Math 441, Introduction to Numerical Analysis
Fall 2006

Homework 2 — solutions to selected problems

1. Prove that forallz € R, e* =1+ 1z + 2—? + :g—? + ..., by showing that
the remainder R, (x) = e* — T}, (x) converges to 0 as n — oo, where
T,,(z) is the n'* Taylor polynomial of e* around 0.

solution:
The Lagrange form of the remainder is:
_SIE)
Bn(w) = (n+1)! S

with € € [0,z] or [z,0] depending on whether 0 < z or x < 0. Since
fInt(g) = ef, we have fIrtl(€) < e if 2 > 0, or fIPH(g) < 1, if
z < 0. In either case |1 (€)| < C(z), with C(x) being a constant
independent of n. Hence

’x‘nJrl

(n+ 1)’

| Rn(2)| < C(x)

n+1

and the sequence a,, = % converges to zero because
lim ap41/a, <1
n—oo
(what is the limit?).
2. Which of the following are true (justify your answers)?

(a) zy =O0(Va*+y?) as (z,y) — 0.
solution:
In the neighborhood (—1,1) x (—1,1) of (0,0) we have |z| <

Va2 +y? and |y| < 1, therefore

[y < \Ja2+y?

The answer is ’yes’.



(b) Va2 +y% = O(zy) as (z,y) — 0.
solution:
Assume that in a certain neighborhood of V' of (0,0) we could
find a constant C' such that /2?2 +y?> < Clay|. There exists a
number § > 0 such that (4,0) € V. However, v§2 + 02 > C§ - 0,
which contradicts the assumption. The answer is 'no’.

3. Write a Matlab function that computes In(x) with a given approxima-
tion from the formula

2?2 23 ot

In(1 =r— — 4+ — — — +....
n(l+z)=x 2+3 4+

Verify your answers against the Matlab provided In function for three
numbers of your choice (pick numbers in the interval where the se-
ries converges). The header of the function is the following function
value=logtaylor(x, delta). Write your function such that the sum
contains no more than 10* terms.

solution:

The key item is the Lagrange form of the remainder R,,, namely

A+~

R =(-1)"
o) = (-1 ,
which, for x > 0 leads to the estimate
xn+1
R < .
Fae)| < 75

This means that, in order for |7, (z) —In(1 + )| < 4 it is sufficient for
the next term in the series to be < §. Please find the code under
the ’Codes’ tab of the course webpage. Runs:

Type: abs(log(1.6)-logtaylor(0.6, 0.001));

result: 0.00039168.

Type: abs(log(1.6)-logtaylor(0.6, 0.0001));

result: 3.5903e-05.

Type: abs(log(2)-logtaylor(l, 0.001));

result: 0.00050025.

Note that the result is always smaller than the prescribed error (§),
unless more than N = 10% are needed.

4. Compute the Taylor polynomials Ty, 17, T, T3 of the function f(x,y) =
In(z + y) around the point (z,y) = (1,0).



solution:

To(l‘,y) = 0;

Ti(,y) = (-1)+y;

Tywy) = (= 1ty— 50— 12— @1y 59
Ty(ey) = (-1 +y— 517~ (@ —1y— 50

1 |
ty@ =1+ (@ = 1DPy+ (- Dy’ + 207 ;

5. page 14, exercise 36.

solution:
We have
T T JE: ) BRI e
5 = 5 — 5 —_ R 5 —
v 507 T\ 2.25° " ’
with & between x and 32. For zg = 31.999999 we obtain
1 1
52— ——107°
v 16-5
The remainder can be estimated by
|Ri(zo)| < 2302 21012,
=250 25 - 29

6. pages H1-53, exercise 10
solution:
r =23 42719 42722 = 23(1 42722 1 272%), By discarding all digits
after the 23" one we obtain

ro=2%(1+27%%) .
Then
Ty = 23(1 _*_2722 + 2723) .
Since # —z_ =272 and 24y — z = 272 we have fl(x) = x_. Hence

the absolute round-off error here is |z — fi(x)| = 2722, and the relative
round-off error is

|z —fi(x)| 222 272

= = <272
|| 22(1+2724272) 14272422




