Why are you showing mathematical properties? (again)
e You will be solving complex division/power problems
e You will need below as a tool to help you solve faster
¢ using these to solve Proofs!! (by Induction)

Exponents

e used as shorthand for multiplying a number by itself several times

e used in identifying sizes of memory

e determine the most efficient way to write a program

Exponent Identities

x?xP=x@*h)
x*y?=(xy)®
(xa)b=x(ab)
x@*h) =y (@a+b)

x @B =x2xP

xaxb=x(a+b)

x?y?®=(xy)*

(xa)b=x(ab)

x @®) = b™ root of (x?) = (b™ r(x) )?
x@=1/x2

x@-P) = x2 x"




Logarithms

e always based 2 in CS unless stated

e used for
o conversion from one numbering system to another
o determining the mathematical power needed

e base 10 to base 2, converted to a formula

Logarithmic Identities

logy(1) =0

logy(b) =1

logs(x*y) = logp(x) + logs(y)
logs(x/y) = logp(x) - logs(y)
logu(x") = n logy(x)

logs(x) = logp(c) * loge(x) = logc(x) / logc(b)




Summations

¢ an integral of a function from one variable to a closed interval

Reading Sigma Notation for Arithmetic

start at this value
go to this value -~

>

n=1

Zﬁj A = AN+ 42+ 43+ 4 +4( 5 + 4(8)

Bl

=4 +B+12416 + 20+ 24
— 34

e a function could be broken into several summations
o makes it easier to match some of the shortcuts below

Breaking up Summations

JELL) 10 1) 1M} 1}

Y (4+3) =Y 4+Y 3i="4 +3(Z-:‘)

=1 1=1 =1 1=1 1i=1




Mathematical Series (shortcuts)

e arithmetic series
ol+2+3+4...+N

Reading Sigma Notation for Arithmetic

start at this value

go to this value ~y
4

n=l

Zﬁ; Ao = A1)+ 4(2) + 4(3) + 4(D) +4(5) +4(6)

Hml

— 4+ 8+12+16 + 20+ 24
— 34

e arithmetic series can be simplified into another formula

Simplifying function for Arithmetic Series

1
i=1 2

notice that “i” in the formula portion is alone

~v . N(N+1
S NV




e geometric series (sequence)
o 1is a series with a constant ratio between successive terms
= exponent keeps increasing
= called geometric growth

Reading Sigma Notation for Geometric

10
>2'=12.48,16,32,...,1024
i=1

finite example

o formula could really be anything, but the pattern is consistent in
exponent
o can be TWO limits
" infinite
= finite
o this comes up in Theory of Induction!!
o called a geometric series because for any three consecutive terms the
middle term is the geometric mean of the other two

Other geometric formulas

. n.=:~z{m+1}
i Zz —

1=1

" iz_g _ ain+iZ2n+1)

. u]
=1

H i g
i, > =TT e+ 1)

b
iv. Zr! = 1—?‘_) =1 (geomelric sum).




e the formula in the geometric series may fit a given series below

Simplifying function for Geometric Series

AN+l _ M
A-1

if 4>1
ZN At =<

M AM _ AN+
— +
if A<1
. 1-4
this is finite

. = Jim =
2.i-0 b0 1—-4 1-A4

this is infinite

(A<1)

prove that the finite works correctly with the original example




Solving Summations Quickly

5
;(k_l)z?

Long way

=(1-D+2-D+@-D+@-D+(E-1)
=0+1+2+3+4
=10

Smart Way

_ e Dk +) (using the Arithmetic Series equation)

2
_ 6=D(G-D+D) (5 came from the upper limit)

2
4(5)

2
10

Smartest Way

5
=2k B X1
=1+2+3+4+5H(5%-1)
=15-5
=10




Solve:

200)

> (i=3)°

Answery,:

6

2(6—2k)=?

k=1
Answery:

10

>2'=1,4,8,16,32,..., 1024
i=1

Do LONG and SHORT (equation above) way

(Proof it works video — volume is a little low)

Which equation (pattern) did you use to help you solve??



http://youtu.be/Hkk_U9uw58s

Proof by Induction

Three steps: to prove a theorem F(N) for any positive integer N
Step 1: Base case: prove F(1) is true

there may be different base cases (or more than one base)
Step 2: Hypothesis: assume F(k) is true for any k >= 1

(it is an assumption, don’t try to prove it)
Step 3: Inductive proof:

prove that if F(k) is true (assumption) then F(k+1) is true
F(1) from base case
F(2) from F(1) and inductive proof
F(3) from F(2) and inductive proof

F(k+1) from F(k) and inductive proof

Overall Strategies

when solving if the LHS = RHS
Factor out

Find common denominator

solve to try and match LHS == RHS



Lupoli’s over-the-top Proof by Induction Form

# eq

Base Case (n=1)

Induction Step Assume, Reduce, Factor, Common Denominator, Match

Assume: true for n =k, show true for n = k+1
Assume: (eq)
Show:

Reduce:
Match LHS and RHS/Solve:
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Proof 4 + 9 + .. + (5n -1) = 3(3 + 5n)

Base Case (n=1)

5 (1) = 1 ?= (71)(3 +5(1))

4 ?=%(8)
A==4 V

Induction Step Assume, Reduce, Factor, Common Denominator, Match
Assume: true for n =k, show trueforn=k+ 1

Assume: 4 +9 + ... + 5(k)-1 == 2(3 + 5k)

Show: 4+9 ... +5(k) - 1 + (5 (k+1) = 1) ?= %(3 +5(k+1))

reduce: §(3 + 5k) + (5 (k+1) —1) ?= %(3 +5(k+1))

2
factor:%+%+5k+5—1?=%(8+5k)

2
LCD: (2x(%+%+5k+4?=%(8+5k)))

3k + 5k* + 10k + 8 ?= 8k + 5k’ + 8 + 5k

match LHS and RHS: 5k®+ 13k + 8 == 5k* + 13k + 8 v/
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n(n+1)(2n+1)

Proof Y| ,i* = .

.2 n(n+1)(2n+1)
Prove: Y1, i% ?= —
Base Case: (n=1)

1(1+1)(2(1)+1)
6

17?=

1 7= (2)3)
’ 6

6
=2
17 "
1==1v

Assume: true for n = k, show trueforn=k+1

2 __ k(kt1)(2k+1)

Assume: YX_ i? = P

k+1((k+1)+1)(2(k+1)+1)
6

Show: YK % + (k+ 1)’ ?=
k(k+1)(2k+1) k+1((k+1)+1)(2(k+1)+1)

+(k+1)*?= .

reduce:

2
factor: HOED 5 (D) (k42) 2k+3)

+(k+1)? A

2Kk3+ K2 +2K%+k K2 +2k+k+2(2k+3
— + (k + 1)2 ?= A ( )

2k3+4k%+2k% +4k+3k%*+6k+3k+6

?=
6

2k3+9k?% + 13k +6

?=
6

2Kk3+ k2 +2K%+k 2k3+9Kk?% + 13k +6
LCD: (6 *7+(k+ 1)2 ?:T

)
2k + K>+ 2k + k + 6(k+1)* ?=2k* + 9k* + 13k + 6

2K3 + k2 + 2Kk* + k + 6(k+1)(k+1) ?=...

A+ K+ 2K+ k+6(K> +k+k+1) ?=...

23+ K>+ 2k + k+ 6k* + 12k + 6 ?=2k> + 9k* + 13k + 6

2k +9Kk* + 13k + 6 ==2k> + 9k* + 13k + 6 v
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Steps for success in induction

1. Solve base case (n=1)

2. Assume: true for n =k, show true forn=k + 1

vk 2 k(k+1)(2k+1)
3. Assume: ),;_4 I“ == .

or
Assume: math nerd equation == CS nerd equation

4. Show that + (K+ 1) will also work!!

ex: Zk 1i2 | (k - 1)2 e k+1((k+1)+1)(2(k+1)+1)
: k . -
5. Reduce
6. Factor
7. LCD
8. Try to match LHS == RHS

Show that each of these are equivalent by Proof by Induction

#1  1+3+5+..+2n-1=n’

#2 YR 2k =n®+n

#3 —1+2+5+8...+3(n—4)=§(3n—5) // This one WILL have an issue
#4 -1+2+5+8...+3n-4=§(3n-5)

45  12+22+43%+ . ni=1

= gn(n +1)(2n+1)

Answersy,:
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Answers:

» (i - 3)?

Solving =1

20 200

Y (i-3)P= (i*-6i+9)

1=1 1=1

(This is just ONE way, there are others)

200 200 P L]

=)= "6i+Y 9

1=1 1=1 1=1

20 2000 2000

=z-i?—ﬁ(2'i) +3"9

i=1 1=1 1=1

5 200)

200(200 +1)(400+1) 6{200(200 —|—1j} o
6

= 2,686,700 - 120,600 + 1800

=2,567,900




Solving Y5_,(6 — 2K)

= 22=1 6 + Zgzl —2k (again, this is one way...)
=Yhe16+t—2Y0 1k

=6

Induction Exercises

#1

Let P(n): 143454+ 2n-1=n
o First we prove P(1).
LHS of P(1) =1
= 1% = RHS of P(1).
So P(1) is true.
s Now we prove that for any natural number k “if P(k) is true then P(k+1) is true.”
So assume P(E) is true, ie.
1+3+5+---+2k—1=Fk"
Now try to deduce P(k + 1):
LHS of P(k4+1) =143 45+ +2k—1+2(k+ 1) — 1
= (LHS of P(k)) +2(k+1) — 1
= (RHS of P(k)) + 2k + 1, (by inductive assumption)
=k +2k+1
= (k+1)?
— RHS of P(k +1).
So P(k + 1) is true, if P(k) is true.
o Hence, by induction P(n) is true for all natural numbers n.

https://www.youtube.com/watch?v=J0zza185nVU (lan Thompson F’'14)

#2

http://youtu.be/fMOPe0ONn2fTY (Aparna Kaliappan F’14)

https://www.youtube.com/watch?v=5wx6pNgUblc&feature=youtu.be (Matthew Landen F’14)

http://youtu.be/Beb8Rw97akE (Anderson Chan F’14)

https://www.youtube.com/watch?v=mREg7mCpm78&list=UUbrYSyKJ oTbnJT4gecwdpQ (Kevin Nguyen

F’14)
https://www.youtube.com/watch?v=9ZPyiiTAHTs&list=UUIzFbHeF4-czjtE8MbiWTrQ (Siqgi Lin F'14)

https://www.youtube.com/watch?v=ry3MqQ3vgXo&feature=youtu.be (James Guan F'14)

https://www.youtube.com/watch?v=iAEgor3BF gc&list=UU9WrRJbolKSUOXVOuY4GSHA (Conor McCarthy

F'14)
https://www.youtube.com/watch?v=gH5-psu01gA&feature=youtu.be (Anthony Stock F'14)

https://www.youtube.com/watch?v=VxCTOEWpljo (Joseph Peterson F’'14)

https://www.youtube.com/watch?v=FILcqlCDuwQ (lan Thompson F’'14)

15



https://www.youtube.com/watch?v=J0zza185nVU
http://youtu.be/fM0Pe0n2fTY
https://www.youtube.com/watch?v=5wx6pNgUblc&feature=youtu.be
http://youtu.be/Beb8Rw97akE
https://www.youtube.com/watch?v=mREg7mCpm78&list=UUbrYSyKJ_oTbnJT4gecwdpQ
https://www.youtube.com/watch?v=9ZPyiiTAHTs&list=UUIzFbHeF4-czjtE8MbiWTrQ
https://www.youtube.com/watch?v=ry3MqQ3vgXo&feature=youtu.be
https://www.youtube.com/watch?v=iAEgor3BFgc&list=UU9WrRJboIKSU0XV0uY4GSHA
https://www.youtube.com/watch?v=gH5-psuO1qA&feature=youtu.be
https://www.youtube.com/watch?v=VxCT0EWpIjo
https://www.youtube.com/watch?v=FILcqICDuwQ

https://www.youtube.com/watch?v=b9auGzHMVQO0&feature=youtu.be (Christopher Paul F'14)

#3

http://youtu.be/aYJafQ cgco
https://www.youtube.com/watch?v=wgvBgRHSNW4&feature=youtu.be (Ying Zhang F’14)

#4

http://youtu.be/aYJafQ cgco
http://www.youtube.com/watch?v=suNIrHfDkxc&feature=youtu.be (Denmark Luceriaga F'14)
https://www.youtube.com/watch?v=1E5FJOFV5u4&feature=youtu.be (Neh Patel F'14)
https://www.youtube.com/watch?v=TvZITOVI8EY (Abrielle Minor F’'14)

https://www.youtube.com/watch?v=74cfRNHTIL8&list=UU2U0VrhmNnkQRVifrhtpeabw&index=1 (Joseph

Wrobleski F’14)
https://www.youtube.com/watch?v=vU-KUc7IE-s (lan Thompson F’'14)

#5

Let P(n): 12422432 +...4n®=gn(n+1)(2n+1).
s Firstly,

LHS of P(1) = 1°

1
L(1+1)(2.1 +1) = RHS of P(1).

So P(1) is true,
+ Now assume P(k) is true, for some natural number &, i.e.

124+22 4832+ 4+ k% = th(k+1)(2k + 1),
and deduce P(k + 1):

LHSof P(k+1) =12+ 22 + 32 + ... + k2 + (K +1)®
= (LHS of P(k)) + (k+ 1)
= [HHS of P{k}] + (k + 1)%, (by inductive assumption)
= Lk(k+1)(2k+1)+ (k+1)°
= g(k+1)(k(2k + 1) + 6(k + 1))
= L(k+ 1)(2k* + Tk + 6)
= 2(k+1)(k+2)(2k + 3)
=glk+1)(k+1+1)(2(k+1)+1)
= RHS of P(k +1).

So P(k + 1) is true, if P(k) is true.
» Hence, by induction P(n) is true for all natural numbers n.
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https://www.youtube.com/watch?v=b9auGzHMVQ0&feature=youtu.be
http://youtu.be/aYJafQ_cgco
https://www.youtube.com/watch?v=wgvBgRHSNW4&feature=youtu.be
http://youtu.be/aYJafQ_cgco
http://www.youtube.com/watch?v=suNIrHfDkxc&feature=youtu.be
https://www.youtube.com/watch?v=1E5FJ0FV5u4&feature=youtu.be
https://www.youtube.com/watch?v=TvZlTOVt8EY
https://www.youtube.com/watch?v=74cfRNHT9L8&list=UU2U0VrhmNnkQRVfrhtpea6w&index=1
https://www.youtube.com/watch?v=vU-KUc7lE-s

Sources:

http://www.youtube.com/watch?v=IFqna5SFOkW§
http://www.youtube.com/watch?v=uHfwNKWyD20
http://school.maths.uwa.edu.au/~gregg/Academy/1995/inductionprobs.pdf

https://www .khanacademy.org/math/trigonometry/seq _induction/proof by inductio
n/v/proof-by-induction

Induction with Sigma(s)
http://math.illinoisstate.edu/day/courses/old/305/contentinduction.html
http://analyzemath.com/math_induction/mathematical induction.html (#1-3)
https://www.math.ucdavis.edu/~kouba/CalcTwoDIRECTORY/summationdirectory/
Summation.html

Logarithms
https://www.khanacademy.org/math/algebra/logarithms-
tutorial/logarithm_properties/v/introduction-to-logarithm-properties

Sigma Notation
http://hotmath.com/hotmath help/topics/sigma-notation-of-a-series.html

Arithmetic series
http://www.mathsisfun.com/algebra/sequences-sums-arithmetic.html

Geometric Series
https://www.khanacademy.org/math/calculus/sequences series approx calc/seq series review/v/sequences-and-

series--part-1
https://www.khanacademy.org/math/calculus/sequences series approx calc/seq series review/v/sequences-and-

series--part-2

Geometric Series Applications
http://www.math.montana.edu/frankw/ccp/calculus/series/geometric/learn.htm

Induction

http://www.youtube.com/watch?v=IYW4iszVH3w
http://www.math.uiuc.edu/~hildebr/213/inductionsampler.pdf
http://www.youtube.com/watch?v=ruBnYcLzVIU
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https://www.math.ucdavis.edu/~kouba/CalcTwoDIRECTORY/summationdirectory/Summation.html
https://www.math.ucdavis.edu/~kouba/CalcTwoDIRECTORY/summationdirectory/Summation.html
http://hotmath.com/hotmath_help/topics/sigma-notation-of-a-series.html
http://www.mathsisfun.com/algebra/sequences-sums-arithmetic.html
https://www.khanacademy.org/math/calculus/sequences_series_approx_calc/seq_series_review/v/sequences-and-series--part-1
https://www.khanacademy.org/math/calculus/sequences_series_approx_calc/seq_series_review/v/sequences-and-series--part-1
https://www.khanacademy.org/math/calculus/sequences_series_approx_calc/seq_series_review/v/sequences-and-series--part-2
https://www.khanacademy.org/math/calculus/sequences_series_approx_calc/seq_series_review/v/sequences-and-series--part-2
http://www.math.montana.edu/frankw/ccp/calculus/series/geometric/learn.htm
http://www.youtube.com/watch?v=IYW4iszVH3w
http://www.math.uiuc.edu/~hildebr/213/inductionsampler.pdf
http://www.youtube.com/watch?v=ruBnYcLzVlU

