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Summary

A couple of different techniques for implementing the
variable resolution within numerical models of the atmo-
sphere that use quasi-uniform grids are estimated and com-
pared based on their merit in the simple linear advection
experiments. These techniques are: grid stretching, Schmidt
transforming and grid overlapping. The quasi-uniform
grids are: a conformal cubic and an octagonal grid. The
techniques for the variable resolution are evaluated from the
perspective of their effects on numerical solution and
the practicality of their application. Our analysis suggests
that the grid stretching is for now the most optimal choice.
However, a special form of grid overlapping is presented
that has potential to become a viable alternative in the
future.

1. Introduction

Quasi-uniform grids for discretization of the
sphere evade well known problems of the stan-
dard longitude-latitude grid caused by the con-
vergence of the meridians near the Earth’s poles.
Randall et al (1998) described the effects of close
zonal spacing of grid points near the poles on the
longitude-latitude grid as an ‘“‘excessive spatial
resolution”, which does not effectively exploit
computer resources. Typically, the areas around
poles are first over-resolved, wasting memory,
and then the impact of this over-resolution is
removed through polar filtering, wasting the

computer time as well. This is particularly incon-
venient on the contemporary distributed memory
computers, because the filtering operators tend to
increase the amount of inter-processor commu-
nications, and, being applied only to the areas
around poles, produce a computational imbal-
ance. Quasi-uniform grids on the other hand offer
a high degree of spatial isomorphism and repre-
sent an attractive alternative.

Following early papers of Sadourny et al
(1968), Williamson (1970), and Sadourny (1972),
a number of authors in the last decade or so
became interested in the development and appli-
cation of quasi-uniform spherical grids. These
grids are in the most cases derived by a spherical
expansion of different polyhedrons, that is, a cen-
tral projection from the center of a polyhedron
to the sphere circumscribed around it. Quasi-
uniform grids may be roughly classified in two
main groups, depending on the structure of the
basic grid element. They may be triangular (e.g.,
Baumgardner and Frederickson, 1985; Nickovic,
1994; Heikes and Randall, 1995a and b;
Nickovi¢ et al, 2002; Majewski et al, 2002,
Tomita et al, 2002) or rectangular (e.g., Ronchi
et al, 1996; McGregor, 1997; Taylor et al, 1997;
Adcroft et al, 2004). Grids with the triangular
basic element may imply an octahedral, icosa-
hedral, dodecagonal or tetrahedral spherical
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expansion. The rectangular grids may also
include a variety of different topologies, though
all the works quoted above actually deal with an
expanded spherical cube.

In this paper we will consider two special rect-
angular, nearly conformal, quasi-uniform grids:
cubic (Rancic et al, 1996) and octagonal (Purser
and Ranci¢, 1997), which are respectively shown
in Fig. 1a and b.

The conformal cubic grid is defined by a con-
formal transformation that numerically generates
coordinates on the faces of the spherical cube.
Coordinate lines smoothly pass across the edges,
avoiding an angular discontinuity that otherwise
would exist on the spherical cube. The conformal
octagonal grid is derived following the same
concept, with eight singular (corner) points re-
moved from the mid latitudes and arranged along
the equator.

The major objective of the paper is to evaluate
different strategies for implementation of the vari-
able resolution on the cubic and octagonal grids.

One of the reasons for exploring the variable
resolution is to find a more efficient alternative
for the classical sequential paradigm of the short
range weather forecast in which a high-resolution
regional model typically relies on, and has to
follow up, the integration of a separate, low-
resolution global model. Usually, the regional
and the global models have different numerical
approximations and physical parameterizations,
which may adversely reflect on the performance
of the regional model and there is no feedback
from the high-resolution regional to the driving
global model.

Another area for application of the variable
resolution is the regional climate downscaling
(e.g., Takle et al, 1999). These are typically very
long-time integrations in which a regional model

Fig. 1. Conformal cubic (a), and octagonal (b)
spherical grids

is forced through its lateral boundaries by a low
resolution climate model. There is a concern that
with progressing of time, the abrupt difference
in numerical propagation speeds of weather pat-
terns that exists in the global and the regional
model because of their different resolutions
may become one of the predominant sources
of errors in these experiments. The variable reso-
lution appears to be in this situation a viable
alternative (e.g., Deque and Piedelievre, 1995;
Fox-Rabinovitz, 2000).

The technique of grid stretching represents
presently the most extensively used method for
including the variable resolution in numerical
models of the atmosphere. Typical grid stretching
consists of a smooth and gradual increase of
density of the coordinate lines over specific loca-
tions of interest. The topology of the integration
domain remains identical as in the case of the
non-stretched grid and there is no discontinuity
of the grid lines. An equal amount of grid stretch-
ing applied in both horizontal directions (and
throughout the whole integration domain) pro-
vides a symmetrical change of dispersion proper-
ties around the high-resolution portion of the
grid and prevents deformation of the numerical
solution. So far, the grid stretching has been
mainly used in the context of classical spherical
longitude-latitude grid (e.g., Coté et al, 1993;
Fox-Rabinovitz et al, 2001, and the literature
cited there). In this paper, the technique of grid
stretching will be tested in the context of the
rectangular, conformal, quasi-uniform grids.

Another approach that will be considered in
this paper is asymmetric mapping, usually re-
ferred to as a Schmidt (1977) transformation.
This is an alternative way to continuously locally
enhance the grid resolution. Instead of directly
changing the density of the coordinate lines,
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we perturb the symmetry of the underlying grid
topology, which then in turn produces the effect
of stretching. A version of the Schmidt transfor-
mation that was developed for the octagonal grid
by Purser and Ranci¢ (1997) will be in this paper
carefully compared against grid stretching.

The third technique that will be to some extent
explored in this paper is a method of grid over-
lapping. The grid overlapping (e.g. Starius, 1980;
Chesshire and Henshaw, 1990) is a technique in
which the numerical solution is allowed to prop-
agate between different, mismatched grids via a
common overlapping area. The solutions from
different grids are brought together through the
use of the high-order interpolations and then are
coupled by the weight averaging. In comparison
to grid stretching, grid overlapping deals only
with the regularly spaced grids and avoids the
local anisotropy of the grid elements. Examples
of early applications in the atmospheric science
may be traced back to Phillips (1959), and
Browning et al (1989).

Our goal is to evaluate relative merits of these
techniques in application on the quasi-uniform
grids in a series of tests with the increasing level
of complexity. This paper presents an initial set of
linear advection experiments in which we try to
establish the preliminary idea about the relative
behavior of these techniques and develop neces-
sary numerical infrastructures. In all tests we use
the Takacs (1985) linear advection scheme which
is third-order accurate on the non-stretched grids
and applies directional splitting of Strang (1968)
to access the multidimensional case. Along the way
we address the issue of how the singular points
on the quasi-uniform grids may adversely affect
numerical solution of directionally split schemes,
and we suggest a solution to this problem.

Section 2 presents the numerical scheme that
will be used in the various tests throughout the
paper and shows the results of advection tests in
the plane. The results of test integrations on the
conformal cubic and octagonal grids and the new
technique for treatment of the singular points are
given in Sect. 3. Section 4 finalizes with the dis-
cussion and conclusions.

2. Tests on the plane

The purpose of tests in the plane is to explore and
to compare different techniques for the variable

resolution in the simplest possible context and to
develop a general framework for the algorithms
that will be applied on the quasi-uniform grids.
We consider both methods of the grid stretching
and the grid overlapping in these tests.

In the one-dimensional (1D) case we numeri-
cally solve the linear advection equation:

o
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ot Ox
Here, 1 is an advected quantity, ¢ is a constant
velocity of the flow in the x-direction, and 7 is time.

The finite-difference scheme Takacs (1985) is
in the case of constant flow at the variable reso-
lution defined by

n+1 n Hj n n
¢;+ :1/1j—51( j+1 j—l)

0. (1)

12
+71( o — 297 + )

L+ ) pi(pi — 1) n
= g g
+ 3¢ —¢,). (2)

The scheme is third-order accurate in the case of
uniform resolution. Here, the superscripts n and
n + 1 denote successive time levels, and subscripts
J—2,j—1,j,j+ 1 denote locations in space; j; =
cAt/Ax; is the Courant number; At and is the
time-step and Ax; is the variable grid interval
defined at the same locations as the scalar ).

In the general flow case at the variable grid,
Takacs scheme may be written using a mass
conservative flux form of a predictor-corrector

sequence:
Predictor:
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Here
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L+ [ 1
12 . 1
o= () A=
The variable Courant number is here defined as
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We assume a staggered grid distribution, where the
winds are separated from the scalar points and

defined in the middle of scalar grid boxes, at loca-
tions denoted as j 4= 1 /2. This formalism is slightly
different from the original Takacs (1985) formula-
tion, and is derived by a consistent application of
the variable resolution assumption. In our tests the
scheme did not work well without these modifica-
tions. It should be pointed out that the strict third-
order of accuracy is lost on the stretched grid.
However, using a moderate stretching is beneficial
for keeping the accuracy (not order) under control.
Also, the described staggering of the variables re-
sults in the increase of the effective resolution,
which compensates for the loss of the order.

In the two-dimensional (2D) case on the plane
we solve equation:

% (o200 ®

Here, ¢, and c, are components of a constant wind
in the x- and y-direction, respectively. Takacs

Fig. 2. Different grid layouts for the variable resolution. (a) Stretched grid,

c (b) overlapped grid (version 1), (c¢) overlapped grid (version 2)
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(1985) scheme is applied in 2D case through di-
rectional splitting, that is, two successive applica-
tions of 1D operator defined in (3)—(8). Arakawa
C-grid is used in all experiments as the most
convenient distribution of variables for a 2D gen-
eralization of Takacs scheme.

Besides a uniform grid, with the domain size
of 100 x 100 nondimensional units, three other
grids at a variable resolution are used in the tests:
one stretched and two overlapped (shown in
Fig. 2a—c). Note that though we use customary
term “‘stretch” to describe the grid with the
continuously increased resolution, we actually
do not “‘stretch” the resolution but instead add
new grid points.

Two low-resolution regions on the stretched
grid are located from 0 to 20 and from 80 to
100 units in each direction. The high-resolution
region is defined between 40 to 60 units and the
transitional regions with the linear change of the
resolution range from 20 to 40 and from 60 to 80
units, respectively in each direction. The global
stretching factor, (or just stretching factor)
defined as the ratio between the largest and the
smallest grid distance, is set to 2. The local
stretching factor, defined as a percent rate of
the local increase between two adjacent grid dis-
tances in the transitional region, is 2.5%. The
total number of grid points is 18,225.

Two settings are available for the construction of
the overlapped grid. Version 1 (shown in Fig. 2b)
is generated by overlapping a low-resolution
grid that covers entire domain except the central
are with x, y€[40, 60], and a high-resolution
grid located in the central area x, y €[20, 80],
where numbers in the brackets refer to non-
dimensional units. The domain that is covered by
both grids is the overlapping region. In our case
the overlapping region frames the central high
resolution area with the width of 20 units which
is the same as the width of the transitional region
on the stretched grid. The grid interval is 1.0 in
the low-resolution and 0.5 in the high-resolution
region. The total number of grid points is 24,481.

The second layout for the overlapping grid
(version 2) is more complicated. In a way, it
more closely emulates the layout of the stretched
grid with a series of regularly spaced grids.
Version 2 consists of four different types of re-
gions with uniform resolution as shown in Fig. 2c.
Type A has the low resolution in both x- and

y-directions. Type D has the high resolution in
both x- and y-directions. Type B has the high
resolution in the x- and the low resolution in
the y-direction, while the type C has the high re-
solution in the y-direction and the low resolution
in the x-direction. Similarly, there are two types
of the overlapping areas: those with two (T, in
the figure) and those with four (T4 in the figure)
grids covering the same area. In our tests, the size
and resolution of domains (A, B, C, and D) and
the overlapping areas (T, and T4) are chosen
consistently with the first overlapping layout
and with the stretched grid (that is, the size of
domains is 20 x 20 units, and the high resolution
has grid size 0.5). In this way, all three layouts
make a consistent framework. The total number
of grid points at this overall layout is 41,209.

In the 1D case, values in the overlapping areas
are updated according to formula:

new __ old

) = ¥ + (11— a)pp)- (10)

Here, 1/121(‘}1) is the value within the overlapping

area of one of the low-resolution regions (or
high-resolution) before I{lixing; 2?1‘3) is the new
value after mixing and () is the value at this
same location derived by interpolation from the
high (or one of the low-resolution) region. In this
paper, we use the Sth-order Lagrangian interpo-
lations. The weight factor « is a nonlinear func-

tion of a nondimensional distance ¢

1 4

a—2{1+ﬂarctang}. (11)
Here, ¢ = (2x — x; — x) /(x, — x;), where x; and
x, are the coordinates of the left and the right
boundary of the coupling region, respectively.
When applied to the low resolution, « is equal
to O at the ends of the overlapping areas toward
the high resolution and to 1 at the opposite ends.
In principle, the same method applies to the high-
resolution solution, with the different orientation
of distance <. In our tests we further refine this
technique by imposing that only a portion (p) of
the high-resolution grid points in the overlapp-
ing area located near the boundary uses the de-
scribed method for coupling from the low to the
high resolution. When p is equal 1, the coupling
is symmetrical. When p is 0, the low resolution
domain provides only end boundary conditions
for the high resolution domain. In this way
we enforce an asymmetric interaction between
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Fig. 3. Shape of the wedge after 5 rotations in the normal

differently resolved areas, that is, a stronger
influence from the high on the low resolution
than vice versa. In 2D case, the mixing ratios
are first calculated for each direction separately,
and then multiplied in order to get the final value.
We designed an experiment in which a wedge-
shaped scalar perturbation with unit height and
base of 10 units is translated at a constant wind.
Two series of tests have been performed with the
translation in the normal direction (at the speed
equal to 1.0) and in the diagonal direction (at
speed equal to 1.41). The time-step in all tests
is 0.2. Periodic boundary conditions are applied.
The solutions after 5 translations in the normal
x-direction on two different overlapped grids are
shown in Fig. 3a, b. The shape of the version 1 of
the overlapped grid has larger amplitude in the
center, and smaller amplitude outside as a con-
sequence of different numerical dispersions. This
is effectively avoided by the layout of version 2
of the overlapped grid. The solution on the
stretched grid has a very similar shape as the
solution on the version 2 of the overlapped grid,
with the uniform amplitudes in the y-direction.
The diagnostics [/; is calculated in all tests,
except for the version 1 of the overlapped grid,
which is clearly inferior as discussed above. It is
defined following Williamson et al (1992) as

direction: (a) Version 1 of the overlapped grid, (b) version 2 f |¢ _ le dx
of the overlapped grid L= W (12)
T
0.25 T T
uniform grid
— - — - stretched grid
overlapped grid p=1.0
ookl ™7~ overlapped grid p=0.5 ]
’ overlapped grid p=0.0

L1

0.1

0.05

0 10 20 30 40 50 60 70 80 90 100 Fig. 4. Diagnostics /; in 2D tests on the plane

Time

with translation in the diagonal direction



Variable resolution on quasi-uniform grids 103

Here 1) is a numerical solution and 7 is an ana-
lytic (true) solution. In the overlapping areas /; is
evaluated from the low-resolution solution.

The diagnostics generated in the diagonal tests
are shown in Fig. 4. This result is somewhat bet-
ter than the one in the normal direction because
of the implied higher resolution. The smallest
resolvable wave in the diagonal direction is
\/i/ 2 shorter than that in the normal direc-
tion (e.g., Mesinger and Arakawa, 1976). The
stretched grid improves the results in comparison
to the uniform grid, though it performs system-
atically somewhat worse in comparison to the
tests on the version 2 of the overlapped grid. In
the absence of formal wave analysis, we specu-
late that this is a consequence of the local aniso-
tropy of resolution on the stretched grid.

Based on these results, we draw three major
conclusions: (1) stretched grid improves the solu-
tion; (2) version 2 of the overlapping grid is in
the context of our tests generally somewhat bet-
ter than that of the stretched grid; (3) version 1 of
the overlapped grid is not a good candidate for
the local enhancement of resolution.

Based on the format of these tests and judging
only by the performance, it appears that the
version 2 of the grid overlapping should be the
technique of choice for the variable resolution.
However, the total number of grid points on the
overlapping grid is much higher than on the
stretched grid, which means that the overlapping
grid consumes more computing memory. Also,
there is a computational overhead involved in
coupling the solutions on the overlapping grid,
and, related to this, an increased amount of com-
munications among processors on a contemporary
distributed memory computer. And finally, but not
completely insignificant, coding on the overlapping
grid is more complicated and time consuming.

Because of all of these reasons, we decided to
proceed only with the grid stretching in this
paper. However, we note that the version 2 of
the grid overlapping, in spite of all mentioned
problems, should not be overlooked, because of
its potential to deliver better numerical solution.

3. Tests on quasi-uniform grids

The coordinate lines on a quasi-uniform grid are
not orthogonal and hence the general curvilinear

coordinate system needs to be applied in order to
describe the scalar equations of motion (e.g.,
Sadourny, 1972; Rancic et al, 1996). Within this
system, the base vectors are defined as

OR OR
_aa 32_8_}77 (13)

where R denotes the vector of the absolute
Cartesian coordinates (X, Y, Z).

Wind vector can be expressed in terms of
contravariant (i, v) and covariant components
(u, v). Here, only contravariant components are
relevant for the linear advection test, and they are
defined by

V = na; + va,. (14)

Metric coefficients of the transformation are
defined by the scalar product of the base vectors:

a)

qu:ai-aj l,]:1,2 (15)

The absolute value of the Jacobian of metric
coefficients, G, is proportional to the surface ele-
ment on the sphere:

G = |a; xay| = /Det(q;j) = dS/(dxdy).  (16)

A more detailed description of general curvi-
linear coordinates can be found, for example, in
the classical textbook by Fletcher (1991).

The flux form of the advection equation can be
written in the general curvilinear system as

o 1 [0(Gup)  O(Giy)
E:_E{ ox dy } (17)

As in the tests on the plane, we use the direc-
tional splitting and a C-grid version of Takacs
(1985) scheme for numerical integration. The
layout of the C-grid is chosen so that the wind
components are located on the edges of the faces
pointing across the edges (that is, #-component
along vertical edges, aligned with the y-axis, and
v-component along horizontal edges, aligned
with the x-axis), so that there are no grid points
defined at the corners. Formulas in Egs. (3)—(8)
describing the advection scheme remain the
same, but Ax; is now replaced by G, and instead
of ¢, and ¢, we now use uG and vG, respectively.

Two linear advection tests are performed, in
which a perturbation of a passive scalar is rotated
around the sphere. In the first one, proposed as a
benchmark by Williamson et al (1992), a cosine
bell of a passive scalar is advected at the rate of
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one rotation per 12 days. In the second one, the
cosine bell is replaced with a cosine wedge, but
the same wind field is used. This test is applied
only on the octagonal grid. In both tests, the ana-
lytical solution consists of the initial perturbation
that rotates without change of the shape.

A set of diagnostics proposed in Williamson
et al (1992) is calculated and graphed as function
of time. These diagnostics are: normalized global
errors: [y, I, I, normalized mean, variance, and
maximum and minimum difference between ana-
lytical and numerical solution.

We will first present the problem related to the
singular corners on the quasi-uniform grids, and
then the results of test integrations on the cubic
and octagonal grid.

3.1 A “corner problem” on the quasi-
uniform grids

Both the cubic and the octagonal grid have eight
unique, singular points that break general iso-
tropy of the grid structure. The uniqueness of
the singular (or “corner’) points is expressed

0.5 ‘
- =N
— =2
0.4 linf ]
mean
var
03F _  ax -
— — —min _

-0.2 L L L L L
0 50 100 150 200 250
a Hours
0.5
---n
- =12
0.4 B

linf
mean
var

Fig. 5. Diagnostics derived in the rotational
test on the cubic grid when perturbation moves

250 across the corners: (a) before, (b) after applying

modification
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not only by the different number of grid boxes
that surround a grid point (3 instead of 4 as else-
where) but also by the irregularity of the size and
shape of the grid boxes in the vicinity of the
corners.

A typical mechanism of the false forcing
near the corners is discussed in more details
in the Appendix. The linear advection experi-
ment on the cube is used here to illustrate the
essence of the problem. The direction of the
rotation is chosen so that perturbation first
moves diagonally across one face of the cube,
goes along the edge of two neighboring faces,
and then finishes its path in the identical man-
ner on the opposite side of the cube. In this
way, the perturbation has to pass across 4 cor-
ners. The diagnostics derived in this test are
shown in Fig. Sa.

Two “bumpy” diagnostics, [y and e,y are
defined as

Max|t) — 9|
Max (vr)

e — (Max(w) — MaX(d)T)) (18)
" (Max(¢pr) — Min(yr))

They are both related to the peak of the perturba-
tion. The bumpiness expresses the fact that while
crossing over the corners, the numerical solution
experiences a sudden change (gain) of the max-
imum value. Most of other diagnostic variables
are related to the average values and therefore do
not react that much to the extreme local forcing
as [iyr and e«

A new technique is applied in this paper in
order to solve the problem. The grid is modified
in such a way as to enforce parallelism of the
sides of grid boxes near the corners. This tech-
nique at the same time reduces a sudden change
of resolution, but produces a small overlapping
of the three neighboring faces across the corners.
The modified grid is shown in Fig. 6.

Only four grid boxes surrounding the corner
(as shown in the picture) are modified on the
“visible part” of the face. New grid boxes are
successively formed by requiring that two sides
of a box that lay closer to the corner become
parallel to the two opposing sides that remain
fixed. For example, using notation from Fig. 6,
we first modify sides c¢; and b; of the box A, in
such a way that they become parallel to the sides
co and by, respectively. Furthermore, we modify

lint =

Fig. 6. Modified conformal quasi-uniform grid near the
lower-left corner

sides ¢, and a; of the box B, and sides d; and
b, of the box C, so that they become parallel to
the opposing sides c¢; and ay, that is, dy and by,
respectively. Finally, we modify sides d> and a;
of the box D, so that they become parallel to the
sides d; and a; derived in the previous iteration.
Additional grid boxes close to the corners within
the ““invisible part” or “halo’ of a face (the space
from which come the boundary conditions) are
constructed in the similar way, so that now the
corner box loses its uniqueness and becomes
equal to all other grid boxes in the domain. This
method increases the size of the smallest grid
boxes around singularities. However, each face
is now overlapping with two other neighboring
faces across the corners, and we need to interpo-
late and exchange values between the overlap-
ping areas. We use here the simplest, linear
interpolations, taking advantage of the close
proximity of the grid points involved in the inter-
polations. The overall amount of overlapping
(and consequently the computational overhead)
is actually very small and limited to just several
grid boxes around the corners. Out of the mod-
ified grid boxes, coordinate lines smoothly flow
from one face of the cube/octagon to another.

The results of the rotational test over the corners
on the modified cubic grid are shown in Fig. 5b.
The “bumps” are now completely removed. Simi-
lar results are derived on the octagonal grid.

3.2 Variable resolution on the cubic grid

The uniform cubic grid that is used in the control
tests has 40 x 40 grid points on each face, total-
ing to 9,600 grid points on the whole sphere. This
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is rather a small resolution in comparison to the
prevailing resolutions of the contemporary global
models, but it may faster reveal the nature of the
potential problems. The time-step in all experi-
ments is 10 min.

Grid stretching is applied on two opposing
faces of the cubic grid. On each of these two
faces the same portion of the domain is covered
with the low resolution, high resolution and the
transitional areas, exactly as it was done in 2D
tests on the plane. On the remaining four faces,
the grid lines are automatically stretched only in
one direction and stay uniform in another. The
grid spacing on the low-resolution is the same

T

i)

Y
I
[

Fig. 7. Stretched cubic grid

as on the uniform grid. The global stretching
factor is equal to 2, and the local stretching is
6%. Figure 7 shows a face of the cubic grid on
which the stretching is applied in both directions.

In the control run in the normal direction, the
cosine bell propagates across the middle of
4 faces, passes across 4 edges and returns back
to its original position. Figure 8 shows the diag-
nostics generated in this test. The slight waving
of the curves is a consequence of increase of the
resolution near the edges of the conformal cube.

Rotation in the normal direction on the
stretched grid is done in two different ways. In
the first test the perturbation moves across both
faces which have resolution enhanced in two
directions (as shown in Fig. 7). In the second test
the perturbation is going around the cube effec-
tively avoiding these two faces. However, note
that precisely in this second trail the perturbation
is passing over 4 areas where the resolution is
enhanced in the direction of propagation! Thus,
in a way, this second test emulates the situation
in which all 6 faces on the cube would have
locally enhanced resolution. Diagnostics gener-
ated in these two tests are shown in Fig. 9a and b,
respectively.

As before, the grid stretching significantly
improves overall performance. The results are
especially better in the case of advection over 4
areas with the high resolution in the direction of
propagation, as one may expect.

0-5 T
---n

0.4r

linf
mean
var

Fig. 8. Diagnostics of the cosine bell test on the

250 cubic grid with uniform resolution (normal di-

rection of rotation)
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Fig. 10. Two different topologies for the octagonal grid

Fig. 9. As in Fig. 8, but for the stretched grid
with perturbation passing over (a) 2, (b) 4 areas
with the high resolution in the direction of prop-
agation
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Fig. 11. Octagonal grid with variable resolu-
tion: (a) stretched, (b) Schmidt transformed

Fig. 12. Diagnostics in the cosine bell test
on the octagonal grid: (a) uniform resolution,
(b) stretched grid with the stretching factor 2.0,
(c) stretched grid with the stretching factor 8.0,
(d) Schmidt-transformed grid with the stretch-
ing factor 2.0
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Integrations in the diagonal direction, that is,
over the corners, revealed the problems that are
already discussed in Sect. 3.1. Rotation at the
variable resolution shows the similar improve-
ment as the rotation in the normal direction.

3.3 Variable resolution on the octagonal grid

The octagonal grid is designed by a conformal
mapping between two back-to-back octagons and
a sphere (Purser and Ranci¢, 1997). There is
more than one way to formulate the map space
on the octagonal grid. Two basic topologies that

Fig. 12 (continued)

are twisted versions of each other, A (with
14 panels) and B (with 28 panels) are shown
respectively in Fig. 10.

The coordinate stretching on the octagonal
grid can be applied only over the shaded panels
in these figures, because the coordinate lines that
are passing through other, non-shaded panels do
not have a symmetrical position on two octagons
that comprise the whole grid. For example, an x-
coordinate on the left octagon that is close to the
center converts into a y-coordinate close to the
edge on the right octagon, and vice versa. There-
fore, the topology B is probably better choice for
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the application of grid stretching because of the
larger area that could be used for stretching
(24 out of 28 panels, that is, 85.71% of total
domain, as opposed to 10 out of 14 panels, that
is, 71.4% on topology A). Therefore, only topol-
ogy B is used in this paper.

On the octagonal grid we compare the stan-
dard grid stretching against the Schmidt (1977)
transformation. The uniform grid that is used in
control tests has resolution of 19 x 19 x 28 =
10108 grid points, which is a similar, though
somewhat higher resolution than that on the uni-
form cubic grid.

The stretched grid is formulated in such a way
that the area with the high resolution has the size
of one panel, and is located at the center of each
octagon, covering one quarter of each of the four
central panels (see Fig. 10b). The rest of these
four panels are used as the transitional regions.
Outside of them the resolution is low and uniform
in the direction normal to the sides of the octa-
gons. We ran the cosine bell test with the couple
of various stretching factors in order to estimate
the effect of stretching, starting with the global
stretching set to 2 (local stretching equal to
5.3%) and finishing with the global stretching

set to 8 (local stretching equal to 9.6%). The octa-
gonal stretched grid is shown in Fig. 11a.

The tests with the Schmidt transformation are
run on the grid with the same number of grid points
as the uniform grid. Within this method the two
octagons are mapped asymmetrically onto the
sphere, so that the one with the higher resolution
occupies a smaller area (Fig. 11b). The stretching
factor of the Schmidt transformation is 2.

In all of these tests (at the uniform, the grid-
stretched and the Schmidt-transformed grid), the
cosine bell starts at the edge of one of the octa-
gons, passes through the centers of both octagons
and returns back to the initial position after one
full rotation. On the stretched grid, the cosine
bell is going through two areas with the enhanced
resolution, while on the Schmidt-transformed
grid it goes through one area with the high-
and one with the low-resolution. Evolution of
diagnostic curves generated in these tests is
shown in Fig. 12a-d.

The results on the uniform and stretched grid
are very similar to those on the cubic grid.
Further increase of the stretching factor improves
the results (approximately up to value of 8.0),
with the diagnostic curves flattening over the

1 1 1

1
a -150 -100 -50 0

T T T T

1 1 1 1 1 1

Fig. 13. Cosine wedge after 108 hours of in-
tegration on the octagonal grid with variable
. resolution (a) Schmidt transformation, (b)

b -150 -100 -50 0 50 100

150 stretched grid
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high resolution areas. However, the Schmidt
transformation does not perform well in these
tests. Although the errors over the high resolution
area on the Schmidt transformed-grid are initially
smaller than the errors on the uniform grid, they
suddenly become much worse over the low reso-
lution portion, which is about two times less
resolved than the uniform grid.

Another drawback of the Schmidt transforma-
tion is the similar problem as the one encountered
at the locally overlapped high-resolution domain
described in 2D test on the plane. If the pertur-
bation is large enough to pass simultaneously
through both the high- and the low-resolution area,
different portions of the perturbation will experi-
ence different dispersion errors, resulting in a
strong distortion of the amplitude of the solution.

In order to illustrate this problem, we ran the
rotational test with a wedge of the passive
scalar on the Schmidt-transformed grid and the
stretched grid, respectively. The stretching factor
on the Schmidt-transformed grid is set to 3.3.
The shape of the wedge after 108 hours of inte-
gration (just after it moves through the high-reso-
lution region of the Schmidt-transformed grid) is
shown in Fig. 13a. The outlined circle in the cen-
ter is the high-resolution region (the smaller of
two comprising octagons).

The wedge after 108 hours in the test on a
stretched grid with an equivalent stretching fac-
tor of 3.3 (with local stretching of 7.5%) is
shown in Fig. 13b. The octagons are now of the
same size. The solution on the stretched grid pre-
serves uniformity of the solution in the latitude.
At the same time, it has generally smaller disper-
sion than the solution on the uniform grid (not
shown here).

4. Discussion and conclusions

In this paper, we have investigated three different
techniques as the candidates for introducing the

variable resolution within the model operating on
a rectangular, conformal, quasi-uniform grid.
Based on the performance both in the plane and
on the quasi-uniform grids, we concluded that
the grid stretching is for now the most optimal
choice for the task. The Schmidt-transformed
grid and the local grid overlapping (version 1
in this paper) are completely eliminated from
further considerations, because these two tech-
niques show clearly inferior results in our tests.
This is unfortunate, because both these grids
have high versatility, low computing demands,
and are relatively simple for implementation.

The version 2 of the grid overlapping showed
the best results in our tests, but is for now put
aside being too demanding in terms of comput-
ing memory and programming effort involved.
However, we emphasize once again that, unlike
the grid stretching, the grid overlapping pre-
serves a local isotropy of the grid, and remains
in the center of attention for some future study.

In Table 1, we calculate a relative efficiency of
the methods for the variable resolution in com-
parison to the overall high resolution. We define
this efficiency as the percentage rate of the num-
ber of grid points at the variable resolution nor-
malized by the number of grid points at the
global high resolution. We consider only the grid
stretching and the consistent version 2 of the grid
overlapping, which is derived by assuming that
the common area on the overlapping grid has the
same size as the transitional area on the stretched
grid, and that the low and the high resolutions are
the same as on the stretched grid. Calculations
are done for the stretching factors ranging from
2 to 6. When the percentage rate is close to 100,
the method requires similar amount of memory
as the overall high resolution, and therefore
becomes redundant. The smaller the percentage
rate, the more favorable is situation in terms of
saving the memory in comparison to the global
high-resolution scenario.

Table 1. Percentage rate of the number of grid points at variable resolution normalized by the number of grid points at overall
high resolution on the cubic and octagonal grids for different stretching factors

Stretching factor 2 3 4 5 6

Cubic overlapped 66.67 44.30 34.67 29.39 26.07
stretched 39.67 2533 19.25 15.95 13.89

Octagonal overlapped 83.93 62.70 53.13 47.71 44.25
stretched 50.45 37.30 31.36 28.00 25.84
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The results from Table 1 show that the grid
stretching is systematically more efficient than
the grid overlapping. The efficiency of both
methods improves with the increase of the
stretching factor. At the same time, the advantage
of the grid stretching is becoming smaller. Both
methods are more efficient on the cubic than on
the octagonal grid.

All our tests have been done without artificial
diffusion (or filtering) which is usually applied in
the case of variable resolution in order to mini-
mize the adverse effects of the internal reflection
of waves caused by the irregularity of the grid
(e.g., Vichnevetsky, 1987). Inclusion of such fil-
tering may further improve the results. In princi-
ple, one can define a more sophisticated change
of the grid interval in the transitional region of
the stretched grid instead of the simple linear that
is used in out tests. We indeed ran the prelimi-
nary tests using the nonlinear function from (11)
to define the transitional region, but in the frame-
work of our linear experiments, we did not notice
any substantial improvement.

The suggested new technique for treatment of
corners on the quasi-uniform grids successfully
eliminates the problem previously observed in
our tests. Part of the problem is related to the
method of directional splitting used by the advec-
tion scheme in 2D case.

The new technique for handling corners intro-
duces a small amount of overlapping of the faces,
and consequently some computational overhead.

In the case of linear advection, the overhead is
really small and limited to a couple of grid points
around the corners. For comparison, in the case
of a full gnomonic cube of Ronchi et al (1995),
overlapping and double calculations over the
same areas may involve up to 20% of the com-
putational domain, almost wiping out the benefits
of the larger time-step. In our case the introduced
modification actually improves (for about 40% in
average) the grid aspect ratio, defined as the ratio
between the grid distance of the smallest and the
largest grid box. As an illustration, Fig. 14 shows
the aspect ratios on the cubic and the octagonal
grids before and after modification in function of
resolution.

The introduced technique for handling the cor-
ners in the linear advection tests does not auto-
matically guarantee conservation in remapping
between the original and the modified grid. In
principle, one can start this modification deeper
inside the face, which may further improve the
aspect ratio of the grid, but broaden the overlap-
ping area between faces. Alternatively, one can
apply the same technique on the ‘“‘smoothed”
versions of these grids (Purser and Rancic,
1998), which were introduced with the idea to
increase uniformity of the quasi-uniform grids
by relaxing the conformality constraint. In both
cases the common area covered by the three
neighboring faces would be much larger, and
there would be need to apply higher order inter-
polations. A candidate for this task may be some
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Fig. 14. Aspect ratio on the cubic and the oc-
tagonal grid before and after modification as
function of resolution
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variation of the cascade interpolations that would
consist of a series of successive applications of a
1D interpolator. Beside computational efficiency,
such an approach may have potential to maintain
conservation of the interpolated variables along
the line of ideas on conservative remapping sug-
gested in the context of semi-Lagrangian frame-
work (e.g., Ranci¢, 1995; Leslie and Purser,
1995; Zerroukat et al, 2002). However, the ex-
ploration of this issue is left for a future research.

In future, we intend to apply the grid stretch-
ing, first in the more complex test experiments,
and then in the full 3D model.

Appendix

Some more details about the corner
problem on the quasi-uniform grids

Corner points introduce two major problems

The first of them is explained with the aid of Fig. 15. When
updating values at the grid points located close to the cor-
ners, the x- and y-directional fluxes may actually come not
from the normal directions, like in the rest of the domain,
but rather from almost parallel directions! As schematically
shown in Fig. 15, when perturbation is coming from the edge
between the faces B and C, it is actually taken into account
twice in calculations at the grid box located in the corner of
the face A. This explains some of the sudden overshoots
from the regular pattern revealed by the diagnostics in Fig. 5.

The second effect that contributes to the bumpiness of
diagnostics is a well known problem of splitting. Grid boxes
located next to the corners lose parallelism of their opposing
sides. The divergence in one direction is proportional to the
difference between normal wind components at two oppos-
ing sides of this box. Since these sides are not parallel to
each other, the divergence is not equal to zero, even if the
flow is constant and non-divergent. The same applies to the
other direction. Thus, the grid geometry by itself falsely

Fig. 15. Mechanism of overshoots in the diagnostics (see
text for details)

generates the divergence in each pass. (Note however, that
if a full 2D scheme, that does not need the directional split-
ting, is applied, the divergence would be equal to zero,
because the errors from both directions would exactly com-
pensate each other).

The new method for treatment if singular points success-
fully eliminates both of these problems.
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