschitzian, semismooth,C-differentiable) functions areH -differentiable
(at given x̄) with an H -differential given by{∇ f (x̄)} (respectively,∂ f (x̄), ∂B f (x̄),
C-differential). In their paper, Gowda and Ravindran investigated the injectivity of anH -
differentiable function based on conditions onH -differentials. Also, in [25],H -differentials
were used to characterizeP(P0)-functions.

In this paper, we consider two applications ofH -differentiability. In the first application,
we derive a necessary optimality condition for a local minimum of anH -differentiable real
valued function. Specifically, we show in Theorem 3 that ifx∗ is a local minimum of such
a function f , then 0∈ co Tf (x∗) whereTf (x∗) denotes anH -differential of f at x∗.

In the second application, we consider a nonlinear complementarity problem NCP( f )
corresponding to anH -differentiable functionf : Rn→ Rn: Find x̄ ∈ Rn such that

x̄ ≥ 0, f (x̄) ≥ 0 and 〈 f (x̄), x̄〉 = 0.
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By considering an NCP function8 : Rn→ Rn associated with NCP(f ) so that

8(x̄) = 0⇔ x̄ solves NCP( f ),

and the corresponding merit function

9(x) := 1

2
‖8(x)‖2, (1)

in this paper (see Sections 6, 7, and 8), we show how, under appropriateP0(P, regularity)-
conditions on anH -differential of f , finding local/global minimum of9 (or a ‘stationary
point’ of9) leads to a solution of the given nonlinear complementarity problem. Our results
unify/extend various similar results proved in the literature forC1, locally Lipschitzian, and
semismooth functions [1, 5–9, 11–14].

2. Preliminaries

We regard vectors inRn as column vectors. We denote the inner-product between two vectors
x andy in Rn by eitherxT y or 〈x, y〉. Vector inequalities are interpreted componentwise.
For a setE ⊆ Rn, co E denotes the convex hull ofE andco E denotes the closure ofco E.
For a differentiable functionf : Rn → Rm, ∇ f (x̄) denotes the Jacobian matrix off at x̄.
For a matrixA, Ai denotes the ith row ofA.

A functionφ : R2→ R is called an NCP function ifφ(a, b)= 0⇔ab= 0,a ≥ 0, b ≥ 0.
For the problem NCP( f ), we define

8(x) =



φ(x1, f1(x))
...

φ(xi , fi (x))
...

φ(xn, fn(x))


(2)

and, by abuse of language, call8(x) an NCP function for NCP( f ).
We now recall the following definition and examples from Gowda and Ravindran [10].

Definition 1. Given a function f :Ä ⊆ Rn→ Rm whereÄ is an open set inRn and
x∗ ∈ Ä, we say that a nonempty subsetT(x∗) (also denoted byTf (x∗)) of Rm×n is an
H-differential of f at x∗ if for every sequence{xk} ⊆ Ä converging tox∗, there exist a
subsequence{xkj } and a matrixA ∈ T(x∗) such that

f (xkj )− f (x∗)− A(xkj − x∗) = o
(∥∥xk

j − x∗
∥∥). (3)

We say thatf is H -differentiable atx∗ if f has anH -differential atx∗.

A useful equivalent definition of anH -differential T(x∗) is: For any sequencexk :=
x∗ + tkdk with tk ↓ 0 and‖dk‖ = 1 for all k, there exist convergent subsequencestkj ↓ 0



APPLICATIONS OFH -DIFFERENTIABILITY 281

anddkj → d, andA ∈ T(x∗) such that

lim
j→∞

f
(
x∗ + tkj d

kj
)− f (x∗)

tkj

= Ad.

Remarks. As noted by a referee, it is easily seen that if a functionf :Ä ⊆ Rn → Rm

is H -differentiable at a point̄x, then there exist a constantL > 0 and a neighbourhood
B(x̄, δ) of x̄ with

‖ f (x)− f (x̄)‖ ≤ L‖x − x̄‖, ∀x ∈ B(x̄, δ). (4)

Conversely, if condition (4) holds, thenT(x̄) := Rm×n can be taken as anH -differential of
f at x̄. We thus have, in (4), an alternate description ofH -differentiability. But, as we see
in the sequel, it is the identification of an appropriateH -differential that becomes important
and relevant.

Clearly any function locally Lipschitzian at̄x will satisfy (4). For real valued functions,
condition (4) is known as the ‘calmness’ off at x̄. This concept has been well studied in
the literature of nonsmooth analysis (see [24], Chapter 8).

As noted in [10],(i ) any superset of anH -differential is anH -differential, (ii) H -
differentiability implies continuity, and(iii ) H -differentials enjoy simple sum, product and
chain rules.

We include the following examples from [10].

Example 1. If f : Rn→ Rm is Fréchet differentiable atx∗ ∈ Rn, then f is H -differentiable
with {∇ f (x∗)} as anH -differential.

Example 2. Let f :Ä ⊆ Rn→ Rm be locally Lipschitzian at each point of an open setÄ.

LetÄ f be the set of all points inÄ where f is Fréchet differentiable. Forx∗ ∈ Ä, let

∂B f (x∗) = {lim ∇ f (xk) : xk → x∗, xk ∈ Ä f }
denote the Bouligand subdifferential off at x∗. Then, the (Clarke) generalized Jacobian
[2]

∂ f (x∗) = co∂B f (x∗)

is anH -differential of f at x∗.

Example 3. Consider a locally Lipschitzian functionf :Ä ⊆ Rn → Rm that is semis-
mooth atx∗ ∈ Ä [17, 20, 22]. This means for any sequencexk → x∗, and for any
Vk ∈ ∂ f (xk),

f (xk)− f (x∗)− Vk(x
k − x∗) = o(‖xk − x∗‖).

Then the Bouligand subdifferential

∂B f (x∗) = {lim ∇ f (xk) : xk → x∗, xk ∈ Ä f }
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is anH -differential of f at x∗. In particular, this holds iff is piecewise smooth, i.e., there
exist continuously differentiable functionsf j : Rn→ Rm such that

f (x) ∈ { f1(x), f2(x), . . . , f J(x)} ∀ x ∈ Rn.

Example 4. Let f : Rn→ Rn beC-differentiable in a neighborhoodD of x∗. This means
that there is a compact upper semicontinuous multivalued mappingx 7→ T(x) with x ∈ D
andT(x) ⊂ Rn×n satisfying the following condition at anya ∈ D: For V ∈ T(x),

f (x)− f (a)− V(x − a) = o(‖x − a‖).

Then, f is H -differentiable atx∗ with T(x∗) as anH -differential. See [21] for further
details onC-differentiability.

We recall the definitions ofP0 andP-functions (matrices).

Definition 2. For a function f : Rn → Rn, we say thatf is aP0(P)-function if, for any
x 6= y in Rn,

max
{i :xi 6=yi }

(x − y)i [ f (x)− f (y)] i ≥ 0 (> 0). (5)

A matrix M ∈ Rn×n is said to be aP0(P)-matrix if the function f (x) = Mx is aP0(P)-
function or equivalently, every principle minor ofM is nonnegative (respectively, positive
[3]).

We note that every monotone (strictly monotone) function is aP0(P)-function.

The following result is from [18] and [25].

Theorem 1. Under each the following conditions, f : Rn→ Rn is aP0(P)-function.
(a) f is Fréchet differentiable on Rn and for every x∈ Rn, the Jacobian matrix∇ f (x) is

a P0(P)-matrix.
(b) f is locally Lipschitzian on Rn and for every x∈ Rn, the generalized Jacobian∂ f (x)

consists ofP0(P)-matrices.
(c) f is semismooth on Rn (in particular, piecewise affine or piecewise smooth) and for

every x∈ Rn, the Bouligand subdifferential∂B f (x) consists ofP0(P)-matrices.
(d) f is H-differentiable on Rn and for every x∈ Rn, an H-differential Tf (x) consists of

P0(P)-matrices.

3. Necessary optimality conditions inH-differentiable optimization

In this section, we derive necessary optimality conditions for optimization problems in-
volving H -differentiable functions. We first consider theH -differentiability of minimum/
maximum of severalH -differentiable functions.
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Theorem 2. For i = 1, . . . ,m, let fi : Rn → R be H-differentiable at x∗ with an H-
differential Tf i (x∗). Let f : Rn→ R be defined by

f (x) := min{ f 1(x), f 2(x), . . . , f m(x)}. (6)

Define

Tf (x
∗) = ∪i∈I (x∗)Tf i (x∗), (7)

where I(x∗) = {i : f (x∗) = f i (x∗)}. Then f is H-differentiable at x∗ with Tf (x∗) as an
H-differential. Also, a similar statement holds if‘min’ in (6) is replaced by‘max’ .

Proof: We prove the result for the min-function; the proof of the max-function is similar.
Consider a sequence{xk} converging tox∗ in Rn. Then there existl ∈ {1, . . . ,m} and a
subsequence{xkj } such that f (xkj ) = f l (xkj ) for all j = 1, . . . ,∞. We have f (x∗) =
f l (x∗) (by the continuity off l and f ). Now because of theH -differentiability of f l at x∗,
there is a subsequence of{xkj }, which we continue to write as{xkj } for simplicity, and a
matrix Al ∈ Tf l (x∗) such that

f l (xkj )− f l (x∗)− Al (xkj − x∗) = o(‖xkj − x∗‖)

which leads to

f (xkj )− f (x∗)− Al (xkj − x∗) = o(‖xkj − x∗‖).

SinceAl ∈ Tf l (x∗) ⊆ ∪i∈I (x∗)Tf i (x∗), we see thatf is H -differentiable atx∗ with Tf (x∗)
(defined in (7)) as anH -differential. This completes the proof. 2

Remark. In the above theorem, we considered real valued functions. With obvious modi-
fications, one can consider vector valued functions. See Example 8 for an illustration.

Theorem 3. Suppose f: Rn→ R and x∗ is a local optimal solution of the problem

min
x∈Rn

f (x).

If f is H-differentiable at x∗ and T(x∗) is any H-differential, then

0 ∈ co T(x∗).

Proof: Suppose, if possible, that 06∈ co T(x∗). Sinceco T(x∗) is closed and convex, by
the strict separation theorem (see p. 50, [15]), there exists a nonzero vectord in Rn such
that Ad < 0 for all A ∈ co T(x∗). From theH -differentiability of f , for the sequence
{x∗ + 1

k d}, there exist a subsequence{x∗ + 1
kj

d} and Ā ∈ T(x∗) such that

kj

[
f

(
x∗ + 1

kj
d

)
− f (x∗)

]
→ Ād.
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Since f (x) ≥ f (x∗) for all x nearx∗, we see that̄Ad ≥ 0 reaching a contradiction. Hence
0 ∈ co T(x∗). 2

Remarks. When f is differentiable atx∗ with T(x∗) = {∇ f (x∗)}, the above optimality
condition reduces to the familiar condition∇ f (x∗) = 0. When f is locally Lipschitzian at
x̄, the above result reduces to Proposition 2.3.2 in [2] that 0∈ ∂ f (x∗); see also, Theorem 7
in [17].

The above theorem motivates us to define astationary pointof the problem minf (x) as a
pointx∗ such that 0∈ co Tf (x∗)whereTf (x∗) is anH -differential of f atx∗. By weakening
this condition, we may call a pointx∗ a quasi-stationary point(semi-stationary point) of
the problem minf (x) if 0 ∈ Tf (x∗) (respectively, 0∈ co Tf (x∗)). While local/global
minimizers of minf (x) are stationary points, it is not clear how to get or describe semi-
and quasi- stationary points. However, as we shall see in Sections 6, 7, and 8, they are used
in formulating conditions for a pointx∗ to be a solution of a nonlinear complementarity
problem.

We now describe a necessary optimality condition for inequality constrained optimization
problems.

Theorem 4. Suppose that f and gi (i = 1, 2 . . . ,m) are real valued functions defined on
Rn and x∗ is a local optimal solution of the problem

minimize f (x)

subject to gi (x) ≤ 0 for i = 1, . . . ,m.
(8)

Suppose that f and gi (i = 1, 2 . . . ,m) are H-differentiable at x∗ with H-differentials
given, respectively, by Tf (x∗) and Tgi (x∗) (i = 1, 2, . . . ,m). Let g(x) := max1≤i≤m gi (x)
and I(x∗) = {i : g(x∗) = gi (x∗)}. Then

0 ∈ co{Tf (x
∗) ∪ (∪i∈I (x∗)Tgi (x∗))}. (9)

Proof: We see thatx∗ is a local optimal solution of the problem

minimize f (x)

subject to g(x) ≤ 0.
(10)

From Theorem 2, we see thatg is H -differentiable withTg(x∗) := ∪i∈I (x∗)Tgi (x∗) as an
H -differential. We have to show that 0∈ co[Tf (x∗) ∪ Tg(x∗)]. Suppose this statement is
false. Then by the strict separation theorem (see p. 50, [15]), there exists a nonzero vectord
in Rn such thatAd < 0 for all A ∈ Tf (x∗)∪ Tg(x∗). From theH -differentiability of f and
g, for the sequence{x∗ + 1

k d}, there exist a subsequence{x∗ + 1
kj

d}, matricesĀ ∈ Tf (x∗)
and B̄ ∈ Tg(x∗) such that

kj

[
f

(
x∗ + 1

kj
d

)
− f (x∗)

]
→ Ād
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and

kj

[
g

(
x∗ + 1

kj
d

)
− g(x∗)

]
→ B̄d.

From Ād < 0 andB̄d < 0, we see thatf (x∗ + 1
kj

d)− f (x∗)<0 andg(x∗ + 1
kj

d)− g(x∗)
< 0 for all largekj . We reach a contradiction sincex∗ is assumed to be locally optimal to
the given problem. Thus we have the stated conclusion. 2

4. H-differentials of some NCP functions associated withH-differentiable functions

In this section, we describe theH -differentials of some well known NCP functions.

Example 5. Supposef : Rn → Rn has anH -differential T(x̄) at x̄ ∈ Rn. Consider the
associated Fischer-Burmeister function [7]

8F (x) := x + f (x)−
√

x2+ f (x)2

where all the operations are performed componentwise. Let

J(x̄) = {i : fi (x̄) = 0= x̄i }.

Consider the set0 of all quadruples(A,V,W, d) with A ∈ T(x̄), ‖d‖ = 1, V = diag(vi )

andW = diag(wi ) are diagonal matrices satisfying the conditions

(1− vi )
2+ (1− wi )

2 = 1 ∀ i = 1, 2 . . . ,n (11)

and

vi =



1− fi (x̄)√
x̄2

i + ( fi (x̄))2
wheni 6∈ J(x̄)

1− Ai d√
d2

i + (Ai d)2
wheni ∈ J(x̄) andd2

i + (Ai d)2 > 0

arbitrary wheni ∈ J(x̄) andd2
i + (Ai d)2 = 0,

(12)

wi =



1− x̄i√
x̄2

i + ( fi (x̄))2
wheni 6∈ J(x̄)

1− di√
d2

i + (Ai d)2
wheni ∈ J(x̄) andd2

i + (Ai d)2 > 0

arbitrary wheni ∈ J(x̄) andd2
i + (Ai d)2 = 0.
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We nowclaim that8F (or 8 for simplicity) has an H-differential at̄x given by

S(x̄) = {V A+W : (A,V,W, d) ∈ 0}.

To see this claim, let̄x+ tkdk → x̄ with tk ↓ 0 and‖dk‖ = 1. By theH -differentiability
of f , there exist a subsequence{tkj } of {tk}, dkj → d, and A ∈ T(x̄) such that f (x̄ +
tkj d

kj ) − f (x̄) − A (tkj d
kj ) = o(tkj ). Let, for ease of notation,y j := x̄ + tkj d

kj . With
A and d, defineV and W satisfying (11) and (12); letB := V A+ W. We claim that
8(y j )−8(x̄)− B (tkj d

kj ) = o(tkj ). To see this, we fix an indexi and show that8i (y j )−
8i (x̄)− [B (tkj d

kj )] i = o(tkj ). Without loss of generality, leti = 1. We consider two cases:

Case (1):1 6∈ J(x̄).
In this case we have

B1 =
1− f1(x̄)√

x̄2
1 + ( f1(x̄))2

 A1+
1− x̄1√

x̄2
1 + ( f1(x̄))2

 e1
T ,

wheree1
T is the first row of the identity matrix and

81(y
j )−81(x̄)− B1 tkj d

kj

= tkj d
kj

1 +
(
A1 tkj d

kj
)+ o

(
tkj

)
−
[√(

x̄1+ tkj d
kj

1

)2+ [ f1(x̄)+ A1 tkj d
kj + o(tkj )

]2−√x̄2
1 + ( f1(x̄))2

]

−
1− f1(x̄)√

x̄2
1 + ( f1(x̄))2

 A1 tkj d
kj −

1− x̄1√
x̄2

1 + ( f1(x̄))2

 tkj d
kj

1

= o
(
tkj

)
. (13)

Case (2):1 ∈ J(x̄).

Subcase (1): d21 + (A1d)2 > 0.
In this case,

B1 =
1− A1d√

d2
1 + (A1d)2

 A1+
1− d1√

d2
1 + (A1d)2

 e1
T ,

and an easy calculation shows

81(y
j )−81(x̄)− B1 tkj d

kj

= tkj d
kj

1 +
(
A1 tkj d

kj
)−√(tkj d

kj

1

)2+ (A1 tkj d
kj + o

(
tkj

))2
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−
1− A1d√

d2
1 + (A1d)2

 A1 tkj d
kj

−
1− d1√

d2
1 + (A1d)2

 tkj d
kj

1 + o
(
tkj

)
= o

(
tkj

)
. (14)

Subcase (2):Let d2
1 + (A1d)2 = 0.

In this cased1 = 0= A1d. Then81(y j )−81(x̄) = o(tkj ).

These arguments prove that8i (y j ) − 8i (x̄) − [B (tkj d
kj )] i = o(tkj ) holds for alli .

Thus we have theH -differentiability of8 with S(x̄) as anH -differential.

Remarks. We observe that in the above example, ifT(x̄) consists ofP- matrices thenS(x̄)
consists ofP-matrices. To see this, suppose that everyA ∈ T(x̄) is aP-matrix and consider
any B = V A+ W ∈ S(x̄). SinceA is a P-matrix, there exists an indexj with xj 6= 0
such thatxj [ Ax] j > 0. Sincevi andwi in (12) are nonnegative and their sum is positive,
xj [Bx] j = xj [(V A+W)x] j = v j [xj (Ax) j ] + w j x2

j > 0. It follows thatB is aP-matrix.
This observation together with Theorem 1 says that ifT(x̄) consists ofP-matrices∀x̄ ∈

Rn, then the function8F is a P-function. (In fact,8F is a P-function wheneverf is a
continuousP-function, see [23].)

We note thatS(x̄) may not consist ofP-matrices if f is merely aP-function on Rn.
This can be seen by the following example. Letf (x) = x3 on R. Then f is aP-function
and8F (x) = x + x3 − √x6+ x2. By a simple calculation, we see that the{2, 0} is an
H -differential of8F at zero and that it contains a singular object.

Example 6. In the previous example, we described theH -differential of Fischer-
Burmeister function. A similar analysis can be carried out for the NCP function [13]

8(x) := x + f (x)−
√
(x − f (x))2+ λx f (x) (15)

whereλ is a fixed parameter in(0, 4). We note that whenλ = 2, 8(x) reduces to the
Fischer-Burmeister function, while asλ→ 0, 8(x) becomes

8(x) := x + f (x)−
√
(x − f (x))2 (= 2 min{x, f (x)}).

Let

J(x̄) = {i : fi (x̄) = 0= x̄i }.
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An H -differential of8 in (15) is given by

Sλ(x̄) = {V A+W : (A,V,W, d) ∈ 0},

where0 is the set of all quadruples(A,V,W, d) with A ∈ T(x̄), ‖d‖ = 1, V = diag(vi )

andW = diag(wi ) are diagonal matrices satisfying the conditions

(1− vi )
2+ (1− wi )

2 ∈ (0, 2) ∀ i = 1, 2 . . . ,n (16)

and

vi =



1− −2(x̄i − fi (x̄))+ λx̄i

2
√
(x̄i − fi (x̄))2+ λx̄i fi (x̄)

wheni 6∈ J(x̄)

1− −2(di − Ai d)+ λdi

2
√
(di − Ai d)2+ λdi (Ai d)

wheni ∈ J(x̄) and(di − Ai d)2

+ λdi (Ai d) > 0

arbitrary wheni ∈ J(x̄) and(di − Ai d)2

+ λdi (Ai d) = 0,
(17)

wi =



1− 2(x̄i − fi (x̄))+ λ fi (x̄)

2
√
(x̄i − fi (x̄))2+ λx̄i fi (x̄)

wheni 6∈ J(x̄)

1− 2(di − Ai d)+ λAi d

2
√
(di − Ai d)2+ λdi (Ai d)

wheni ∈ J(x̄) and(di − Ai d)2

+ λdi (Ai d) > 0

arbitrary wheni ∈ J(x̄) and(di − Ai d)2

+ λdi (Ai d)= 0.

Example 7. The following NCP function is called the penalized Fischer-Burmeister func-
tion [1]

8λ(x) := λ8F (x)+ (1− λ)x+ f (x)+ (18)

wherex+ = max{0, x} andλ ∈ (0, 1) is a fixed parameter. Let

J(x̄) = {i : fi (x̄) = 0= x̄i } and K (x̄) = {i : x̄i > 0, fi (x̄) > 0}.

For8λ in (18), a straightforward calculation shows that anH -differential is given by

S(x̄) = {V A+W : (A,V,W, d) ∈ 0},
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where0 is the set of all quadruples(A,V,W, d) with A ∈ T(x̄), ‖d‖ = 1, V = diag(vi )

andW = diag(wi ) are diagonal matrices with

vi =



λ

1− fi (x̄)√
x̄2

i + fi (x̄)
2

+ (1− λ)x̄i wheni ∈ K (x̄)

λ

1− Ai d√
d2

i + (Ai d)2

 wheni ∈ J(x̄) andd2
i + (Ai d)2 > 0

λ

1− fi (x̄)√
x̄2

i + fi (x̄)
2

 wheni 6∈ J(x̄) ∪ K (x̄)

arbitrary wheni ∈ J(x̄) andd2
i + (Ai d)2 = 0,

(19)

wi =



λ

1− x̄i√
x̄2

i + fi (x̄)
2

+ (1− λ) fi (x̄) wheni ∈ K (x̄)

λ

1− di√
d2

i + (Ai d)2

 wheni ∈ J(x̄) andd2
i

+ (Ai d)2 > 0

λ

1− x̄i√
x̄2

i + fi (x̄)
2

 wheni 6∈ J(x̄) ∪ K (x̄)

arbitrary wheni ∈ J(x̄)
andd2

i + (Ai d)2= 0.

The above calculation relies on the observation that the following is anH -differential of
the one variable functiont 7→ t+ at anyt̄ :

1(t̄) =


{1} if t̄ > 0

{0, 1} if t̄ = 0

{0} if t̄ < 0.

Example 8. For anH -differentiable functionf : Rn→ Rn, consider the NCP function

8(x) = min{x, f (x)}. (20)

We claim that theH -differential of8 is given by

T8(x̄) = {V A+W : V = diag(vi ),W = diag(wi ), with vi , wi ∈ {0, 1},
V +W = I , A ∈ Tf (x̄)}. (21)
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To see this claim, letxk → x̄. By the H -differentiability of f , there exist a subsequence
of {xk}, which we continue to write as{xk} for simplicity, and a matrixA ∈ Tf (x̄) such
that f (xk) − f (x̄) − A (xk − x̄) = o(‖xk − x̄‖). By considering a suitable subsequence,
if necessary, we may write{1, . . . ,n} as a disjoint union of setsα andβ where

α = {i : 8i (x
k) = fi (x

k) ∀ k} and β = {i : 8i (x
k) = xk

i ∀ k
}
.

Put

vi =
{

1 if i ∈ α
0 if i ∈ β , wi =

{
0 if i ∈ α
1 if i ∈ β ,

V = diag(vi ), W = diag(wi ), and B := V A+W.

We show that8(xk)−8(x̄)− B(xk − x̄) = o(‖xk − x̄‖). To see this, we fix an indexj
and show that8 j (xk)−8 j (x̄)− [B(xk − x̄)] j = o(‖xk − x̄‖). Let j = 1 (for simplicity).
We have two cases:

Case (1):1 ∈ α.

[8(xk)−8(x̄)− (V A+W)(xk − x̄)]1

= f1(x
k)− f1(x̄)− [V A(xk − x̄)]1+ [W(xk − x̄)]1

= [ f (xk)− f (x̄)− A (xk − x̄)]1

= o(‖xk − x̄‖).

Case (2):1 ∈ β. It is easy to verify that81(xk)−81(x̄)− [B(xk− x̄)]1 = 0= o(‖xk− x̄‖).
This proves the above claim.

5. TheH-differentiability of the merit function

In this section, we consider an NCP function8 corresponding to NCP( f ) and let9 :=
1
2‖8‖2.

Theorem 5. Suppose8 is H-differentiable atx̄ with S(x̄) as an H-differential. Then
9 := 1

2‖8‖2 is H-differentiable at̄x with an H-differential given by

T9(x̄) = {8(x̄)T B : B ∈ S(x̄)}.

Proof: Consider a sequence{x̄ + tkdk} with tk ↓ 0 and‖dk‖ = 1 for all k. Then there
existdkj → d ∈ Rn andB ∈ S(x̄) such that8(x̄ + tkj d

kj ) −8(x̄) − B(tkj d
kj ) = o(tkj ).

We have

9
(
x̄ + tkj d

kj
)−9(x̄) = 1

2

〈
8
(
x̄ + tkj d

kj
)
,8
(
x̄ + tkj d

kj
)〉− 1

2
〈8(x̄),8(x̄)〉

= 1

2

〈
8(x̄)+ B

(
tkj d

kj
)+ o

(
tkj

)
,8(x̄)+ B

(
tkj d

kj
)+ o

(
tkj

)〉
− 1

2
〈8(x̄),8(x̄)〉.
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This gives us

lim
tk j ↓0

9
(
x̄ + tkj d

kj
)−9(x̄)

tkj

= 〈8(x̄), Bd〉 = 8(x̄)TBd.

This completes the proof. 2

6. Minimizing the merit function under P0-conditions

For a given functionf : Rn→ Rn, consider the associated NCP function8 and the corre-
sponding merit function9 = 1

2‖8‖2. It should be recalled that

9(x̄) = 0⇔ 8(x̄) = 0⇔ x̄ solves NCP( f ).

One very popular method of finding zeros of8 is to find the local/global minimum points or
‘stationary’ points of9. Various researchers have shown, under certainP0-conditions, that
when f is continuously differentiable or more generally locally Lipschitzian, ‘stationary’
points of9 are the zeros of9. In what follows, starting with anH -differentiable function
f , we show that under appropriate conditions, a vectorx̄ is a solution of the NCP( f ) if and
only if zero belongs to one of the setsT9(x̄), co T9(x̄), or co T9(x̄).

Theorem 6. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Suppose8 is an NCP function of f. Assume that9 := 1

2‖8‖2 is H-differentiable at̄x with
an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ), and W= diag(wi ), with

vi wi > 0 whenever8i (x̄) 6= 0}.
Further suppose that T(x̄) consists ofP0-matrices. Then

0 ∈ T9(x̄)⇔ 8(x̄) = 0.

Proof: Clearly,8(x̄) = 0 implies thatT9(x̄) = {0} by the description ofT9(x̄). Con-
versely, suppose that 0∈ T9(x̄), so that for some8(x̄)T [V A+W] ∈ T9(x̄),

0= 8(x̄)T V A+8(x̄)T W

yielding AT y + z = 0 wherey = VT8(x̄) andz = WT8(x̄). Note that for any indexi ,
8i (x̄) 6= 0 ⇔ yi 6= 0 (becausey = V8(x̄) andviwi > 0 when8i (x̄) 6= 0) in which
caseyi (AT y)i = −viwi [8i (x̄)]2 < 0. Hence if8(x̄) 6= 0, then max{yj 6=0} yj (AT y) j < 0,
contradicting theP0-property ofA. We conclude that8(x̄) = 0. 2

In the next two successive theorems, we replace the condition 0∈ T9(x̄) by weaker
conditions 0∈ co T9(x̄) and 0 ∈ co T9(x̄). Of course, these relaxations come at the
expense of imposing either stronger or different conditions on theH -differential of f .

First we recall a definition from [26].
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Definition 3. Consider a nonempty setC in Rn×n. We say that a matrixA is a row rep-
resentative ofC if for each indexi = 1, 2, . . . ,n, the i th row of A is the i th row of
some matrixC ∈ C. We say thatC has therow-P0-property(row-P-property) if every row
representative ofC is a P0-matrix (P-matrix). We say thatC has thecolumn-P0-property
(column-P-property) if CT = {AT : A ∈ C} has therow-P0-property(row-P-property).

We have the following result from [26].

Proposition 1. A setC has the row-P0-property(row-P-property) if and only if for each
nonzero x in Rn there is an index i such that xi 6= 0 and xi (Cx)i ≥ 0 (>0) for all C ∈ C.

A simple consequence of this proposition is the following.

Corollary 1. The following statements hold:
(i) Suppose the set of matrices{A1, A2, . . . , AL} has the row-P0-property. Then for any

collection{V1,V2, . . . ,V L} of nonnegative diagonal matrices, the sum

A∗ =
L∑

j=1

V j Aj

is aP0-matrix. In particular, any convex combination of the Ai s is aP0-matrix.
(ii) Suppose the set of matrices{A1, A2, . . . , AL} has the row-P-property. Then for any

collection{Y1, . . . ,YL , Z∗} of nonnegative diagonal matrices with Y1 + · · · + YL +
Z∗ > 0,

A∗ =
L∑

j=1

Y j Aj + Z∗

is aP-matrix.

Proof: (i ) Let x 6= 0 in Rn. By the above proposition, there exists an indexi such that
xi 6= 0 andxi (Aj x)i ≥ 0 ∀ j = 1, . . . , L . Clearlyxi (A∗x)i =

∑L
j=1(V

j )i i [xi (Aj x)i ] ≥ 0.
This proves theP0-property ofA∗. By specializingV j s, we get the additional statement.
(i i ) Let x 6= 0. By Proposition 1, there exists an indexi such thatxi 6= 0 andxi (Aj x)i >

0 ∀ j = 1, . . . , L . Now we havexi (A∗x)i =
∑L

j=1(Y
j )i i xi (Aj x)i + (Z∗)i i x2

i . All the
terms of the above sum are nonnegative. If(Z∗)i i > 0, thenxi (A∗x)i > 0 (sincex2

i >

0). If (Z∗)i i = 0, then
∑L

j=1(Y
j )i i > 0 which means that(Y j0)i i > 0 for some j0. Since

xi (Aj0x)i > 0, we see thatxi (A∗x)i > 0. ThenA∗ is aP-matrix. 2

Remark. We note that the implications in the above corollary can be reversed: if every
A∗ in (i ) ((i i )) is aP0-matrix (respectively,P-matrix), then{A1, A2, . . . , AL} has the row-
P0-property (respectively, row-P-property). Peng [19] proves results similar to Corollary 1
under additional/different hypotheses.

Theorem 7. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Suppose that9 is H-differentiable at̄x with an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ), and W= diag(wi ),with

vi ≥ 0, wi > 0 whenever8i (x̄) 6= 0}.
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Further suppose that T(x̄) has the row-P0-property. Then

0 ∈ co T9(x̄)⇔ 8(x̄) = 0.

Proof: Suppose9(x̄) = 0. Then8(x̄) = 0 and we haveco T9(x̄) = {0}. Conversely,
suppose 0∈ co T9(x̄). Then by Carath´eodory’s theorem [15], there exist8(x̄)T [V j Aj +
W j ] ∈ T9(x̄), and scalarsλ j for j = 1, 2, . . . , L with L ≤ n+ 1 such that

0=
L∑

i=1

8(x̄)Tλi [V
i Ai +Wi ] (22)

where
∑L

i=1 λi = 1, λi > 0 ∀ i ∈ {1, . . . , L}. We rewrite (22) as

0= 8(x̄)T [Y1A1+ · · · + YL AL + Z1+ · · · + ZL ] (23)

whereλi V i = Yi andλi Wi = Zi for all i . Now (23) reduces to

0= (M + Z∗)Tu

whereu = 8(x̄), M = Y1A1 + · · · + YL AL , and Z∗ = Z1 + · · · + ZL . Now writing
|D| = diag(|di |) for any diagonal matrixD = diag(di ), we note that|Yi |u = Yi u and
|Zi |u = Zi u for all i . Since the equality 0= (M + Z∗)Tu is unchanged if we replace
Yi by |Yi | andZi by |Zi |, we may assume thatYi andZi are nonnegative for alli . Now
suppose, if possible, thatu = 8(x̄) 6= 0. By the above corollary, the matricesM andMT

areP0-matrices. Therefore, there exists an indexi∗ such thatui∗ 6= 0 andui∗(M
Tu)i∗ ≥ 0.

From8(x̄)i∗ = ui∗ 6= 0, we see that(W j )i∗i∗ > 0 and so(Z∗)i∗i∗ > 0. But

0≤ ui∗(M
Tu)i∗ = ui∗(−Z∗u)i∗ = −(Z∗)i∗i∗

(
ui∗
)2

is clearly a contradiction sinceui∗ 6= 0. This proves that8(x̄) = u = 0. 2

Remarks. We note that Theorems 6 and 7 are applicable to the Fischer-Burmeister function
8(x) = 8F (x) = x + f (x) −

√
x2+ f (x)2. This is because, the setT9(x̄) described in

Theorems 6 and 7 is a superset of theH -differentialT9(x̄) = {8(x̄)T B : B ∈ S(x̄)}where
S(x̄) is described in Example 5. (Note that[8F (x̄)] i 6= 0⇒ i 6∈ J(x̄) and hence from (12),
vi , wi > 0.) Similarly, we see that Theorems 6 and 7 are applicable to the following NCP
functions:

•8(x) = x + f (x)−
√
(x − f (x))2+ λx f (x). (Clarification Example 6)

•8(x) = λ8F (x)+ (1− λ)x+ f (x)+. (Clarification Example 7)

We state the next result for the Fischer-Burmeister function8. However, as in Theorems 6
and 7, it is possible to state a very general result for any NCP function8. For simplicity,
we avoid dealing in such a generality.
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Theorem 8. Suppose f: Rn → Rn is H-differentiable at̄x with an H-differential T(x̄)
which is compact and having the row-P0-property. Let8 be the Fischer-Burmeister function
as in Example5 and9 := 1

2‖8‖2. Let S(x̄) and T9(x̄) be as in Example5 and Theorem5.
Then the following are equivalent:
(a) x̄ is a local minimizer of9.
(b) 0∈ co T9(x̄).
(c) 8(x̄) = 0, i.e., x̄ solves NCP( f ).

Proof: The implication(a)⇒ (b) follows from Theorem 3. The implication(c)⇒ (a) is
obvious. We now prove that(b)⇒ (c). Suppose 0∈ co T9(x̄) and assume thatu = 8(x̄) 6=
0. Then there exists a sequence{Ck} of matrices inco S(x̄) such that 0= lim uTCk. Now
eachCk is a convex combination of at mostn2 + 1 matrices of the formV A+W ∈ S(x̄)
whereA ∈ T(x̄), V andW satisfy (11) and (12). SinceT(x̄) is compact and the entries of
V andW vary over bounded sets inR, we may assume thatCk → C whereC is a convex
combination of at mostn2+1 matrices of the form̄V Ā+W̄ whereĀ ∈ T(x̄), V̄ andW̄ are
nonnegative diagonal matrices satisfying a condition like (11) withv̄i = 1− fi (x̄)√

x̄2
i +( fi (x̄))2

and w̄i = 1 − x̄i√
x̄2

i +( fi (x̄))2
when i 6∈ { fi (x̄) = 0 = x̄i }. From 0= lim uTCk, we get

an equation similar to (22) but now with̄Vi , Āi , and W̄i in place ofVi , Ai , and Wi ,
respectively. By repeating the argument given in the proof of the previous theorem, we
arrive at a contradiction. Hence8(x̄) = 0 proving(b)⇒ (c). 2

We now state two consequences of the above theorems for the Fischer-Burmeister function
(for the sake of simplicity).

Corollary 2. Let f : Rn → Rn be differentiable and8(x) be the Fischer-Burmeister
function and9(x) = 1

2‖8‖2. If f is P0-function, thenx̄ is a local minimizer to9 if and
only if x̄ solves NCP( f ).

This corollary is seen from the above theorem by takingT(x̄) = {∇ f (x̄)}. If we assume
the continuous differentiability off in the above corollary, we get a result of Facchinei
and Soares [5]: For a continuously differentiableP0-function f , every stationary point of
9 solves NCP( f ). (This is because, whenf is C1,9 becomes continuously differentiable,
see Prop. 3.4 in [5].) See [9] for the monotone case.

Corollary 3. Let f : Rn → Rn be locally Lipschitzian. Let8 be the Fischer-Burmeister
function and9(x̄) = 1

2‖8‖2. Then the equivalence

0 ∈ ∂9(x̄)⇔ 9(x̄) = 0

holds under each of the following conditions.
(a) ∂ f (x̄) consists ofP0-matrices;
(b) ∂B f (x̄) has the row-P0-property.
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Proof: The stated equivalence under(a) has already been established by Fischer [8]. In
fact, by applying Theorem 6 withTf (x) = ∂ f (x) and using his result that∂9(x) ⊆ T9(x)
for all x, we get the equivalence in(a). Now to see the equivalence under(b), assume(b)
holds. Then by Corollary 1, every matrix in∂ f (x̄) = co∂B f (x̄) is aP0-matrix. Now we
have condition(a) and hence the stated equivalence. 2

Remark. The condition(b) in the above corollary might be especially useful when the
function f is piecewise smooth in which case∂B f (x̄) consists of a finite number of matrices.

7. Minimizing the merit function under P-conditions

The following theorem is similar to Theorem 6.

Theorem 9. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Suppose8 is an NCP function of f. Assume that9 := 1

2‖8‖2 is H-differentiable at̄x with
an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ), and W= diag(wi ), with
vi wi ≥ 0 andvi + wi 6= 0 whenever8i (x̄) 6= 0}.

Further suppose that T(x̄) consists ofP-matrices. Then

0 ∈ T9(x̄)⇔ 8(x̄) = 0.

Proof: Suppose8(x̄) = 0. Then by description ofT9(x̄), we haveT9(x̄) = {0}. Con-
versely, suppose that 0∈ T9(x̄), so that for some8(x̄)T [V A+W] ∈ T9(x̄),

0= 8(x̄)T V A+8(x̄)T W⇒ AT y+ z= 0

wherey = VT8(x̄) andz= WT8(x̄).We claim that8(x̄) = 0. Suppose, if possible, that
8(x̄) 6= 0. If y = 0, thenz= 0 which leads to

0= y+ z= (VT +WT )8(x̄)⇒ 8i (x̄) (V +W)i i = 0 ∀ i

a contradiction since for somei0,8i0(x̄) 6= 0 andvi0 + wi0 6= 0. Hencey 6= 0 and

yi (A
T y)i = −zi yi = −viwi8i (x̄)

2 ≤ 0 ∀ i

contradicting theP-property ofA. Hence8(x̄) = 0. 2

Theorem 10. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Suppose that9 is H-differentiable at̄x with an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ), and W= diag(wi ),with

vi ≥ 0, wi ≥ 0, andvi + wi 6= 0 whenever8i (x̄) 6= 0}.
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Further suppose that T(x̄) has the row-P-property. Then

0 ∈ co T9(x̄)⇔ 8(x̄) = 0.

Proof: The proof is similar to that of Theorem 7. To show that 0∈ co T9(x̄)⇒ 8(x̄) = 0,
we proceed as in the proof of Theorem 7. We have statements (22) and (23) in our new
setting where we may assume (as before) thatYi and Zi are nonnegative for alli . Since∑L

i=1(Y
i + Zi ) > 0, . by Corollary 1(i i ), takingZ∗ =∑L

i=1 Zi , we see that the matrix in
(23) is nonsingular. It follows that8(x̄) = 0. 2

Remark. We note that Theorems 9 and 10 are applicable to the min-function8 of
Example 8.

8. Minimizing the merit function under regularity (strict regularity) conditions

We now generalize the concept of a regular (strictly regular) point [14] in order to weaken
the hypotheses in the Theorems 6 and 7.

For a givenH -differentiable functionf andx̄ ∈ Rn, we define the following subsets of
I = {1, 2, . . . ,n}.

C(x̄) := {i ∈ I : x̄i ≥ 0, fi (x̄) ≥ 0, x̄i fi (x̄) = 0}, R(x̄) := I \C(x̄),
P(x̄) := {i ∈ R(x̄) : x̄i > 0, fi (x̄) > 0}, N (x̄) := R(x̄)\P(x̄).

Definition 4. Considerf , x̄, and the index sets as above. LetT(x̄) be anH -differential of
f at x̄. Then the vector̄x ∈ Rn is called aregular (strictly regular) point of f with respect
to T(x̄) if for every nonzero vectorz ∈ Rn such that

zC = 0, zP > 0, zN < 0, (24)

there exists a vectors ∈ Rn such that

sP ≥ 0, sN ≤ 0, sR 6= 0, and (25)

sT AT z≥ 0 (> 0) for all A ∈ T(x̄). (26)

Theorem 11. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Let8 be an NCP function satisfying the following conditions:

i ∈ P ⇒ 8i (x̄) > 0,

i ∈ N ⇒ 8i (x̄) < 0,

i ∈ C ⇒ 8i (x̄) = 0.

(27)

Suppose9 is H-differentiable with an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ),

W = diag(wi ), with vi > 0, wi > 0 whenever8(x̄)i 6= 0}. (28)

Then0 ∈ T9(x̄) andx̄ is a regular point if and only if̄x solves NCP( f ).
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Proof: Suppose that 0∈ T9(x̄) andx̄ is a regular point. Then for some8(x̄)T [VA+W]
∈ T9(x̄),

0= 8(x̄)T V A+8(x̄)T W⇒ AT z+ y = 0 (29)

wherez= VT8(x̄) andy = WT8(x̄). For anys ∈ Rn, (29) yields

sT AT z+ sT y = 0. (30)

We claim that8(x̄) = 0. Assume the contrary that̄x is not a solution of NCP( f ). Then
R 6= ∅ andzC = 0, zP > 0, zN < 0. Sincex̄ is a regular point, andy andz have the same
sign, by taking a vectors ∈ Rn satisfying (25) and (26), we have

sT AT z≥ 0 (31)

and

sT y = sT
C yC + sT

P yP + sT
N yN > 0. (32)

Clearly (31) and (32) contradict (30). Hencex̄ is a solution to NCP( f ). The ‘if’ part of the
theorem follows easily from the definitions. 2

Remark. Theorem 11 is applicable to the NCP functions of Examples 5, 6 and 7.

A slight modification of the above theorem leads to the following result.

Theorem 12. Suppose f: Rn→ Rn is H-differentiable at̄x with an H-differential T(x̄).
Let8 be an NCP function satisfying the following conditions:

i ∈ P ⇒ 8i (x̄) > 0,

i ∈ N ⇒ 8i (x̄) < 0, (33)

i ∈ C ⇒ 8i (x̄) = 0.

Suppose9 is H-differentiable with an H-differential given by

T9(x̄) = {8(x̄)T [V A+W] : A ∈ T(x̄),V = diag(vi ),

W = diag(wi ), with vi > 0, wi ≥ 0 whenever8(x̄)i 6= 0}. (34)

Then0 ∈ T9(x̄) andx̄ is a strictly regular point if and only if̄x solves NCP( f ).

Proof: The proof is similar to that of Theorem 11. 2
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Concluding remarks

In this paper, we considered two applications ofH -differentiability. The first application
dealt with the necessary optimality condition inH -differentiable optimization. In the second
application, for a nonlinear complementarity problem corresponding to anH -differentiable
function, with an associated NCP function8and a merit function9 = 1

2‖8‖2, we described
conditions under which every global/local minimum or a stationary point of9 is a solution
of NCP( f ). We would like to note here that similar methodologies can be carried out for
other merit functions. For example, we can consider the Implicit Lagrangian function of
Mangasarian and Solodov [16]:

8(x) := x ∗ f (x)+ 1

2α
[max2{0, x−α f (x)}− x2+max2{0, f (x)−αx}− f (x)2],

whereα > 1 is any fixed parameter andx ∗ y is the Hadamard (=componentwise) product
of vectorsx andy. (In [16], it is shown that8(x̄) = 0⇔ x̄solves NCP(f).)

By defining the merit function

9(x̄) :=
n∑

i=1

8i (x̄)

and formulating the concept of strictly regular point, we can extend the results of [4] for
H -differentiable functions.

Our results recover/extend various well known results stated for continuously differen-
tiable (locally Lipschitzian, semismooth,C-differentiable) functions.
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18. J.J. Moré and W.C. Rheinboldt, “On P- and S- functions and related classes of N-dimensional nonlinear

mappings,” Linear Algebra Appl., vol. 6, pp. 45–68, 1973.
19. J.-M. Peng, “A smoothing function and its applications,” in Reformulation-Nonsmooth, Piecewise, Semis-

mooth and Smoothing Methods, M. Fukushima and L. Qi (Eds.), Kluwer Academic Publisher, Dordrecht,
1999.

20. L. Qi, “Convergence analysis of some algorithms for solving nonsmooth equations,” Math. Oper. Res., vol. 18,
pp. 227–244, 1993.

21. L. Qi, “C-differentiability, C-differential operators and generalized Newton methods,” Research Report,
School of Mathematics, The University of New South Wales, Sydney, New South Wales 2052, Australia, Jan.
1996.

22. L. Qi and J. Sun, “A nonsmooth version of Newton’s method,” Math. Prog., vol. 58, pp. 353–367, 1993.
23. G. Ravindran and M.S. Gowda, “Regularization ofP0-functions in box variational inequality problems,”

Research Report, Department of Mathematics and Statistics, University of Maryland, Baltimore County,
Baltimore, Maryland 21250, Aug. 15, 1997, to appear in SIAM Journal on Optimization.

24. R.T. Rockafellar and R.J.-B. Wets, Variational Analysis, Grundlehren der Mathematischen Wissenschaften,
vol. 317, Springer-Verlag: Berlin, 1998.

25. Y. Song, M.S. Gowda, and G. Ravindran, “On characterizations ofP- and P0- properties in nonsmooth
functions,” Research Report, Department of Mathematics and Statistics, University of Maryland, Baltimore
County, Baltimore, Maryland 21250, June 1998, to appear in Mathematics of Operations Research.

26. Y. Song, M.S. Gowda, and G. Ravindran, “On some properties ofP-matrix sets,” Linear Algebra and its
Applications, vol. 290, pp. 237–246, 1999.


