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Abstract

Past work with Tom Seidman analyzed the spatial convergence order of the
numerical finite element method applied to time-dependent diffusion-reaction
equations with a measure-valued source term. For smooth source terms, the
numerical method has second-order accuracy, but the non-smooth source terms
introduce a limitation of the order that depends on the spatial dimension. This
work in honor of Tom extends the analysis to the finite volume method in its clas-
sical two-point flux form and shows that the regularity of the source term reduces
the convergence order to 1 in two and 0.5 in three spatial dimensions which is
reduced from the nominal second-order and depends on the space dimension.
Computational tests with a point source modeled by a Dirac delta distribution
exhibit the behavior predicted by the analytical results.
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This paper is dedicated to the memory of Tom Seidman.



1 Introduction

For co-author MG, Thomas I. “Tom” Seidman was a dear departmental colleague, and
many memories connect to him, from the job interview, many conversations and visits
to each other’s offices which led to joint papers on various topics, e.g., [1, 2], co-teaching
a special topics course that leveraged complementary skills on the subject, to serving as
the lead-organizer for his 70th birthday conference in 2007 for his 50 years of research
[3]. Tom also served on thesis committees, where he became aware of the question
of convergence order of the finite element method in the face of thousands of point
sources modeling calcium injection sites in a heart cell as Dirac delta distributions
[4, 5]. Tom was never afraid to tackle anything, and in this spirit he also engaged with
numerical topics without hesitation, thus starting the work on this project, based on
the purely numerical evidence in [5-7]. Co-author MM in the same way was connected
to Tom by many conversations, colloquium talks, the conference, and a joint research
project with MG and Tom. The other co-authors MK and AM enjoyed the wide-
ranging conversations with Tom during their visits to the department at UMBC, where
the same question was discussed, leading with co-author MK to the joint analysis
paper of the finite element method for this problem [8] and with co-author AM to
the implementation of the finite volume method for this application problem [9]. The
occasion of this special issue in honor of Tom Seidman has now brought the co-authors
together for this paper that is an extension of [8] from the finite element method
(FEM) to the finite volume method (FVM).

Like in [8] for finite elements, we are interested in the convergence behavior of
finite volume schemes applied to diffusion-reaction equations of the form

u(x,t) — V- (D Vu(x,1)) = o(x,1) in Q=0QxR{, (1)
u(x,t) =0 on 9Q x R (2)
u(x,0) =0 on Q, (3)

where 0 C R? is a bounded Lipschitz domain in d spatial dimensions, ¢ includes a
smooth or measure-valued source term, combined with Dirichlet boundary conditions,
and an initial condition.

In [8, Theorem 4.2], the finite element solution u; on a mesh with spacing h was
shown to have a dimension-dependent convergence order in the L%-norm with order
u(t) = un(t)|lr2() < Ch* with A & 2—d/2 in d = 2 and 3 dimensions, that is,
order h in 2-D and h'/? in 3-D. We are now able to extend the result to the finite
volume method, in the form of the classical two-point flux approximation described
in Section 2, with result

Ch|logh|'/?, d=2,

4
Ch'/2, d=3, @)

[w(t) = un()||l2 @) < {

in (60) in Section 5 below, that shows essentially the same convergence behavior. The
question of extending the finite element results to the finite volume method had come



up among the co-authors ever since the numerical results in [9], of which Tom was well-
aware. Unfortunately, we could not find the time to extend the results together with
Tom, but it is very fitting that we have been able to come together on the occasion of
this paper.

For the model heat equation (1) with D = 1 and ¢ = u, where p is a bounded
Radon measure, the problem is well understood at the level of the continuous PDE.
In particular, the theory of renormalized solutions for nonlinear parabolic equations
with general measure data includes the heat equation as the special case p = 2 of

uy — Apu = [,

A relevant reference is Petitta [10].

For finite volume methods, the situation appears to be less complete. There are
finite volume convergence results for parabolic convection—diffusion equations with L*
right-hand sides, for instance Gallouét, Larcher and Latché [11]. There are also finite
volume results for nonlinear parabolic problems with L' data in the framework of
renormalized solutions, see Guibé and Leclavier [12]. However, a direct finite volume
analogue of the elliptic result of Droniou, Gallouét and Herbin [13], with a genuinely
Radon-measure right-hand side, does not seem to be as standard for the heat equation.

Thus, one may summarize the state of the literature as follows. The heat equation
with measure-valued right-hand side is solved at the PDE level. For finite volume
schemes, the available convergence theory is well developed for L' parabolic data,
while the fully Radon-measure finite volume theory is clearly established in the elliptic
case and seems less explicit in the standard parabolic finite volume literature. From
the point of view of applications, heat equations with low-regularity/measure right-
hand side appear in many models of the continuum mechanics of solids, as e.g. in
modeling of shape memory alloys [14].

Since the analysis concerns a specific finite volume scheme, Section 2 first describes
this scheme, namely the classical two-point flux approximation, which is the simplest
finite volume method for diffusion problems, and introduces the notation used in the
analysis. Section 2 also highlights key features of the finite volume method and explains
why it is particularly suitable for problems with thousands of measure-valued Dirac
source terms that motivated this work originally [4, 5]. The following analysis uses the
same approach developed with Tom in [8] by first considering the stationary problem
corresponding to (1) before returning to the time-dependent problem. More precisely,
Section 3 considers the Poisson equation with a Dirac source, before Sections 4 and 5
consider the heat equation with a space-time Dirac and a persistent Dirac source,
respectively. Each section analyzes the convergence in d = 2 and d = 3 space dimen-
sions and demonstrates the effect of dimensionality in the final results (31) and (32) in
Section 3, (53) and (55) in Section 4, and (60) and (63) in Section 5. For the Poisson
equation, the scaling arguments of Subsections 3.1 and 3.2 are complemented in Sub-
section 3.3 by a proof that also accounts for the global propagation of local truncation
errors by the discrete solution operator.

Finally, Section 6 provides numerical demonstrations that the behavior predicted
by the analysis is exhibited in actual computations; it is comprised of two subsections



for the stationary and time-dependent problems, respectively. Specifically, the conver-
gence orders in Table 1 in Subsection 6.1 exhibit the behavior predicted in (31) and
(32) in Section 3 and the convergence orders in Table 3 in Subsection 6.2 the behav-
ior predicted in (63) in Section 5. Both tables’ computational results point to the
hypothesis of the convergence order being 2 — d/2 =1 and 1/2 in d = 2 and 3 space
dimensions, respectively.

In summary, this paper shows the analytical proof for the extension of the old result
for the finite element method, obtained with Tom Seidman in [8], to the finite volume
method, and potentially to other methods like the discontinuous Galerkin method.
The accompanying computational evidence confirms the analytical behavior and is
obtained by sample code in Matlab for test problems in 2 and 3 spatial dimensions
that aligns with previous results from general purpose C code.

2 Finite Volume Method Discretization

2.1 General formulation

The essence of the finite volume method, see e.g. [15] lies in integrating the PDE (1)
of the problem over so-called control volumes o} C € to derive an integral form of the
PDE. To this end, the open domain 2 is decomposed into a finite number of disjoint
open control volumes o4,...,0, C Q such that UL o = Q. In our context of a
regular quadrilateral domain Q = (—50,50)¢ in d = 1,2,3 dimensions in Section 6,
we use a regular mesh with spacing h and N control volumes in each dimension, for
a total of m = N¢ volumes. The integration of the PDE (1) over each control volume
o}, yields then

CZ/% u(x,t) dx — /Uk V - (D Vu(x,t)) dx :/U w(x,1) dx, (5)

k

where time differentiation and spatial integration were already interchanged. Intro-
ducing the cell averages

1
ug(t) = —/ u(x,t) dx (6)
o] Jo,
makes the following integral form of (5)

d 1

1
%uk(t) n- (DVu(x,t)) ds = TRl /ak o(x,t) dx (7)

ok o

eventually a system of equations for the cell averages as unknowns, where the integral
over the diffusion term is converted to a surface integral using the Gaussian integral
theorem with outer unit normal vector n.

It remains to approximate the normal fluxes in (7). Since (1) contains no convective
term, the only fluxes are the diffusive fluxes n-(D Vu), which depend linearly on u and
are continuous across the faces of the control volumes. Consequently, no reconstruction
of left and right states at the faces and no (approximate) Riemann solver are needed,
in contrast to finite volume schemes for hyperbolic or convection-dominated problems.



We use the classical two-point flux approximation [16], which is the simplest finite
volume method for diffusion problems: each control volume o, carries one unknown
ug, which approximates the cell average (6) and is associated with a point xj, € oy,
and the flux through an interior face e = doy, N Joy is approximated by the difference

quotient
Uy — Ug
/nk’e -(DVu)ds ~ Fj .(u) := De| R (8)
e e

where ny . is the unit normal pointing out of oy, d. = |x; — x|, and the segment
from xj to x; is orthogonal to e (admissibility of the mesh). For a face e C 9Q,
is replaced by the boundary value v = 0 and d, by the distance from x; to e. The
fluxes are conservative, Fj . = —F} .. Each unknown thus interacts only with its face
neighbors, and no higher-order reconstruction is used. This is what we mean by a low-
order, more precisely, lowest-order, finite volume method throughout this paper; its
accuracy is summarized in Subsection 2.2 below. On the uniform Cartesian meshes of
Section 6, (8) reduces in the interior of the domain to central difference quotients, i.e.,
to the classical five-point (d = 2) and seven-point (d = 3) stencils, which leads to the
Kronecker product form of the matrices given below.

The introduction of the surface integral of the diffusion term in the first term on
the right-hand side of (7) allows the finite volume method to conserve the mass in
the system at the discrete level, which is one key advantage in application problems
such as the calcium flow in a heart cell [4, 5] that motivated this work originally.
The other key advantage lies in the ability of the integral in the second term on the
right-hand side of (7) to rigorously handle a point source modeled by a Dirac delta
o(x,t) = kdp(x) with injection rate k as

K

1 1
m/ok o(x,t)dx = Uk|/o‘k K0p(x) dx = el (9)

for that control volume oy, that contains the location of the injection site and 0 other-
wise. An analogue of this is possible for the finite element method as in [8], but it is not
as convenient for instance for a finite difference method; for such a method, a discrete
delta/grid function is often used. In particular, the finite volume method uses only
the integrals of the source over the control volumes. It therefore does not distinguish
between the Dirac source k &y and the regularized source  |ox|~11,, that is uniformly
distributed over the control volume containing the injection site; this observation is
used in the analysis in Section 5.

For the vector of unknown cell averages as function of time and with the vector of
integrals of the source term

uy (t) ﬁ J,, p(x,t) dx
u(t) = : . P(1) : ,
U (t) ﬁ fgm p(x,t) dx



the semi-discrete form of the finite volume method can then be formulated in vector
notation as

Mdu(t)

dt
with lumped mass matrix M € R™*™m and stiffness matrix A € R™X™ with m = N¢
in d = 1,2, 3 spatial dimensions for IV the number of control volumes in each spatial
dimension. These matrices are block diagonal or tridiagonal matrices with diagonal or
tridiagonal blocks, respectively, that can be very effectively pre-computed as sums of
Kronecker products ® in software such as Matlab. For instance, the matrices are M =
S eRN*N and A = h—DQ T € RV*VN in the one-dimensional case, M=S®85¢cRN*N
and A = Z(S@T+T®S) € RN*XN? in two dimensions, and M = S@S®S € RN’ *N?
and A = & (SRSRT+SRTRS+TRS®S) € RN?*N? in three dimensions, constructed
from the diagonal matrix S € RV* and the tridiagonal matrix 7" € RN >N, Matlab’s
sparse storage scheme is the key to the efficiency of operations such as matrix-vector
products with these matrices.

The exact coefficients in the matrices S, T', A, and M depend on the discretization
of the diffusion term and the boundary conditions and are designed to facilitate the
Kronecker products for efficient implementation, resulting in S € RV*V diagonal
with %, 1,..., 1,% on the diagonal and 7' € RV*V tridiagonal with 1,2,...,2,1 on
the main diagonal and —1 on the adjacent lower and upper bands. In the current
implementation, we use central differences in the interior of the domain and one-sided
approximations along the boundary; in the interior, this is exactly the two-point flux
approximation (8) on the uniform mesh. The original method uses flux boundary
conditions yielding the specific matrices above. The Dirichlet boundary conditions are
implemented as correction of certain values in A, namely all diagonal values, including
the ones corresponding to control volumes at the boundary, being the same value as the
diagonal value for interior control volumes. With this sign convention, A has positive
diagonal and nonpositive off-diagonal entries and represents the operator —V-(DV -),
i.e., M~ A corresponds to —Ay, in the notation of Subsection 2.2 (for D = 1); this is
why Au(t) appears on the left-hand side of (10).

The implementation just described is the vertez-centered variant of the two-point
flux approximation: the unknowns are associated with the nodes x; of a uniform grid
with spacing h that includes the nodes on 052, and the control volumes are the squares
or cubes of side length h centered at the nodes, intersected with €2. The control volumes
at the boundary are therefore halves (and, at the corners, quarters or eighths) of the
interior ones, which is the origin of the weights % in S. In the interior, the fluxes are
given by (8) with d. = h, and the injection site 0 is a node of the grid, i.e., the center
of its control volume. At the boundary, the Dirichlet condition is imposed by the
diagonal correction of A described above rather than by the boundary fluxes of (8).
All numerical results in Section 6, in particular those in Tables 1 and 3, were computed
with this vertex-centered variant. The analysis in Subsection 3.3 is carried out for the
cell-centered variant, in which the points x; are the centers of the cells of a uniform
Cartesian mesh; Remark 4 explains why the results also hold for the vertex-centered
variant.

+ Au(t) = M®(t) (10)



The time discretization of the semi-discrete problem (10) results necessarily in a
stiff system of ordinary differential equations, which necessitates the use of an appro-
priate ODE solver. The implicit Euler time-stepping method is both appropriate for
this situation, simple, and sufficiently accurate if using small time steps. Solving the
implicit system for the solution at every new time step by the iterative conjugate gra-
dient method is highly accurate if a tight tolerance is used and still very efficient, since
the solution at the old time step can be used as an excellent initial guess.

For a stationary test problem, the time-derivative term in (10) is not present and
no variable depends on time, thus we have one linear system, Au = ]\Y(IJ, for the
unknowns to solve, which we solve by sparse direct Gaussian elimination, since it
is robust and requires no tunable parameters such as stopping tolerances. For the
symmetric, diagonally dominant system matrix A, Gaussian elimination is backward
stable, so that the relative error of the computed solution is bounded by approximately
K(A) Emach, where k(A) denotes the condition number of A and &acn &~ 1.1-10716 the
unit roundoff of double-precision arithmetic [17]. The computed solution is therefore
not accurate to full double precision: here, k(A) = O(h~2) grows under mesh refine-
ment, which is also the origin of the stiffness of the time-dependent problem noted
above. However, even on the finest meshes used in Section 6, the resulting algebraic
error is many orders of magnitude smaller than the discretization errors reported in
Table 1 and therefore does not affect the convergence study.

The size of the system in (10) is given by the number m of control volumes.
This becomes a significant scale in higher dimensions as m = N¢ in d = 1,2, 3 spa-
tial dimensions for N the number of control volumes in each spatial dimension. The
method is implemented in Matlab, fully taking advantage of its efficient vectorization
capabilities.

2.2 Notation and accuracy of the scheme used in the analysis

In the analysis of Sections 3-5, we set D = 1, denote the mesh by T, = {o1,...,0m},
write K, L € T, for generic control volumes, £ for the set of faces, and h for the mesh
size. The mesh is assumed to be quasi-uniform, i.e., diam(K) ~ h and |K| ~ h?, and
K denotes the control volume containing the source point xg. A vector of unknowns
v = (vk)keT;, is identified with the piecewise constant function that equals vx on K,
and Pj, denotes the projection onto cell averages, (Pyu)x = |K|™! [ udx. We use
the discrete inner product, norm, and energy seminorm

1/2 le]
(v w)h = Y |K|vkwg, lolln = (v,0),/%, i, => T (Dev)?, (11
KeTh ece €

where D.v = vk —vy, for an interior face e between K and L (with a fixed orientation),
D.v = vk for a face e C 0K N 90N, and d, is the corresponding distance in (8). Note
that ||v]|, is the L?(©2) norm of the piecewise constant function v, and that | - |1 5 is
the discrete energy norm (discrete Hg seminorm), which is denoted by || - [energy in
Section 4. The discrete Laplacian is defined by (Apv)g = |[K|7' Y, 55 Fre(v) with



the fluxes (8) for D = 1, so that

e
(—Apv,w)p, = Z |d—| D.vD.w =: ap(v,w), [T = an(v,v).
ecE °

The finite volume approximations of —Awu = f and of u; — Au = f then read
—Apup = fi and uﬁl — Apup = fr, with (fh)K = ‘K|71/ fdx.
K

In particular, f = 0y, leads to f;, = up := |Ko| ~'1g,, which is also the source vector
of the regularized source up; this is used in Section 5. The matrix of ay, is a symmetric
M-matrix, so that the scheme satisfies a discrete maximum principle.

Throughout this paper, low-order refers to this lowest-order finite volume method
with one unknown per control volume, piecewise constant approximations, and two-
point fluxes without reconstruction. For smooth solutions on the uniform meshes used
in Section 6, it is second-order accurate in the discrete L2 norm, ||Pyu—up||, = O(h?),
and (at least) first-order accurate in the discrete energy norm, |Pru — upl1,n = O(h).
These are the standard estimates used in Section 4, and the second-order accuracy is
confirmed by the smooth test problems mentioned in Section 6. On general admissi-
ble meshes, the available error estimates for the two-point flux approximation are in
general of first order only [16]. Note that the L?(2) norm of u — uy, for the piecewise
constant function u;, additionally contains the projection error ||u—Ppul|r2(q) = O(h);
therefore, second-order statements for smooth solutions refer to the discrete norm
|Pru — up||n, equivalently, to the errors in the cell centers. For the singular solu-
tions in Sections 3 and 5, the error bounds hold both for |[u — up||r2() and for
| Pru—un||n < ||lu—up||L2(q). The implementation uses a discretization at the bound-
aries that is, in formal terms, first-order accurate; this is appropriate given the behavior
of the solution in combination with the homogeneous Dirichlet boundary conditions,
and the numerical tests confirm this expectation in Section 6.1.

3 Finite Volume Error for a Poisson Equation with
a Dirac Source

3.1 The two-dimensional case

We study the Poisson equation with a Dirac measure right-hand side
—Au =, inQ, u=0 on 09, (12)
where Q C R? is a bounded domain and xo € Q.

Because the right-hand side is a measure, the solution is singular and classical
finite element or finite volume convergence rates are not valid.



Let G(-,x¢) denote the Green function of the Laplacian in {2 with homogeneous
Dirichlet boundary conditions. In two dimensions the Green function has the form

1
G(x,x%0) = —ﬂlog |x — xo| + w(x), (13)

where w is smooth in a neighborhood of xg.
Therefore the solution of (12) can be written as

u(x) = —%logb{—xo\ +w(x). (14)

Let 75 be a quasi-uniform mesh of Q with mesh size h, and let u;, denote the finite
volume approximation of (12) by the two-point flux scheme of Section 2, identified
with a piecewise constant function on 7;, (see Subsection 2.2). We first present a
heuristic scaling argument that identifies the sources of the error. It treats u; as a
local approximation of u on each cell; a rigorous proof, which also accounts for the
propagation of local errors through €2 by the globally coupled discrete problem, is
given in Subsection 3.3.

Let Ky be the mesh cell containing xg. Since the mesh is quasi-uniform,

diam(Ky) ~ h, |Ko| ~ h2.
We split the error as
llu— UhH%2(Q) = Jlu— uh”%Z(KO) + [Ju— uh”%%g\z{o)- (15)
We first estimate the L? norm of the singular part on a ball
Bp(xo) = {x : |[x — x| < h}.

Using polar coordinates,

h
/ |log |x — xo||? dx = 27r/ (log7)?r dr. (16)
B (x0) 0

A primitive of r(logr)? is

2 2 2
— (1 21 —.
—(logr)? — logr +
Hence N , , ,
h h h
/ (logr)?rdr = —(logh)> — —logh + —. (17)
o 2 2 4
As h — 0 the dominant term is
2
?(log h)2.



Therefore
|ull L2 (B, (x0)) ~ Dl 1log hl. (18)
The size h|logh| of u on Bp(x¢) does not by itself determine the error on Ky,
because the constant value ug, of the discrete solution on Ky need not be small.
Denoting by g, = |Ko|™* fKo wdx the mean value of u on Ky, we split

V2 [, — ur|- (19)

lw = unllL2 (ko) < llu =T | L2(ro) + Kol
The first term is of order h. Indeed, since log|x — x¢| = logh + log(|x — x¢|/h),
the logarithmic singularity minus the constant logh is invariant under the scaling
X — X9 = h X, and hence

_ 1 h .
lu—Tirc [ L2 (ko) < 7 | 10%(\X—X0|/h)||L2(KO)+Ch2 =5 | Tog [%]| )+Ch2 < Ch,

L2(Ko

where Kg =hp! (Ko—xo) has a diameter of order one. In particular, the large constant
5| log h|, which is responsible for the size h|log h| of u on Bj,(x), does not contribute
to this term. The second term in (19) measures how well the discrete solution repro-
duces the mean value of u on the singular cell. It is a genuinely discrete quantity that
cannot be inferred from properties of u alone, since ug, depends on the solution of
the globally coupled discrete problem. It is estimated rigorously in Subsection 3.3 with
the result |Ko|'/?|ux, — uk,| < Ch|logh|*/?. Hence

||u—uh||L2(K0) 5 h|10gh|1/2, (20)
which is smaller than the size h|logh| of w itself on Bj(xg): the discrete solution
captures the logarithmic growth of u in the singular cell to leading order.

Away from xg, the solution is smooth.
For a cell K located at distance r from xy we have

1
|V2u(x)| ~ L

Standard interpolation estimates give, if u, is heuristically regarded as a local
second-order approximation of u on K,

= wpl 2y S B2 V2ul | K|V2.

Since |K|'/2 ~ h this yields

3
[lu — Uh||L2(K) ~ 2

Summing contributions over annuli around x( gives a total error

lu = unllL2\ ko) < P (21)

10



This heuristic far-field bound ignores that uy is not a local interpolant of u: the
local truncation errors, in particular the flux errors of order one at the faces of Ky, are
propagated over Q \ Ky by the discrete Green’s function. Moreover, for the piecewise
constant function uy,, the local error on a cell K is at best of order h|Vu||K|'/2, which
after summation over the annuli yields h|log h|'/? instead of h. Both effects are taken
into account in Theorem 1 in Subsection 3.3, which shows that the overall error is of
order h|logh|'/?, see (31).

3.2 The three-dimensional case

We now consider the analogous problem in three dimensions:
—Au =6y, inQCR} u=0 on . (22)

In three dimensions the Green function has the form

1

u(x) = 47|x — xo| +

w(x), (23)
where w is smooth near xg. Thus the singular part is
gx)=—, r=[x—x

Let Ky be the mesh cell containing xg, with diameter h. Comparing K, with a

ball By, (x), we obtain
1

oo ~ [, s

n(xo) T
Using spherical coordinates,

1 "1 h
/ —de:élm/ —27“2d7“:47r/ dr ~ h.
Bn(xo) T o T 0

1122 (31 xoy) ~ R (24)

We use again the splitting (19). In contrast to the two-dimensional case, the first
term is now of the same order as ||g|[2(B, (x,)): under the scaling x — xg = hX, the
singular part becomes g = h~1§(%X) with §(x) = 1/(4x|X|), and since the non-constant
function § cannot be approximated by constants on Ko, |lu—Tg, | r2(xo) ~ h1R3/? =

Therefore

h'/2. The second term is again estimated in Subsection 3.3 (Remark 1) and is at most
of order h'/2. Since u, is constant on Ky, the first term is also a lower bound for the
error on Ky, and thus

[ — un | p2(rg) ~ /2. (25)
Away from xg, the solution is smooth and
1
2
V2u(@)] ~ .

11



Let K be a mesh cell at distance r from zy. Then a standard local estimate gives,
again regarding up heuristically as a local second-order approximation of w,

lu = unll 2y S W%Vl |K[12.
Since in three dimensions |K|'/? ~ h3/2 it follows that

h7/2

1
2 - 33/2 _
||u—uh||Lz(K) 5 h T3h = T3

Squaring,

h7
llu— Uh||2L2(K) S 6

Now consider a spherical shell
A(r,r +dr)={z:r < |z —zo| <7 +dr}.

Its volume is approximately
4772 dr.

Since each cell has volume ~ h2, the number of cells in the shell is

4A7r? dr
13

N(r) ~

Therefore the shell contributes

hT  Amr?dr h77 B dr

2
dEf, (1) ~ N(T)TT; TR g6 U

Integrating from r ~ h to r ~ 1 gives

1
Ef, ~ h* / rtdr.
h

Since
/r*4dr = —313,
we obtain
EZ. ~ht <1 - 1) h
ar 3n3 3
Hence

lu = unllz2 @\ x0) S B2 (26)

As in two dimensions, this heuristic regards u, as a local second-order approxi-
mation of u. For the piecewise constant function uy, the local error on a cell K is at
best of order h|Vu||K|'/2, i.e., of order h®/?r~2, since |Vu(x)| ~ r~2. Summing the

squares over the spherical shells as above gives h? fhl r~2dr ~ h, so this projection

12



error is again of order h'/2 and does not change the rate. The global propagation of
the local errors is taken into account in Theorem 1 below.
Both the near-field and far-field contributions are of the same order:

lu = unllrzrg) ~ B2, lu = unllz@yi) S B
These heuristic scaling arguments therefore suggest

llu = un L2 SP?,
which is proved rigorously in Theorem 1 below; as in two dimensions, the rigorous
proof also accounts for the global propagation of the local errors.

3.3 Rigorous error bound including the global propagation of
local errors

The scaling arguments of Subsections 3.1 and 3.2 treat uy as a local approximation of
u on each cell. Since uy, is the solution of a globally coupled linear system, local trun-
cation errors—in particular the flux errors of order one at the faces of the singular cell
Ky—are propagated through 2 by the discrete solution operator, i.e., by the discrete
Green’s function. We now give a proof that takes this propagation into account. We
work in the setting of the numerical experiments of Section 6 and use the notation of
Subsection 2.2.

Assumption (A). Q C RY, d € {2,3}, is a rectangle or a rectangular box, 7}, is a
uniform Cartesian mesh of ) consisting of squares or cubes of side length h, the scheme
is the two-point flux approximation (8) with the cell centers as points xx (so that
de = h for interior faces and d. = h/2 for boundary faces; the vertex-centered variant
with the boundary treatment of Subsection 2.1, which was used for all computations in
Section 6, is covered by Remark 4 below), and there is a constant ¢y > 0 independent
of h such that dist(xq, dKy) > coh (for instance, x¢ is the center of Kj).

For a face e € £ and a control volume K with e C 0K, let ng . be the unit normal

on e pointing out of K. We compare the exact fluxes ®p . (u) := — fe Vu-ng . ds with
the discrete fluxes @};(75(1)) = L%(UK —vp) = —Fk (v), where L is the neighbor of K
across e and vy, := 0 for e C 012, and define the flux consistency errors

TK,e -— @?(,G(Phu) — (I)Kﬁ(u). (27)
Both fluxes are conservative, so that 7, . = —7k ¢, and we write 7, := 7k . with the

orientation used in the definition of D,.
Lemma 1 (Error representation). Let Assumption (A) hold, let u be the solution of
(12), and let uy, be its finite volume approximation, —Apup, = upn. Then e == Pou—uy,
satisfies
ap(ep,w) = ZTE D.w for all grid functions w. (28)
eef

13



Proof. Since x¢ ¢ 0K for all K € Ty, the solution w is smooth in a neighborhood
of each face, and the divergence theorem together with —Au = dx, gives the exact
flux balance »°, 55 Pre(u) = 1 if K = Ky and = 0 otherwise. The scheme reads
Y ecoK @’}(,e(uh) = |K| (un)k, which is the same right-hand side. Subtracting and
using the linearity of @%,6 yields > .ok (I’}}{,e(eh) = ecok TKe for every K. Multi-
plying by wg, summing over K, and collecting the two contributions of each interior
face gives (28). O

Lemma 2 (Flux consistency). Let Assumption (A) hold. Then there are constants C
and ho > 0 independent of h such that for h < hg

C, dist(e,xq) < 2h,
ITe] < ¢ ChMHldist(e,xo)~ %1, dist(e,xq) > 2h, e ¢ 0f, and hence Z |7e| < C.
Ohd, e C 6(2, ec€

(29)

Proof. By odd reflection across the sides of ©, the solution u is smooth on Q \ {x¢},
and |VFu(x)| < Olx — xo|?>797% for k = 1,2,3. Let e be an interior face between K
and L with ng . = e;. A direct computation shows that the discrete flux density is a
weighted average of 0;u over Z, := K UL,

(Pou)r — (P _ 1 [ [" h—Jo|
h M/e/h¢h(0)aiu(y+0e¢)dgd5(y), on(o) = e

with the symmetric weight ¢, > 0, ffh ¢ndo = 1, whereas the exact flux den-
sity is |e]™! [ Q;uds. If dist(e,xg) > 2h, then |x — xo| > dist(e,x0)/2 on Z; a
Taylor expansion in o, in which the linear term vanishes by the symmetry of ¢y,
gives |7e| < Cle|h?supy, [V3u| < Ch¥dist(e,xo) 471 If dist(e,xo) < 2h, then
e does not intersect the open cell Ky, so that dist(e,xg) > dist(xg,0Ky) > coh
and |®k .(u)| < |e|sup, |Vu| < Ch?1(coh)!=¢ < C; moreover, Z. C Bsp(xo) and
on < h™t give [ (Pyu)| < b7t [, |Vuldx < Ch™t fB5h(x0) |x — xo|'74dx < C.
For a boundary face e C K N 9, a Taylor expansion in the normal direction, using
u=0oneandd, = h/2, gives |1.| < Cle| hsupy |V?u| < Ch?, since K stays away
from xq for h < hg. Finally, there are at most C' faces with dist(e,x¢) < 2h, at most
Ck4=1 interior faces with kh < dist(e,xg) < (k + 1)h, and at most Ch'~¢ boundary
faces. Hence Y [7e| S C(1+ Yo, k¥ k™97 + h) < C. O

Lemma 3 (Stability of the discrete dual problem). Let Assumption (A) hold, let 1) be
a grid function, and let zj, be the solution of ap(w, zy) = (Y, w)y, for all grid functions
w, i.e., —Apzp = 1. Then

(1+ |logh[)}/2, d=2,

h=1/2, d=3, (30)

glggwezh\ < Chly||Y]n, by = {

with C' independent of h and 1.
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Proof. Under Assumption (A), the matrix of —Aj is the Kronecker sum Z?:l I®
- ®T; ® -+ ® I of symmetric positive definite tridiagonal matrices T;, one for each
coordinate direction. Since these summands commute, expanding ||Ay 2|7 yields ||(I®
T @1 zp|ln < [|Anzelln = ||¥]n, and similarly for the mixed terms involving
Til/2 ® Tj1/2, i # j. In terms of difference quotients, this is a discrete H?2-regularity
estimate: all second difference quotients of zp, including the mixed ones, are bounded
by C|1|| in the discrete L? norm. Consequently, each first difference quotient 9y, ;zp,
regarded as a grid function on the faces normal to the i-th coordinate direction, has
a discrete H! norm bounded by C|#||5. The discrete Sobolev inequality [v]o <
C(1 + |logh|)*?||v|l1,n in two dimensions [18], and the discrete Sobolev inequality
[vlls < Cllv[l1,n combined with the inverse estimate [[v]joc < h_1/2||v||L?1 in three
dimensions, give max |0, ;2n| < Cly||¢||n. Since |Dezp| = h|0h 21| on the faces normal
to the i-th direction (h/2 instead of h on boundary faces), (30) follows. O

Theorem 1. Let Assumption (A) hold, let u be the solution of (12), and let uy be its
finite volume approximation, identified with a piecewise constant function. Then there
are constants C' and hg > 0 independent of h such that for all h < hg

u—unllr2) < Ch|logh|?, — d=2, (31)
Hu—uhHLz(Q) < Chl/Q, d=3. (32)

The same bounds hold for the discrete error ||Pru — up||p.

Proof. We split u —up, = (u — Ppu) + ep, with e, = Ppu — up, and note that h < hép,
hey, = h'/? for d = 3, and ht), < Ch|logh|'/? for d =2 and h < hy < 1.

Projection error. For cells K with dist(K,x¢) > h, the Poincaré inequality on K
gives ||u — (Phu) k| 2(x) < Ch||Vul|12(k), and summation yields

Y = Paw)kllFa ) < ChQ/ Ix — x0|> 24 dx < Ch%é2.
dist(K ,xo)>h QN{|x—xo|>h}

For each of the boundedly many remaining cells, which lie in Bsp(x¢), the scaling
argument used for the first term in (19) gives |[u — (Pru)k||L2(x) < Ch for d = 2,
and [Ju — (Pyu) i || 22 < lullp2cry < C||1x = %0l ™ y Ch3/? < Ch'/? for
d = 3. Hence ||u — Ppul|r2(q) < Chly.

Discrete error. Let zp, be the solution of the dual problem of Lemma 3 with ¢ = ey,.
By Lemmas 1, 2 and 3,

ez e

lenllt = anlen, z1) = Y- 7 Doz < (3 Irel ) max | Dezn| < Chi, enlln-
ec& ecf

Hence || Pru— up||n = |len|ln < Chep, and the triangle inequality completes the proof.
O

Remark 1 (Error on the singular cell). Since |Ko|*?[uk, — uk,| = llenllr2(xy) <
llenlln, the proof yields |Ko|'/ %k, — ux,| < Chly, which is the bound for the second
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term in (19) used in Subsections 3.1 and 3.2. For d = 2, this means |ug, — uk,| <
C|log h|'/2, whereas Uk, = 5=|log h| + O(1): the discrete solution reproduces the log-
arithmic growth of u in the singular cell to leading order. For d = 3, the error on Kq
is bounded from below by ||u — U, | r2(xy) > ch'/?, so that the rate in (32) cannot be
improved.

Remark 2 (Mechanism of the order reduction). The proof makes the propagation
of local errors explicit. By Lemma 2, the far-field flux errors are summable, while
the finitely many faces near xqg carry flux errors of order one, which do not decrease
under mesh refinement. Through (28), these errors are propagated by the discrete dual
solution, i.e., by the discrete Green’s function, and they enter the global error multiplied
by the discrete gradients D.zp near xqo. The size hfy, of these gradients reflects that
the dual solution is only in H?, which does not embed into W for d = 2,3. This is
the mechanism that reduces the convergence order from the nominal value 2 to 2 —d/2
(up to a logarithmic factor for d = 2), in analogy with the finite element result of Scott
[19], who proved the L? error bound O(h) for piecewise linear finite elements in two
dimenstons.

Remark 3 (Extensions). Assumption (A) enters only through the summability of the
fluz errors and the dual stability (30). On general quasi-uniform admissible meshes,
the two-point flux approzimation is in general only first-order consistent [16], so that
the far-field fluz errors are of order h® dist(e,xo)~% and their sum grows like |log h)|;
provided a dual stability estimate like (30) is available, the argument then yields the
same rates up to an additional logarithmic factor. Moreover, if the dual problem with
data ¢ € L>(Q) satisfies the discrete W estimate max, |Dezp| < Chl[¢|| L (g,
which for the five- and seven-point schemes is a consequence of discrete WP -regularity
with p > d, the same duality argument in L' gives ||[Pyu — up|| 1) < Ch. Since
lu — Pyullr o) < Ch||Vulpiq) with Vu € LY(Q), this implies |[u — up|| 110 < Ch
ford=2,3.

Remark 4 (Vertex-centered variant used in the computations). Theorem 1 also holds
for the vertex-centered variant of Subsection 2.1, with which all results in Section 6
were computed. In this variant, the mesh is uniform and Cartesian away from 02, the
interior fluzes are (8) with d. = h, and x¢ is the center of Ky, so that dist(x0, 0Ky) =
h/2. Instead of the boundary fluxes of (8), the diagonal correction of Subsection 2.1
adds to ap, the terms Bxvgwy for the control volumes K at OS2, with Bk > 0 of order
h9=2. The matriz of ay, is thus again a symmetric M-matriz, with positive row sums
i the boundary rows, so that the discrete maximum principle holds, and the discrete
Poincaré inequality ||v||n, < C ap(v,v)'/? follows as for the two-point scheme. However,
because of the diagonal correction, the matriz is in general not a Kronecker sum, so
that Lemma 3 cannot be applied directly, and the boundary closure is only of first order.
We therefore modify the proof of Theorem 1 in the treatment of the boundary only. Let
X € CX(Q) with x = 1 in a neighborhood of X, and split u = u® + u* with v® := xu
and u* := (1 — x)u. Then —Au® = 0x, + g and —Au* = —g with a smooth function
g supported in supp Vx, the function u* is smooth on Q (cf. the proof of Lemma 2),
and, by linearity, u, = uj + uj, with the finite volume approximations uj and uj, of
these two problems.
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Singular part. For h small enough, Pru® vanishes on all control volumes outside a
fized compact set Q' € Q. The proof of Lemma 1 thus shows that P,u® — uj, satisfies
(28) with flux errors . of u® that vanish for all faces e ¢ ', in particular for all faces
at 02, and that satisfy the interior bounds of Lemma 2, since the mesh is uniform and
Cartesian in Q' and X is the center of Ko; hence Y |7e| < C. The duality argument
in the proof of Theorem 1 therefore requires (30) only for faces e C Q'. To show this
interior version of Lemma 8, let 0 € C°(2) with 6 = 1 in a neighborhood of Q. The
grid function Oz vanishes near 02 and hence solves the five- or seven-point problem
with homogeneous Dirichlet conditions on a rectangular box B € 2, whose matriz is a
Kronecker sum, so that the proof of Lemma 3 applies on B. The right-hand side of this
problem is 01 plus terms that involve z, and its first difference quotients multiplied
by derivatives of 6; by the energy estimate and the discrete Poincaré inequality, their
discrete L? norm is bounded by C(||znlln + an(zn, 21)Y/?) < C|[¢||n. Hence |Dezy| =
|De(0z)] < Chly||Y||n for e C Y, and the proof of Theorem 1 gives | Phu® — || <
Chity,.

Regular part. We compare uj, with the nodal interpolant Inu®, which vanishes at
the boundary nodes. The residual of Inu® in the scheme —Apv = f;, is of order h? in
the interior rows, as usual for the five- and seven-point stencils, and of order h™1 in
the boundary rows, which reflects the first-order boundary closure. Since the row sums
of —Ay, are bounded from below by ch™2 in the boundary rows, the discrete mazimum
principle with the barrier function C’(h—i—h2 (R?— |x|2)) , with R sufficiently large, gives
maxg |(Ipu")x — (u},) k| < Ch, and hence |Pou’ — u}, ||, < Ch.

Together with the estimate of the projection error u — Ppu, which is not affected by
the boundary treatment, this proves (31), (32), and the bound for | Pyu—upl|n also for
the vertex-centered variant. In particular, the first-order boundary closure contributes
only O(h), which does not exceed the order he) caused by the singularity. The same
modifications apply to Step 5 of the proof of Proposition 2 and to Proposition 3: the
boundary rows are treated by the semidiscrete or fully discrete maximum principle
with the same time-independent barrier function, which is possible since M~'A has
nonpositive off-diagonal entries, so that the semigroup Ej,(s) = e and the backward
Euler step preserve positivity.

4 Finite Volume Error for a Heat Equation with a
Space-Time Dirac Source

We consider the heat equation
U — AU = §(z,10) in Q x (0,7T) (33)
with homogeneous Dirichlet boundary conditions
u=0 on 90 x (0,7,
and vanishing initial condition

u(z,0) = 0.
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The right-hand side is a Dirac mass concentrated at the space-time point (xg, to).
4.1 Exact solution in the whole space
In R?, the fundamental solution of the heat equation is the heat kernel

G(x,t) = (4nt) =2 exp <—|Z;> , t>0. (34)

Therefore, in the whole space, the solution of (33) is

0, t <o,
u(x,t) = (35)
G(X*XQ,tfto), t > to.

Thus, if we set

s:=t—1ty >0,
then

u(x,t) = (4ms)~ Y% exp (—lx_4:0|2> . (36)

This shows that the singularity is instantaneous in time: at ¢t = ¢y the solution is
measure-valued, but for every fixed ¢t > ty the solution is smooth in space.

4.2 Scaling of the solution

The heat kernel has the self-similar form

X — Xp

NG

Differentiating with respect to x gives

u(x,t) = s~ cp( ) L B(y) = (4m) W 2em WA, (37)

Vru(x, t) = s~4/2s /2, (’?) , (38)

where ¥,, is a polynomial times a Gaussian distribution function. Therefore
V™ u(x, t)] ~ s~%27™/2 % Gaussian factor. (39)

Taking the L? norm and using the change of variables

y:X:/EXO’ dx = 5% dy,
we obtain
2
m —d—m X —Xp
Iv u<.,t>|@2(w>~/ws ! \\Ifm( = )\ dx (40)
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— gdomgd)? / 0 ()2 dy (41)
]Rd

~ §Tmmd/2, (42)
Hence
V™ u(, )| p2ray ~ s~ ™/2 Y4, (43)
In particular, for m = 2,
lu(-,t)| gz ~ s~ 4, (44)

4.3 Finite volume approximation

Let up(-,t) be the semidiscrete approximation by the two-point flux finite volume
method of Section 2, i.e., uj, —Apup = 0 for t > to with up(to) = pn, on a quasi-uniform
mesh of size h. As explained in Subsection 2.2, low-order refers to this lowest-order
scheme with one unknown per control volume, piecewise constant approximations, and
two-point fluxes without reconstruction. For smooth solutions on the uniform meshes
considered here, it is second-order accurate in the discrete L? norm and first-order
accurate in the discrete energy norm || - ||energy = | - |1,n, Where both norms are applied
to the grid function P,u — uj that compares the cell averages of u with the discrete
solution, see Subsection 2.2. In this section, all error estimates are therefore stated for
Pju — uy, in these discrete norms.
Accordingly, for smooth functions, standard spatial error estimates for this scheme
have the form
||Phu('7t) - uh('a t)”h S h? ‘u('7t)|H2(Q)7 (45)

and, in a discrete energy norm,
[1Pnu(-st) = un(t)|lencray S Plul-, ) m2(0)- (46)

The point is that for every fixed t > tg, the heat kernel is smooth, so these estimates
apply. The only special feature is that the H? norm depends singularly on

s=t— to.
Substituting (44) into (45) and (46), we obtain
| Poul-,t) — up (-, t)||n < 271744, s=t—1ty >0, (47)

and
[P, t) = un (o) lencrgy S hs™ =44, (48)

~

4.4 Explicit rates in two dimensions

If d = 2, then (44) becomes
1) o~ 57502, (19)
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Therefore
| Phu(t) —un(t)|ln Sh2s™32, s=t—ty>0, (50)
and
[Pau(-st) = un (1) [eneray S hs™/2. (51)

Thus, in two dimensions, for every fixed positive time after the impulse, the spatial
finite volume method recovers the standard rates:

O(h?) in the discrete L? norm, O(h) in the discrete energy norm.

4.5 Explicit rates in three dimensions
If d = 3, then (44) becomes

() gz ~ s~ /4 (52)
Therefore
| Prul-,t) — un (- t)||n < RZ2sT/4, s=t—1ty>0, (53)
and
[Prul-,t) = un (o) lencrgy < hs™ /™. (54)

For the heat equation
Ut — Au = 5(,(07,50),

the low-order (two-point flux) finite volume method satisfies, for every fixed t > ¢,

R2(t —to) 32, d=2,
[Prult) —un( t)lln < (55)
R2(t —to)~ 7%, d=3,

and
lh'LL ';t — Up .7t energy ~o 56

For the piecewise constant function wuy,(-,t) itself, the L?(Q) norm of u(-,t) — up(-,t)
additionally contains the projection error, which is only of first order: by the Poincaré
inequality on each control volume and (43) with m = 1, |lu(-,t) — Pru(-,t)|[z2(q) <
Chlu(-, )| gy S h(t—tg)~1/2~4/4, and hence

(-, t) = un(,)lln2i) S A (t—to) 24 4 12 (t —to) =17/,

5 Finite Volume Error for a Heat Equation with a
Persistent Dirac Source

Proposition 2. Let Q CR? (d > 2) be a bounded domain and x¢ € 2. Consider

Opu — Au = 0y 11>y,  in Q% (0,7) u =20 on 09, u(0) = 0. (57)
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Let Ty, be a quasi-uniform admissible finite volume mesh and let Ky € Ty be the
control volume containing Xo; for the estimate of the discretization error (Step 5 of
the proof), we assume that Q, Tp, and xo satisfy Assumption (A) of Subsection 3.3,
or that the vertex-centered variant of Remark / is used. Define the reqularized source

1
ph = ——1g,.
| Kol ™°

Let u™ solve
Au™ — Au™ = iy 145y, uM]yq =0, u™(0) =0, (58)

and let uy(t) be the semidiscrete finite volume approzimation, uj, — Apup = pple>t,,
up(0) =0, see Subsection 2.2.
Then for every T > 0 there exists C > 0 such that for all t € [to + 7,7,

Ju(t) = un(®)llLr ) < Ch, (59)

Chllogh|Y/?, d=2,
[u(®) = un ()] r20) < { | og

60
Ch'/?, d=3. (60)

Moreover, for any compact K @ Q\ {xo},
[ Pru(t) — un(t)]| L) < C(R7),

where r is the order of the underlying F'V scheme for smooth solutions; for the piecewise
constant function uy(t) itself, the projection error ||u(t) — Pou(t)| ey = O(h) has
to be added, cf. Subsection 2.2.

Proof. We split the error as

uw—up = (u—u™)+ W —wup) =g, + &

Step 1: representation formula. Let Gp(t,x,y) be the Dirichlet heat kernel. Then

t
Gp(t—s,x,y)dyds.

¢
u(x,t):/ Gp(t — s,%x,%0)ds, u(h)(x,t):/

to to |KO | Ko
Hence

t
mixo = [ (GD@—s,x,xO)—l Golt—s5,%y) dy> ds.
to |KO| Ko
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Step 2: pointwise estimate. For |x — xg| > 2h, by the mean value theorem in y,

t

MM&MSC%/ sup |VyGpl(t - s,%,y)|ds.
to YEKo

Using the classical estimate
(o)
/ \VyGp(r,x,y)|dr < |x —xo| 7,
0

we obtain
Inn(x,t)] S hlx —xo|' %, |x — xo| > 2h.

Step 3: L! estimate. Integrating in polar coordinates,

1
2 ) < h/ ri=drd=ldr < h.
h

Step 4: L? estimate. Similarly,

1
HWW@@SWAP”M

which gives
hllogh|'/?, d =2,
[ ()]lz2 S {hl/Q, d=3.

Here the pointwise bound of Step 2 has been used for |x — xg| > 2h only. In the
remaining ball B, (xg), we use that fooo Gpl(o,x,y)do = G(x,y) is the Dirichlet
Green’s function of the Laplacian, so that Step 1 gives n,(t) = by, — E(t — to)bn
with by (x) := G(x, %) — |Ko| ™! fKo G(x,y)dy, where E(s) denotes the Dirichlet heat
semigroup. For s =t —tq > 7, we have ||E(s)bp| L) < C(7)||br|lL1 (@) < C, and on
Ban(x0) we have |by,(x)| < C(1+ |log(|x — xo|/h)|) for d = 2 (the constant 5-|log A|
cancels in by, as in (19)) and |by(x)| < C(|x — x| ™t + h~1) for d = 3. Hence the near
field contributes at most Ch for d = 2 and Ch'/? for d = 3 to the L? norm, and O(h?)
to the L' norm, so that the bounds of Steps 3 and 4 hold on all of Q.

Step 5: discretization error. The function u(") solves a heat equation with a
bounded source, but this bound degenerates: ||un|z@) = |Ko|™' ~ h~%, and the
higher derivatives of u") blow up near K as h — 0; for instance, [[u(® (t)|z2(q) ~
lpnllrz@) ~ h~%/2. Standard consistency estimates of the form [|&,(t)|r20) <
Chsup,<; [[u (s)| fr2() would therefore only give the useless bound O(h'~%/2). We
avoid derivatives of u(® near K altogether. Since &, = (u — up) — np, and 7y, has been
estimated in Steps 3 and 4, it suffices to estimate u — uy,.

Let uoo := G(+,%0) be the solution of the Poisson problem (12), and let u  be
its finite volume approximation, —Apuco r = fp; recall from Subsection 2.2 that the
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finite volume source vectors of dx, and of pup coincide. With the semigroup E(s) of
Step 4 and its semidiscrete counterpart Ej(s) := e***, Duhamel’s formula gives for
s=t—tg>T1

u(t) = oo — E(8) oo, Up(t) = Uoo,h — En(8)Uco,h,
and hence, with v(t) 1= E(s)uc and ep(t) := Pyo(t) — En(s)tco,n,
u(t) — up(t) = (Yoo — Uso,n) — (v(t) — Pyu(t)) —en(t).

(a) The first term is the error of the stationary problem, |[too —too,nllz2(q) < Chly
by Theorem 1. This is the only place where the singularity at x( enters, and Theorem 1
controls it through the flux errors of order one at the finitely many faces near xq
(Lemma 2) and the stability of the dual problem (Lemma 3), not through derivatives
near Xg.

(b) For s > 7, v(t) is smooth, and |[v(t) = Prv(t)| £2() < Chl[Vu(t)||L2) < C(7)h.

(c) The function e, starts from ep,(tg) = Phoo — Uoo,h, With |lep(to)|ln < Chéy,
by the proof of Theorem 1, and satisfies €}, — Ape, = pp, where, as in Lemma 1,
(pn(t),w)n = >, Te(t) Dew with the flux consistency errors 7.(t) of v(t). The stan-
dard first-order flux consistency of the two-point scheme [16] gives ||pn(t)]|—1,n <
Chlv(t)|g2(q), where || - ||-1,n is the norm dual to | - |1 4. Since us € HY4(Q) (in
fact, us € HP(Q) for all B < 2 — d/2), parabolic smoothing and H2-regularity on
the convex domain € yield [v(t)| g2(q) < Cl|Av(t)||L2) < C(t—to) ™8|t | gr1/4 (0 -
Using that Fj(s) is a contraction in || - ||, and the discrete smoothing property
| En(s)plln < Cs™2||p||—1.n, which follows from the spectral representation of the
symmetric operator Ay, Duhamel’s formula gives

len(®)lln < llen(to)lln + Ch/ (s — o)~ 126/8 dg < Chty, + O(1)h.
0

Combining (a)—(c) shows |[u(t) — up(t)||12(q) < Chly for t € [to + 7,71, and thus
1€n ()l 2(0) < Nlu(t) —un(t)]z2Q) + 1m0 (t)|| L2 (@) < Chey, which is the asserted order.
For the L' bound, the stationary errors in (a) and in ej,(t) are estimated in L' (2) as
in Remark 3, the propagation of () is controlled since Ej,(s) is a contraction in the
discrete L! norm (the matrix of —A}, is an M-matrix, and the scheme is conservative),
and the remaining terms are bounded by Ch in L?() and hence in L'(£2). Standard
finite volume consistency yields optimal rates on compact subsets K € 2\ {x¢}, which
gives the local estimate.

Combining both terms gives the result. O

Proposition 3 (Fully discrete FV error with backward Euler). Under the assumptions
of the previous proposition, consider time steps At > 0 and t, = nAt.
Let uj be defined by the backward Euler finite volume scheme
up — uz_l

o A = (61)
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with
n 07 tn < th
fh = {

Hhs  Tn 2 to-
Then for every T > 0 there exists C > 0 such that for all t,, € [to+ 7,T),

[ultn) = uilli@) < C(h+ Ab), (62)

C(h|logh|Y? + At), d=2,

tn) — up <
lu(tn) — upllr2) < {C(h1/2+At), d=3.

Moreover, for any K € Q\ {x0},
[Pru(ts) — upllex) < C(R" + At),
where 1 is the spatial order of the F'V scheme for smooth solutions; as in Proposition 2,

the projection error O(h) has to be added for uj itself.
Proof. Let Up(t) denote the semidiscrete solution. Then

ulta) = = (u = u)(ta) + (W (t0) = Vi (t0)) + (Un(ta) = 07).

Step 1: source regularization. From the semidiscrete analysis,

h|log h|*/?, d =2,
lu(tn) =™ ()l S hy ultn) = ul™ (t0)] 22 S {hl/z d=3.

Step 2: spatial discretization. The term u(") —Uj, is estimated as in the semidiscrete
case and does not exceed the same order.

Step 3: time discretization. Since Uj solves a linear parabolic problem with a
source that is constant for ¢ > t(, standard backward Euler estimates give

1Un(tn) — up| < CAL,

uniformly for ¢, > to + 7, with C independent of h. Indeed, as in Step 5 of the
previous proof, Up(t) = teon — En(t — t0)too,n, and u} = e n — r(—At Ap)Fus
with 7(A) = (1 + X\)~!, where k is the number of time steps since the source has
been switched on. The nonsmooth-data estimate supys [r(A)* — e~} < C/k for the
backward Euler method [20] gives ||Up(t,) — u}||n < C At (tn, — to) ™ [too,n|ln, up to
a shift of the switching-on time by at most one step, which causes an additional error
of the same order. Since ||too,n||n < || Prtioo||n + || Phtics — Uoo,n||n < C uniformly in h
by Theorem 1, the factor h~% in pj, does not enter the constant. O
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6 Stationary and Time-Dependent Numerical Tests

Analogous to the analysis, we present numerical demonstrations for a stationary test
case in Section 6.1 and a time-dependent test case in Section 6.2. All results in this
section, i.e., Tables 1 and 3 and Figures 1 and 2, were computed with the vertex-
centered variant of the two-point flux approximation described in Subsection 2.1, with
the injection site at a grid node. By Remark 4, Theorem 1 and Propositions 2 and 3
apply to this variant.

6.1 Stationary diffusion-reaction equation with homogeneous
Dirichlet boundary conditions

The stationary measure-valued test problem is given by the diffusion-reaction portion
of the time-dependent problem (1)

=V - (D Vu) = kdo(x) for x € Q, (64)
u(x) =0 for x € 092, (65)

on the domain Q = (—50,50)¢ C R? in d = 2,3 spatial dimensions. This problem
models a pollutant that diffuses with diffusivity D = 40 and is injected into the
domain at a single location. The injection is modeled as a point source by the measure-
valued Dirac delta distribution do(x) located at the center 0 of the domain Q with
constant injection rate k = 10. Analogous to the analysis, the boundary condition is
a homogeneous Dirichlet condition.

Here we present convergence studies for this test case. For smooth forcing functions
on the right-hand side of the stationary problem with an analytical solution u, the
expected second-order convergence uniformly for all spatial dimensions of the numer-
ical solution uy on a discretization with mesh size h is verified by computing the true
error u — up; the results are not included here since they are not novel. They do serve
to confirm that the formally first-order accurate boundary discretization does not pol-
lute the second-order convergence overall. For problems, whose true solution u is not
available, it is customary to use the numerical solution on the finest available mesh
as a reference solution u,.¢ in place of u in the norm of the errors. This procedure is
necessary for this non-smooth test problem. The error norm is computed in Matlab
by interpolating the numerical solution on the coarser mesh to the fine mesh of the
reference solution before computing their difference.

Table 1 shows, for 2-D and 3-D, the errors against the reference solution for several
uniform refinement levels » = 0,1,2,.... In parentheses are listed the convergence
order p.s; estimated as logarithm of the ratio between the error norms of consecutive
refinement levels

Pest = log, (”“’"‘1_“’“61’”) Cor=1,2,.... (66)
[wr — el

The result (31) in Section 3 leads us to expect O(h|log h|*/?) — O(h) as h — 0 in 2-D
and (32) to expect O(h'/?) = O(h%®) in 3-D.
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Table 1: Stationary diffusion-reaction
equation with homogeneous Dirichlet
boundary conditions and Dirac source
term: observed LZ-error against reference
solution (estimated convergence order) vs.
spatial mesh refinement in 2-D and 3-D.

2-D 3-D
T flur — urefH (Pest) [lur — u'refH (pest)
0 9.322030e-01 1.430697e-01
1 4.799837e-01 (0.9577) 1.004787e-01 (0.5098)
2 2.430508e-01 (0.9817) 7.117283e-02 (0.4975)
3 1.205341e-01 (1.0118) 5.086844e-02 (0.4846)
4 5.801228e-02 (1.0550) 3.618990e-02 (0.4912)
5 2.649574e-02 (1.1306) 2.373690e-02 (0.6085)
6 1.061522e-02 (1.3196) —_ —
Poissgn with Dirac forcing and Dirichlet BC in 2 di Poisson with Dirac forcing and Dirichlet BC in 3 di
107e EE ‘ -‘O‘-n‘o‘rr‘n‘oferror e TR ‘ -‘O-n‘orrr‘] o‘ferr‘or‘ ‘
0.12 —slope = -0.51034 |
0.1
% % 0.08
2: 10 z: 0.06
B g
Lo = 0.04
10—2 ()] D
10! 10° 107 10°
log(1/h) log(1/h)
2-D 3-D

Fig. 1: Stationary diffusion-reaction equation with homogeneous Dirichlet boundary
conditions and Dirac source term: observed log (||u, — uyef||)-error against log (1/h)
where the slope estimates convergence order in 2-D and 3-D.

We also show the convergence order estimate in the log-log-plot for 2-D and 3-D
in Figure 1 as a linear fit of log (||u, — uref||) against log (1/h), whose slope estimates
the convergence order.

We observe in both Table 1 and Figure 1 that the numerical convergence order
is approaching p = 1 for 2-D while close to p = 0.5 in 3-D, thus the values listed in
the table and the trends shown in the figure are consistent with the results presented
in Section 3 for 2-D and 3-D. Since the reference solution u,.s is itself a numerical
solution with an error of the same structure, as r approaches the reference level, w,
and u,.s become increasingly correlated, so ||u, — urcs| underestimates the true error
and the estimated order appears too large. This is particularly noticeable for r = 5
and 6 in 2-D (pesy = 1.1306 and 1.3196, respectively) and r = 5 in 3-D (pes; = 0.6085).
The orders should therefore be judged from the coarser levels.
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6.2 Time-dependent diffusion-reaction equation with
homogeneous Dirichlet boundary conditions

The time-dependent measure-valued test problem is given by the diffusion-reaction
equation (1) for the concentration u(x,t)

up — V- (D Vu) = K dg(x) for x € Q and 0 < ¢ < thpal, (67)
u(x,t) =0 for x € 9Q and 0 < t < tgpal, (68)
u(x,0) =0 forxeQatt=0, (69)

on the domain Q = (=50,50)¢ C R? in d = 2,3 spatial dimensions. The time-
dependent test problem is inspired by the model of pollution entering at an injection
rate Kk as a concentrated point source for 24 hours at the center 0 of the domain 2 and
diffusing with diffusivity D. The variables have the meaning and values collected in
Table 2. Analogous to the analysis, the boundary condition is a homogeneous Dirichlet
condition.

Table 2: Variables and their units for a pollution

example.
Variable  Definition Value and/or Units
d spatial dimension 2,3
x € R4 spatial position km
t time variable h
u(x,t) concentration of pollutant  kg/km?
Q spatial domain (=50, 50)4
L domain length 100 km
tainal time domain 24 h
D diffusivity coefficient 40 km? /h
K injection rate 10 kg/h
do(x) Dirac delta distribution 1/km?

Now, we present convergence results of the finite volume method for the time-
dependent diffusion-reaction equation with homogeneous Dirichlet boundary condi-
tions and Dirac source term still conforming to the semi-discretization developed in
Section 2. The implicit Euler with a small time step At = 1/128 and the conjugate
gradient method with a tight tolerance 10712 are used to ensure that their errors do
not obscure the spatial convergence behavior in (63) in Section 5.

Table 3 shows, for 2-D and 3-D, the errors against the reference solution for sev-
eral uniform refinement levels » = 0,1,2,... at three representative points in time
t = 4,8,12 during the transient simulation. In parentheses are listed the convergence
order p.s: estimated as logarithm of the ratio between the error norms of consecutive
refinement levels, estimated in the same way as described in the previous Subsec-
tion 6.1. As in the stationary results, the results (60) and (63) in Section 5 lead
us to expect convergence orders of O(h|logh|'/?) — O(h) as h — 0 in 2-D and
O(h'/?) = O(h®) in 3-D.
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Table 3: Time-dependent diffusion-reaction equation with Dirichlet
boundary conditions and one point source: observed L2-error against ref-
erence solution (observed convergence order) vs. spatial mesh refinement
at three points in time.

t=4 t=8 t=12
r lur —tregll  (pest) llur — uregll  (Pest) lur — urefll  (Pest)
diffusion with Dirac forcing and Dirichlet BC in 2 dim
0  4.429665e-01 4.394271e-01 4.467623e-01
1 2.150050e-01  (1.0428) 2.160408e-01  (1.0243) 2.235983e-01  (0.9986)
2 1.072135e-01  (1.0039) 1.082159e-01  (0.9974) 1.131661e-01  (0.9825)
3 5.422757e-02 (0.9834) 5.479832e-02 (0.9817) 5.756817e-02  (0.9751)
4 2.801808e-02  (0.9527) 2.828863e-02  (0.9539)  2.959463e-02  (0.9599)
5 1.491316e-02  (0.9098) 1.501291e-02  (0.9140) 1.549514e-02  (0.9335)
6 7.685259e-03  (0.9564) 7.707547e-03  (0.9619) 7.816026e-03  (0.9873)
diffusion with Dirac forcing and Dirichlet BC in 3 dim
0  1.384470e-01 1.385138e-01 1.386870e-01
1  9.838274e-02  (0.4929) 9.840875e-02  (0.4932)  9.854894e-02  (0.4929)
2 7.037154e-02  (0.4834) 7.038765e-02  (0.4835)  7.044464e-02  (0.4844)
3 5.060385e-02  (0.4757) 5.060914e-02  (0.4759)  5.062910e-02  (0.4765)
4 3.611849e-02  (0.4865) 3.611993e-02  (0.4866) 3.612553e-02  (0.4869)
5 2.372452e-02  (0.6064) 2.372477e-02  (0.6064) 2.372576e-02  (0.6066)

diffusgon with Dirac forcing and Dirichlet BCin 2 d diff(%l?ion with Dirac forcing and Dirichlet BCin 3 d
10 . .14g .

=O-erroratt= 4.0 0.12 =O-erroratt= 4.0
—slope = -0.9708 : —slope = -0.50106
<\ erroratt= 8.0 0.1 erroratt= 8.0
slope = -0.9689 slope = -0.50119
= =O-erroratt=12.0 — 0.08 =O-erroratt=12.0
5 ——slope = -0.96957 % —slope = -0.50161
2 10t ?_0.06
= =2
g g
= = 0.04 X
1072 |
107 10° 10" 10°
log(1/h) log(1/h)
2-D 3-D

Fig. 2: Time-dependent diffusion-reaction equation with Dirichlet boundary condi-
tions and one point source: observed log (||u, — urcs||)-error against log (1/h) where
the slope estimates convergence order in 2-D and 3-D.

Figure 2 shows the log-log-plot of the convergence order estimate and the linear fit
of log (||ur — ures||) against log (1/h), whose slope estimates the convergence order.

Both Table 3 and Figure 2 show the numerical convergence order tending to p =1
for 2-D, while close to p = 0.5 in 3-D across all three times t = 4,8,12. The values
agree with the expected values in the results of Section 5 for 2-D and 3-D. As in the
stationary case, the increase of p.s; at the finest level » = 5 in 3-D is due to the
self-comparison bias discussed in Subsection 6.1.
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