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1. Introduction

We consider the two-dimensional dissipative surface quasi-geostrophic (SQG) equa-
tion, arising in geophysics, meteorology, and oceanography. It is given by

00 + A0 +u- VO =0,
u = (—Rge, R19), (11)
9(1770) = 00(33)3

where the scalar quantity 6 is the potential temperature, u is the velocity of the fluid,
R; is the j-th Riesz transform, and A" := (—A)"“/2 for 0 < k < 2. When x = 1, SQG
is structurally similar to the 3D Navier—Stokes equations and contains a mechanism for
vortex stretching. In this case, it is derived from the more general 3D quasigeostrophic
equation and describes the evolution of temperature on the 2D boundary of a rapidly
rotating half-space with small Rossby and Ekman numbers (see [55]).

The investigation of (1.1) can be divided into three cases: supercritical (k < 1), criti-
cal (k = 1), and subcritical (k > 1), while the case of no diffusion is called the inviscid
case. The analytical and numerical study of the inviscid SQG equation was initiated by
Constantin, Majda, and Tabak in [15] and global existence of weak solutions, in all cases,
was first established in [56], subsequently sparking great interest within the mathemati-
cal community. It is known that the subcritical SQG is globally well-posed [18] (see [50]
for related results on a generalized SQG equation) and in fact, has a global attractor
[37]. In the supercritical case, only local well-posedness for large initial data, global well-
posedness for small data, and eventual regularity and conditional regularity results are
known (see for instance [2,10,11,19,21,22,24,25,35,36,52,56,59,61]). In the critical (k = 1)
case, local existence as well as global existence for small data in L* was first proven in
[13] while the problem of global regularity for arbitrary smooth data was solved, first in
[9] and [42] independently, using different techniques, and subsequently by yet another
technique in [17] (see also [1,40,41,16]). Under additional regularity assumptions, the
framework of [9] has been extended to include the supercritical (x < 1) case and other
hydrodynamic equations in [19,20], (see [14,23,51] for cases where these difficulties are
resolved and global regularity is recovered), while the techniques of [17] were applied to
study long term dynamics for the critical SQG in [16].

This article focuses on the supercritical SQG. In particular, we establish that the
solutions to the initial value problem (1.1), with initial value 6y belonging to the critical
Besov space le,if/ P7F(R?), immediately becomes Gevrey regular (see (2.3)) for at least
a short time, and will remain Gevrey regular provided that the homogeneous Besov
norm (see (4.11) and (4.12)) of the initial data is sufficiently small. The study of Gevrey
regularity of solutions was inspired by the seminal work of Foias—Temam in [27], who
introduced the technique of Gevrey norms to establish analyticity in both space and time
of solutions to the Navier—Stokes equations in two and three dimensions. The technique of
Gevrey norms has since become a standard tool in studying analyticity and higher-order
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regularity for a large class of dissipative equations and in various functional spaces, as well
as small length scales in classical turbulence theory (cf. [3,5,7,8,26,29,32,34,33,40,43-46,
48,49,53,54]). Our result therefore properly extends that of [6] for supercritical SQG to
LP-based Besov spaces and moreover, strengthens that of [25], where it was shown that
the solutions obtained in [11], are actually classical solutions. As a consequence of working
with Gevrey norms, we obtain decay of higher-order derivatives of the corresponding
solutions (Corollary 3.3) in Besov spaces.

The notations and conventions used throughout the paper are introduced in Section 4,
while the statements of our main theorems are located in Section 3. We establish our
commutator estimate in Section 5 and Gevrey regularity of solutions to SQG in Section 6.
The proof of our multiplier theorem is classical and elementary; it can be found in
Appendix A.

2. Overview

In this section, we provide a brief overview of the results and techniques. In order to
do this, we need to first define Gevrey classes. Let 0 < o <1 and v > 0. We denote the
Gevrey operator by the linear multiplier operator T, = F~1G,F, where F denotes the
Fourier transform and

Gy(&) = exp(7[IE]%)- (2.1)

In the definition above, ||| denotes the two-dimensional Euclidean norm in R?. For
convenience, we write the multiplier operator, Tq._ f, simply as

G, f or I (2.2)

We say that a function f is Gevrey regular if
1G5 fllss < o0, (2.3)

for some s € R, v >0, and 1 < p,q < co. Here B;,q denotes the homogeneous LP-based
Besov spaces with regularity index s and summability index ¢ (see for instance [4] or
Section 4 below for definition). Note that when p = ¢ = 2, one recovers the usual
definition of Gevrey classes (cf. [27,48]) in the space-periodic setting, for instance.

An important property of Gevrey regular functions is that estimates on higher-order
derivatives follow immediately. In particular, it is elementary to show that functions in
Gevrey classes for which the estimate (2.3) holds, automatically satisfy for any & > 0
the following inequality:

kk/a
ID* fllgy < CkaGWfHB;,q’ (2.4)
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for some absolute constant C' > 0. Indeed, this is one of the main reasons for working
with Gevrey norms. In particular, the Gevrey class corresponding to a = 1 is called the
analytic Gevrey class, as the finiteness of the corresponding Gevrey norm implies that
the functions are (real-)analytic with (uniform) analyticity radius 7, while the Gevrey
classes corresponding to o > 1 are comprised of entire functions. When a < 1, the
corresponding functions are no longer analytic, although in view of (2.4), these functions
are C'*°; the corresponding classes of such functions are the so-called sub-analytic Gevrey
classes.

One of the main points in this article is how the product in the nonlinear term in (1.1)
is estimated in LP Besov space-based Gevrey norms. In the case of (L2-based) Sobolev
spaces and in analytic Gevrey classes, i.e., &« = 1, this can be done via the Plancherel
theorem as follows (cf. [27]):

HGWOMOH%zS./p(j/eﬂg'ﬁKSnﬂh%n)dn>2d£

2
g/(/aWﬂm@—waW%wm@(ﬁznwﬁ%

where, (FU)(&) = e'lElja(€)], (FV)(€) = elél5(€)| and to obtain the last line, we
have used triangle inequality ||| < || — nl|| + [|7]|. One may now proceed to estimate
[[TUV|| 2 using the usual Sobolev inequalities after one makes the crucial observation that
Ul g= = ||Gyul| =, which is again due to the Plancherel theorem. This readily yields,
for instance in two space dimensions, an estimate of the form

1G5 (wv)l|ze < ClGy (W) 172]| G (0) | 71172

Consequently, the product of two functions in Gevrey classes has been estimated as a
product of two Gevrey norms in adequate functional spaces. This has been generalized
in [47] for analytic Gevrey classes, to the LP space setting, where it is shown that for
1<p,q,r<oc:

1 1 1
1y (wo)llzr < [GrulleallGaller, 2= = (2.5)

Although the Plancherel theorem is no longer available, the approach taken in [47] is to
first rewrite the product in Gevrey space as a bilinear multiplier operator (see (3.4) for
a definition) and then slightly modify the definition of the Gevrey norm to an equivalent
one in which the Euclidean norm, ||£]|, in the symbol is replaced by the ¢; norm, i.e.,
|€]er := |€1| 4 |&2|. Then, taking advantage of the special form of this symbol for analytic
Gevrey class (namely e?léle1) it is shown in [47] that this operator can be decomposed as
a finite sum of tensor products of the Hilbert transform and the identity operator. The
inequality (2.5) then immediately follows from the Holder inequality and the classical
LP-boundedness of the one-dimensional Hilbert transform.
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In our setting, the dissipation operator is A®, where £ < 1, and consequently, the
solution of the linear equation lies only in a sub-analytic Gevrey classes and is not,
in general, analytic. We are therefore forced to work with sub-analytic Gevrey norms
where the above technique of [47] does not seem to apply since the bilinear multiplier
operator no longer appears to admit such a decomposition involving one-dimensional
Calderén—Zygmund operators. Nevertheless, it can be checked that at each scale the
symbol m in our case satisfies the inequality

07 rm(E,m)| Sp €N lnl| =171,

This condition is weaker than the Coifman—Meyer condition on the symbol which guar-
antees LP boundedness. Indeed, such is not the case in general (cf. [31]). Yet, by taking
advantage of additional localization and decay properties of our symbol (see Theo-
rem 3.7), we are able to show that a product estimate of the type (2.5) holds in LP-based
Besov spaces (see Theorem 3.4).

Another difficulty that arises in the supercritical regime, which is not present in the
subcritical case or in the case of the Navier—Stokes equations, is the fact that the dis-
sipation operator is of a lower order than the derivative present in the nonlinear term.
For instance, in case of the Navier-Stokes equations one has ||Ve*®||r_p» = O(t1/2),
which is therefore integrable over the interval (0,7"). This is no longer the case for the
supercritical SQG. This obliges one to exploit cancellation properties of the equation
via commutator estimates in the functional class that one is working in as was done in
[10,52], for instance. This was in particular done for Sobolev-based Gevrey classes in [6]
by employing the Littlewood—Paley decomposition, Bony paraproduct formula, and the
Plancherel theorem. When one tries to generalize that technique to the LP-based setting,
the setting of bilinear multiplier operators becomes natural. We show through elementary
harmonic analysis techniques that one can establish the commutator estimate given in
Theorem 3.5 in Besov space-based Gevrey classes. Finally, with such estimates in hand,
we prove the main result, Theorem 3.1, following the semigroup approach pioneered for
the Navier—Stokes equations in [28,30,39,58]. In particular, we show that solutions, 6, of
(1.1), whose initial values satisfy 6y € By , with 0 > 14 2/p — k, are Gevrey regular up
to some time T > 0. Additionally, the time T can be taken to be T' = oo if the initial

data is adequately small in the critical homogeneous Besov space, B},;?/ L

3. Main results
We will now state our main results more precisely.

Theorem 3.1. Let 2 < p < oo and 1 < g < 0o and define

oc:=1+2/p—k.
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Assume that 0y € Bqu(R2) for some o > o, and let o < k. Then there exists T > 0 and
a unique solution 0 of (1.1) such that 6 € C([0,T); By ,(R?)) and additionally, 6 satisfies
the estimate

sup [|Go0C, )| g < l6oll gy . where = MO/,
0<t<T P4 P

Moreover, if o = 0. and ||0o|| g < C for an adequate constant C > 0, then T = co.
p,q

Remark 3.2. It will be clear from the proof that in fact, the Gevrey norm of 6 satisfies
an additional regularity property, namely,

sup t7/5|GL 0, )| oo < Mlfoll s, S 100llg,» for some B> 0.
0<t<T ' P

It immediately follows from Theorem 3.1, (2.4), and Stirling’s approximation that
the solutions of (1.1) with initial data belonging to B,l,:SQ/ P7(R?) automatically satisfy

certain higher-order decay estimates.
Corollary 3.3. Let k > 1+ 2/p — k. Then the solution 0 in Theorem 3.1 satisfies

k! 1/«
1D400) | saro—r S C L 4 s, (3.1)

for all0 <t < T, where C :=C(q,, 8,k).

The crucial estimate for the product of two functions in Gevrey spaces, which may
also have independent interest, is stated in the following theorem. This is a suitable
generalization to non-analytic Gevrey classes of Lemma 24.8 in [47], which applies to
analytic Gevrey classes.

Theorem 3.4. Let 1 <p < oo and 1 < g < co. Suppose s,t € R satisfy the following

(i) s,t<2/p,
(ii) s+t >0.

Then there exists C > 0 such that

1G (D) -2/ ) < ClIG gy sy ICrglly . (3.2)

It is well-documented (cf. [38,52] for instance) that in the presence of supercritical
dissipation, product estimates are insufficient to control the nonlinearity in (1.1), and
that commutators must be used instead to ensure that one remains in a perturbative
regime. The proof of Theorem 3.1 will make use of the following commutator estimate
for Gevrey regular functions, which is an extension of that found by Biswas (cf. [6]) for
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homogeneous Sobolev spaces, to homogeneous Besov spaces. Recall that the commutator
bracket [A, B] is defined as

(A, B] := AB — BA. (3.3)

Theorem 3.5. Let 1 < p < oo and 1 < g < oco. Let 7,6 > 0 such that 6 < 1. Suppose
s,t € R satisfy the following

(i) 2/p<s<1+2/p,
(ii) t < 2/p,
(iii) s+t > 2/p.
Then, denoting by A\; the dyadic Littlewood—Paley operator, we have

NG~ A 5, flgllonrey S 27 CH2PIC|G, f|

B;,Q(R2)||G79HB;YQ(R2)7
where
07 = C](a,57 ")/) = cj (,.Y(Ot—(s)/otz(a—(;)] _I_ 1) ,

for some 0 < 6 < a such that s < 1+2/p— 0 and with (c;)jez such that ||(cj)|eazy < C
for some absolute constant C' > 0.

When one formally sets v = 0, p = 2, and § < «, Theorem 3.5 extends the commutator
estimate of Miura (cf. [52]) to homogeneous Besov spaces.

Corollary 3.6. Suppose that p,q satisfy the conditions of Theorem 3.5 with § = 0. Then
there exists (cj)jez € % such that

1A, flgllr®e) < 2_(ert_2/p)jCJ‘||J'"| Bqu(RQ)”g“B;q(R?)'

This corollary can be proved by closely following the proof of Theorem 3.5 and so we
omit the details.

In order to prove Theorems 3.5 and 3.4, we apply the Bony paraproduct decomposition
and view the resulting terms of both the commutator, [G,A;, f]g, and the product,
G+ (fg), as bilinear multiplier operators, T, (f, g), which are written as

To(f,g) = / / e (e ) f(€)g(n) dédn, (3.4)

and show that for their corresponding symbols, m, the following estimate is satisfied for
each multi-index f:

|02 02 m(e,m)| S gl 124 ) =152, (3.5)
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In other words, we show that m is of Marcinkiewicz type. Note that condition (3.5) is
weaker than that of Coifman—Meyer (cf. [12]). In general, such multipliers need not map
LP x L% into L" for any 1 < p,q < oo and 1/r = 1/p+1/q (cf. [31]). In our case however,
the special structure of our symbol and the fact that we work with Besov spaces, provides
additional localizations which greatly simplify the situation.

Theorem 3.7. Suppose m : R? x R? — R satisfies (3.5) for finitely many, but sufficiently
large number of multi-indices |8] > 0 with = (1 + P2. Assume moreover that for
each fived £ € R®\ {0}, m(&,n) is a smooth function of 1, with support contained in
[270=1 < |In|| < 270FY for some jo € N. Then for all 1 < p < 00, 1 < q < 0o such that
1/r = 1/p + 1/q, the associated bilinear multiplier operator T, : LP(R%) x L4(R%) —
L"(R?) satisfies

1T (s DL S W fllzellgllza-

Remark 3.8. Note that the same conclusion holds with the roles of £, 7 and p, g reversed
together in the above hypotheses. Also, the required number of derivatives, |3|, can be
determined from the proof of the theorem.

A prototypical example of a bilinear operator satisfying (3.5) is T'(f,g) = Hf - Hg,
where H is the Hilbert transform. Indeed, boundedness would then follow from Hoélder’s
inequality. The role then of the smooth localization in 7 in Theorem 3.7 is that it es-
sentially allows us to treat the bilinear multiplier as a product of linear ones, effectively
reducing the situation to the simpler case of H f- Hg. Thus, Besov spaces provide an
appropriate setting with which to work with bilinear Marcinkiewicz multipliers.

The proof of Theorem 3.7 relies on classical harmonic analysis techniques and we
provide its proof in Appendix A. The theorem itself may be of independent interest,
particularly in PDE applications. The proofs of Theorems 3.1 and 3.5 will be given in
Sections 6 and 5, respectively.

Remark 3.9. The notation T;, will be used to denote either a linear multiplier operator,
Tof = FY(mFf), where F denotes the Fourier transform, or a bilinear multiplier
operator T,,(f, g), defined as in (3.4). However, it will be quite clear from the context
which type of operator T}, is denoting.

4. Notation and preliminaries

4.1. Littlewood—Paley decomposition and related inequalities

Let 1o be a radial bump function such that 1o(¢) = 1 when [||¢]| < 1/2] € R%, and

0 <o <1and spte = [[|¢]| <1].
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Define ¢o(§) == ¥0(£/2) — tho(§). Observe that
0 <o <1and sptep=[27" < [&]| < 2]
Now for each j € Z, define ¢ := (1)9)2-; and ¢; := (¢0)2-s, where we use the notation
I(z) = f(Az), (4.1)

for any A > 0 (the notation fx should not be confused with the Gevrey operator G,
in (2.1); the usage will be clear from context). In view of the above definitions, clearly

o := 11 — o and Yj41 = P + ;, so that
spt ;= [[[€]l < 277" and spt; = [2771 < |)¢]| < 271 (4.2)

Moreover, we have

D @€ =1, for ¢ R\ {0}.

JEL

One can then define

Apf == f,

Afi= Y Def,
lke—£]<2

Sefi= > Auf.
0<k—3

We call the operators Ay, Littlewood—Paley blocks. For convenience, we will sometimes
use the shorthand fj, := A f.

For functions which are spectrally supported in a compact set, one has the Bernstein
inequalities (cf. [4]), which we will invoke copiously throughout the article. We state it
here in terms of Littlewood—Paley blocks. Note that we will use the following convention
throughout the paper.

Notation. A < B to denote the relation A < ¢B for some absolute constant ¢ > 0. In
our estimates, the constant ¢ may change line to line, but will nevertheless remain an
absolute constant.

Lemma 4.1 (Bernstein inequalities). Let 1 < p < q < oo and f € S'(R?). Then
25| A fllpe SIA L fllpe S 275X P=H DA f| o, (4.3)

for each j € Z and s € R.
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Since we will be working with LP norms, we will also require the generalized Bernstein
inequalities, which was proved in [11] and [60].

Lemma 4.2 (Generalized Bernstein inequalities). Let 2 < p < oo and f € S'(R%). Then

25185 Flle S IATIAG P11 S 255 18 F o, (44)
for each j € Z and s € [0,1].

In order to apply these inequalities, we will first need the following positivity lemma,
which was initially proved in [21], and generalized by Ju in [37] (see also [17,16]).

Lemma 4.3 (Positivity lemma). Let 2 < p < oo, f,A°f € LP(R?). Then

/ NSRS de > / (AZ|f%)? d (4.5)

We will also make use of the following heat kernel estimate, which was proved in [52]
for L?. We extend it to LP.

Lemma 4.4. Let 2 < p < co. Then there exist constants c1,co > 0 such that
e~ | Azull < e Azullie < €7 | Ajullpo, (4.6)
holds for all t > 0.

Proof. Let u; := e~*A" Aju. Then u; satisfies the initial value problem

{at“j + A%y =0 (4.7)

uj(z,0) = Aju(x).
Multiplying (4.7) by u;|u;|P~2 and integrating gives
1d _
Sl + [ty 2 e =
By applying Lemmas 4.2 and 4.3, then dividing by Huj||’L7;1 we obtain
Zllsller +ex2¥ fluj e < 0.
Similarly, by Hoélder’s inequality we obtain

aH%’HLP + 22w p > 0.
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An application of Gronwall’s inequality gives

2|, (0)]| o < [y (B)ll 20 < €2y (0)]] o, (4.8)
which completes the proof. O
4.2. Besov spaces

Let s € Rand 1 < p,q < co. The inhomogeneous Besov space By, , is the space defined
by

Bs, = {f € S'®Y : | fln;, < oo}, (4.9)
where, S’ denotes the space of tempered distributions, and one can define the norm by
1/q

Bs = [0 * fll» + ZQquHAijqLP , (4.10)

320

/]

provided that ¢ < co. The homogeneous Besov space B;’q is the space defined by
By = {f € Z/®Y : {5, < oo}, (4.11)

where Z/(R%) denotes the dual space of Z(R%) := {f € S(R%) : 8% f(0) = 0,V € N4},
and for g < oo, the (semi)norm is given by

1/a
s = [ 2,0, | (112)
' JEL
One then makes the usual modification for ¢ = co. For more details, see [4] or [57].

5. Product and commutator estimates

In this section, we establish estimates for the product

Gy A84(19), (5.1)

and for the commutator

(G A4, flg = Gy D05(f9) = FGL D9, (5-2)

Please cite this article in press as: A. Biswas et al., On Gevrey regularity of the supercritical SQG
equation in critical Besov spaces, J. Funct. Anal. (2015), http://dx.doi.org/10.1016/j.jfa.2015.08.010




YJFAN:7322
12 A. Biswas et al. / On Gevrey regularity for supercritical SQG

where G := e’ and 0 < a < K < 1, where & is the order of dissipation in (1.1). For
convenience, we will use the notation

=G, (5.3)

To prove Theorems 3.5 and 3.4, we will require the Faa di Bruno formula, whose
statement we recall from [4] for convenience. Note that by N and N* we mean the set of
positive integers with zero and the set N\ {0}, respectively.

Lemma 5.1 (Fad di Bruno formula). Let u : R — R™ and F : R™ — R be smooth
functions. For each multi-index o € N¢ with |a| > 0 we have

*(F ou) Z C,,0"F H (CRTAGHR (5.4)
1<[BI<] o
1<j<m
where the coefficients C), ,, are nonnegative integers, and the sum is taken over those p
and v such that 1 < |u|, [v| < |af, vg, € N¥,

Z vg, = pj, for1 <j<m, and Z Brg, = a. (5.5)
1<[B]<] o 11<Lﬁ\<<\0t|
<j<m

We will repeatedly apply this formula to functions of the form
(Fou)(€m) = &or €,
where

Rao(§;m) == 1€+ onl* = [I€]1* = lInll*

or

Rao(&;m) = = lI§o +nl* = [I€[1* = lInll*,

where o € [0, 1]. For convenience, we provide that application here. By Lemma 5.1 we
have

P (Fou)(&n) = Cuyerfoc&m TT (8°Raq(& )" (5.6)

14 1<[p|<B]

for all B € N2, where v = (v1,19), 1 < |u| <|3| and

Z vy, =p and Z by, = B. (5.7)

1<[b|<B] 1<[b|<B]
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Thus, in order to apply Theorem 3.7, we will require R, , to satisfy certain derivative
estimates.

Proposition 5.2. Let 0 < a < 1, 0 € [0,1], and define Rn, : R* x R? - R by
Rao(&n) =€ +nal* = [E1% = [0l (5-8)

Suppose that £ + 3 < k and 28— < ||¢]| < 2K*+1 and 271 < ||n|| < 2¢FL. Then
02 03 R o (€, m)| S0 27 €11~V 1221, (5.9)

for all multi-indices 31, B2 € N2.
If j+3 <k with 27 < [l < 27*" and 2571 <[], (€ +nl| < 281, then

0007 Rt (6 =€ = )| S 21712 ) 71921 (5.10)
for all By, Ba € N2,
Remark 5.1. If R, , is given instead by
R, (&;m) := o +nll™ = [I€[1* = lInll*, (5.11)
then (5.9) and (5.10) all hold with the roles of k and ¢ reversed.

Proof. We prove (5.9). The inequality (5.10) can be obtained by a more straightforward
estimation of derivatives.

Let 8 € N*xN*, where 8 = (81, 82) = (Be, By), B = (85, 8)), 85, 8] € N* for j = 1,2,
and f¢ = Bf + 35 and (3, = B + 3. Firstly, from the triangle inequality

‘Ra,a(&nﬂ 5 (1 - 0)||77||a 5 2[(1

This proves (5.9) for |8] = 0. For |§| # 0, we apply the mean value theorem to write

1
R0 (§m) = /||§+7770||a*2((§'77)0+ Inl*o?7) dr — [lnl|*.
0

Then observe that

|0°Ro (&)

1
S Y e [ (letnorlrH0n (€ o + o) dr + Na(B0),
B=B1+B2
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where N, (8,n) = 0 if |ﬁf\ # 0 for some j, and N,(3,n) = ||n]|*~1#! otherwise. Next
observe that since k > ¢+ 3, 0,7 € [0,1], and & ~ 2%, 5 ~ 2¢, we have

€ +nor|| = 2% > 2°. (5.12)
We also have
2k+€7 |52| =0
28 B =183 =1
072((& o + |InllPa?r)| S 928 Bl =185 =1 (5.13)
1, |82] = 2 and |85] < 2
0,  |Ba| >3 or |5 =2

Now we consider three cases. First suppose that 81| = 0, |82] # 0. Using (5.12) and
the fact that o < 1, observe that

2((a71)27k =1 N — 188 — 1
H§ +770_T||a—2 5 { , ) ) ‘132| (;r |ﬂ2| |ﬁ2‘ (514)
2te-2), |B2] = [B3] = 2.
Thus, combining (5.13) and (5.14) gives
’aﬂRa S(&m)] S 250¢2—k‘5§|2—é|ﬂg"
which implies (5.9) since 8 = (0,0, 35, 7).
Now suppose |81| # 0 and |B2| = 0. Applying (5.12) then gives
2Ha=Dg=k-loil, 1571 =0 # 1]
I + nor{[*=2711 g ¢ pHam1=lAthg—k, EARESEH (5.15)

i 58
9t(a—1=1B7) gk(=1-151 1) |5f\, 87| # 0.
Thus, by combining (5.13) and (5.15) we get
0 Rao (€,m)| < 22 HIBE 190031,
which again implies (5.9) since 8 = (85, 57,0,0).

Finally, if 81 # 0,82 # 0, we may combine the argumentation of the previous two
cases to obtain

|0° Ry (€,m)| S 2t27FIBclg =481, (5.16)
This establishes (5.9) for all 3 € N* x N*, 0O

We will also need the following “rotation” lemma.
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Lemma 5.3. Let T, be a bilinear multiplier operator with multiplier m : R x R¢ — R.
Then for m(&,n) :=m(§,—& —n), we have

(Ton(f:9), h) = (T (h, ), [, (5.17)
for all f,g,h € S(RY). Moreover, if T,, : LP x LY — L" is bounded for some 1/r =
1/p+1/q, then Ty : L™ x L9 — L¥ is bounded, where p',r’" are the Hélder conjugates
of p,r, respectively.

Proof. By change of variables we have

[Tatr g @h@) do= [ [ [ =g f©amnie) de dy do

as desired. Boundedness of Tj; then follows from duality. O

Remark 5.2. Observe that if 1 < p,r < 0o, then 1 < p/,r’ < oo as well. Therefore, if T,
is bounded in the range 1/r = 1/p+ 1/q for 1 < p,r < oo, then Ty is also bounded in
the same range.

We will first prove Theorem 3.4 since the estimates there will be used to prove Theo-
rem 3.5. As a preliminary, we recall the paraproduct decomposition:

f9=> Skflrg+ > DefSeg+ > Apfig. (5.18)
k K %
This implies that

(G100, flg =Y Gy (SkfARG) + Gy (AkfSkg) + Gy L (Arf Arg)
!

- (Z(skf)(AjA@) + (DR f)(D;Sk9) + (AkfoJAka)) .(5.19)

k

Then by the localization properties in (4.2), we can reduce (5.19) to
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Gy 25, flg =) {[Gvﬁj, Sf]Akg + Gy L (D fSkg) + G“/Aj(Akakg)}

|k—jl<4

+ Y GO (ArfOrg)
k>j+5

= D MfDSG— Y ArfD A (5.20)
k>j+1 |k—j[<2

5.1. Proof of Theorem 3./

Observe that G,Aj(fg) is precisely the first line of (5.19). By symmetry and local-
ization, it suffices to consider only

> [Gij(Akakg)+G7Aj(Akakg)} and Y GyA;(AxfArg)
k—j]<4 k2715

Case: k> j+5 First, we rewrite GWAj(Akakg) as
Gy (G ARG ) (5.21)

The multiplier associated to (5.21) is

e (&) = VWM =00 0 (6 4 ) g (€) ok (), (5.22)

where ¢, = Z\k—l\§2 w¢. By Lemma 5.3, in order to apply Theorem 3.7, it suffices to
prove

(NS 13l (5.23)

where my_;(§,1m) = my ; (€, —€ —n). Once the required LP bounds are deduced, we then
show that the obtained estimate is summable in ¢¢ with respect to j.
So first observe that for 8 = (51, 82), by (5.6), (5.7), and (5.10) we have
|8ﬁmk,j <§7 - — 77)'

5ZCW/YIMIe'v(l\nl\“—HEH“—IIHWH"‘) H (Qk(a—lbl))ub
v 1<b]<[B8]

< 9—k|Bl Z CWJ(nga)\ulev(llnl\“—l\i\la—|I£+n||“)
s

Also, by the triangle inequality

7% = el = llE +mll*  —ca2™,
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for some absolute constant ¢, > 0. Thus

|8ﬁmk,j(§, —£—n)| < 9—k|B| ZC’H,V(,-YQI“X)W‘G*CO(’YQ’“@ < 2 klBrlg—kIb| (5.24)
v

holds for all £ € R?, which implies (5.23).
Now, let 0 := s+t — 2/p. Observe that by the Bernstein and Theorem 3.7 we have

1GL25(Akf ARG e S 27CP Gy (Ak fARG) || Lo
S PP ALF Lol Ak e
< 279 g~ (HOG=I) (93k) A £l 1) (2| Al o) -

Ak—j b [

It follows that

D 279Gy A (B f Ok Le S D Xinzs) (k= F)ak—jbrck
k

k>j+5
S (Z X[n>5) (k — j)ak—jbk> <SI;P Ck) .
k

Observe that by Young’s convolution inequality we have

1/q

1/q
> ) < (Xo) (£)
k>j+5 k>5 k
which is finite provided that s +¢ > 0.
Therefore
204022003 3Gy (B f gl S el Pl 13l - (5.25)
k>j+5
where
¢j = ||f|},.§q > ar b

" k>j+5

and satisfies (¢;);jez € £9. This finishes the case k > j + 5.

Case: |[k—j| <4 It suffices to consider G, A ; (A fSkg) since the term G,YAj(Akakg)

is easier.
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First, let us we rewrite G, A (A, fSkg) as

> G LG ARG AG).
1<k-3

We claim that the associated multiplier satisfies the following bounds
108" D2 m e (€m)| S N1EN1PH ) 1721,

where

mgee(€,m) = WEFANTZIEE=ID 05 (€ ) (€)e ().

To this end, let 8 = (B¢, 8,;) and observe that by (5.6) and Proposition 5.2

|5’8€7R“(§’n)\SZCM,VV‘“IGWR“@’W) H (24— lbal g =kIbelyvo
pov 1<[pl<|5]

Since ~ 2% and k — ¢ > 3, it follows by Lemma A.1 that
U]

g +nll* = [l = Im* < —ca2.

Thus, by (5.7) we get

|98 Ral&m)| < Z Cllqu,y‘/—"'e_ca’)ﬂfa ot(alul=18n1) g —k|Bel
v

<2 klBelo— flﬁanC ,ygfa)lul —cay2t
v

< 9 klBel g8,

holds for all ¢ € R?
Hence, by the product rule and the fact that 2* ~ 27, we can conclude that

108" 0m; k(6. m)] < 22,

for all ¢ € R?, which implies (5.27).
Therefore by Theorem 3.7, we have

1G85 (A f Skl S Y N1ARF Il Lo ll A e,
0<k—1

where 1/r=1/p+1/gand 1 <7 < o0, 1 <p<o0,1<q< 0.

YJFAN:7322

(5.26)

(5.27)

(5.28)

we have

(5.29)

(5.30)
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Now let 0 = s+ ¢ —2/p and N > 1. Let p* := (pN)/(N — 1). Then by (5.30), the
Bernstein inequalities, and the fact that |k — j| < 4, we have

27| Gy L ( Ak f Skg) e

5 Z 2(ofsft+2/p*)k2skHA]{]}VHLP* 21%||AZ§||LP27(2/p*7t)(k7E)
1<k—1

<2918, 3 222 @00
<k—1

Let t < 2/p. Observe that for N large enough, we have ¢t < 2/p*. Then
2H203 |G, 1 (D fSkg) 0 S Cil Tl 55 (5.31)

where

C; = Hg”;gq Z 2t€|\Ae§||Lp2(t_2/p )(j—é)’
Te<j+2

which satisfies (C;);jez € 2. Combining the estimates (5.25) and (5.31) completes the
proof of Theorem 3.4. O

5.2. Proof of Theorem 3.5

Cases: k > j+ 1 and |k — j| < 1 The corresponding terms are A fA;Syg and
AR fA;ARg, respectively. By Holder’s inequality and Bernstein we have

27| D f 05 SkGllr S €27 TP B2 Ay fl o L (5.32)

~

where
& = 3l 271853

Observe that by Holder’s inequality

1/q’
S 22D 2 A S [ S22
k>j+1 k>1
which is finite provided that s — 2/p > 0. Therefore
2NN A A Skg e S cillf s NGl (5.33)

k>j+1
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Similarly, we have for any s € R

264205 ™| A f Al S i1l 1Tl

|k—j|<1

where

& = 35} 2912300

YJFAN:7322

(5.34)

Case: k > j+5 The derivative estimates for the corresponding multiplier remain the

same as those from Theorem 3.4, except that we sum over k differently since now it is

assumed that s+t —2/p > 0.
Since (5.23) holds, we know that Theorem 3.7 implies

1G5 (A f Ak e S N Ak Flleo | Akl S 2%PF|| Ay fll Lo | 2k -

~

Thus, for o := s+t — 2/p, by the Bernstein inequalities we have that

D 27 Gy A (Akf ARG
k>3j+5

S Xz (k= §) 272D 95K A Fll 1o 2% Al o -
k v )

Mk —j k=i bk Ck
As before Young’s convolution inequality implies
1/q 1/q
(Z(Mk—jak—jbk)q> <D (Z bZ) ;
k k>5 k
which will be finite provided that
s+t—2/p>0.

Thus

26205 NG A (A f Drg)]

k>j5+5

with ¢; given by

¢j = Hfllggq > 1k jar— by
Tk

v S eill Fllg, 13l

(5.35)
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Case: |k—j| <4 From the proof of Theorem 3.4, it suffices to consider the commutator
term, [G,Aj, Sy f]Arg, which we view as T, , (Skf, Arg). Indeed, observe that

Trn; 0 (Skf, Arg) ()

/ / DG (€ + )i (€ + ) — Gy () ()] (&) er () F(€)g(n) dcln.

Then by the mean value theorem

1
Ton; . (Sef, Drg)(w /Tm7 ikt (2005 f, 04G) () do
i=1,20<k—3 7
where
Mij ke (1) = ma(§,n) +mp(€n),
and

ma(&,n) = aye ForEN| (e 4+ 1)|*72(&o + 1:) 05 (€0 + 1) pe(E) ()
mp(€,n) = e ForEM(9,00) (279 (€0 + )27 0o (E) i ().

Now observe that since ||£]| ~ 2, |9 ~ 2, and k — ¢ > 3, by Lemma A.1 there exists a
constant ¢, > 0 such that

160 +nl* = lgall™ = [Inll* < —call€]]*; for o >1/2, (5.36)
and by the triangle inequality

1€ +nll* = 111" = IInll* < —co €], for o < 1/2. (5.37)
This implies that

eCcalEl® o<1/2

’YRQ,U(E 77) 5.38
e ~ {eCa”f|5|ae(lga)|5|&a o>1/2. ( )

Suppose that ¢ < 1/2 and observe that by Proposition 5.2, Faa di Bruno, and (5.38),
we have

wﬁevRa,o(E,n)‘SZCIW,Y\MIQWRQ,G(SW) H (2¢(a=1beg=klbnlyvs

v 1<|b|<|8
< 9 HBrlg—klB:| ZC (20 lmlg=ear2™
[78%
S (3 Dl (5.39)
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Similarly, for o > 1/2, using (5.38) we obtain

|3ﬁevRa,a(Eyn)|5ZOmyvlulefcw?me*(lfaa)vl\él\" H (0" Ro0(€,m))"

o 1<bl<|8]
S ZCM,qule—caww H (2z(a—|b§\)2—k|bn|)ub
v 1<b< |8
S e (e /D2 g =10 g =15, (5.40)

For the other factors, observe that since ||£o + 7| ~ 27 we have

|0%||€0 + || S [I€o +ml|* 27171 < 2902 |jg )| = Pel g =15 (5.41)
22+2k7 |5€‘ =0
0° (&o+mi)| S41, 8] = 1 and |8i or |8i] = 1 (5.42)
0, 8] > 2 0r [B"| # 0 #i

It follows from (5.41) and (5.42) that

107 (10 +nll**(Gio +mi)) | S 20 D2 Pela=Hitl, (5.43)

We also have
[02e(6)] S 27971 5 el 1, (5.44)
050k (n)] S 27F1PL < I =17 (5.45)

for all n € R2.
Therefore, combining (5.39), (5.40) and (5.43)—(5.45), we can deduce that

. Lo
000 m (€, m)| < 290 len /22 g I8 1
< yimd/ag=i(l=a)g—td||¢|| =181l ||| ~1P2!, (5.46)

for any § > 0.
On the other hand, we can estimate mp using (5.39) and (5.40) by

8 0 mp(&,m)| S 277 1€ 712 ) 1. (5.47)

Fix N > 1 and let p* = (pN)/(N — 1) with (p*)’ = pN so that 1/p = 1/(p*) + 1/px.
Then by Theorem 3.7 and the Bernstein inequalities

1T a (D603, D49 10 S A2/ 273 02O ALF| oy |84 e (5.48)
1T (D60, 85 20 S 27728 e 1l oy 1883 o (5.49)
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Suppose that s < 1+ 2/p and consider 0 < § < « such that s < 1+ 2/p — 4. Moreover,
choose N > 0 large enough so that s < 14+2/p* — 4. From (5.49), we apply the Bernstein
inequalities again and the fact that |k — j| < 4 to get

HTmB (Aéaifa Akg)”LP
< 27 (sHDR /PR 7, Z 2= (42/p" =) (k=005 | A, F 1
p,00

1<k—-3

<22 | Fllp. Glp (5.50)
where

Cj = HfH—_gq Z 27(1+2/p*7s)(1’713)234”AUCHLP’
T2

which satisfies (C}) ez € €7 since s < 1+ 2/p*.
Similarly, since s < 14 2/p* — §, from (5.48) we can estimate

”TmA (Aéaifv Ak@ HLP

5’71_6/a2_(5_a+5+t_2/p)jHg”B;Lm Z 2—(1+2/p*_5—5)(k—£)252”Aeﬂ|Lp
(<k—3

< Ao ey F (Gl (5.51)
where

Cj . Hf| g;q Z 2_(1+2/p*_5_5)(j—5)2s€|‘AZJ?HLP7
T2

which satisfies (C});ez € €7 since s <1+ 2/p* — 0.
Combining the estimates (5.33), (5.34), (5.35), (5.50), and (5.51) completes the proof
of Theorem 3.5. O

6. Proof of Theorem 3.1

We will provide the proof only for the critical regularity index o. := 1+ 2/p — &,
the proof for o > o, being similar. The proof will proceed in three steps. In the first
step (Part I) we will make two preliminary estimates that arises from the linear part
of the equation. Next, in Part II, we will construct and establish properties for the
approximating solution sequence in the usual Besov spaces that will be necessary for
our purposes. Finally, in Part III, we conclude the proof by making the relevant a priori
estimates in Gevrey classes.
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6.1. Part I: Preliminary estimates

We will need to control the linear term that appears from differentiating the Gevrey
norm with respect to ¢ in the a priori estimates. To do so, we adapt the approach in [54]
where the L? case is dealt with, and modify the proof to accommodate the general case

of p # 2.
Lemma 6.1. Let 0 < a <k and 1 < p <oo. If A“f,G A" f € LP, then

1GA A2 fllze S IASA s+~ O/ Gy AR A fl 1, (6.1)
foralljeZ.

Proof. Fix an integer k, to be chosen later, such that N := 23, Denote by A]- the
augmented operator Aj_; + Aj; 4+ A 1. Observe that

GoADGf = GySu(AT DG f) + AL = Sp) 28 (GL AL, f).

Observe that G-, Sx € L'. Indeed, by Lemma 4.1 we have

An n (3
7 1A Sl pr < €72, (6.2)
n:

G Skllr <
n=0

for some absolute constant ¢ > 0. On the other hand, observe that m := A=+~ (] —
Sk)A;j is smooth with compact support. Let g := GWA"Ajf. We consider three cases.

If 2272 < N, then ¢ = 0. If N < 2972 then Lemma 4.1 and Young’s convolution
inequality implies that

I Tmgllzs S 270707 S N7,
where T, is convolution with 7h. Similarly, if 277! < N < 27%! then
| Tmgllze < N7, (6.3)
Therefore, for any N > 0
G AL fllee S N [A* A f e + N~ G A A f | o

Finally, choose k := [a~!logy(1/7)], where [z] denotes the greatest integer < x. Then
N ~ =1 which gives (6.1). O

We will also require the following properties for the solution to the linear heat equa-
tion (4.7). Let us consider the space

Xr = {v € C((0,T); BIEA(R?) : |[ollxz < o0}, (6.4)
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such that
[vllxp = sup 7| Gyv( -, )] goss, (6.5)
0<t<T P

where v = M®/* XA >0, 0 € R and > 0.

Lemma 6.2. Let a < Kk, 0 > 0, and 8 > 0 and suppose that 6y € Bg,q(RQ). Then

() [le=* bollxr < 1160l

(ii) limp_olle™ 2" x,

, for any T >0, and
0.

sq

Proof. Observe that for b < 1, we have pon’—cx <1 for z > 1 and ean’—cx < e for
0 < < 1. If t27% < 1, then arguing as in Lemma 6.1, e.g., (6.2),

ALY/ RAS AR A A(8277) R AR ||, —tA"
e e M 000 e S eI e A0l e S €Mlem ™ Ao,
for some ¢; > 0. If +27% > 1, then arguing as in Lemma 6.1 and applying Lemma 4.4
MO/RAY A" O/ R2T _cpt20% ) (t/2)A" —c3tA"
le e Aoy S e e DN NG00 10 S Nlem N A6 | o
for some c1, ¢z, c3 > 0. Therefore, a final application of Lemma 4.4 proves

[ N [ P [V [ (6.6)

~

for some ¢4 > 0. Now by (6.6) we have

o2
p,q

. a/K A AR
=) 2| MTTATTAT A g, 19,
J

< Z 9Bja,—qcat2’" (201' ||Aj90||Lp)q
J
S ooll, (6.7)

This proves (i). Now we prove (7). Then for let ¢ > 0, there exists 6§ € S such that
FO5 is supported away from the origin and ||6y — 65| Bg, <€ In particular, 65 € Bg;;ﬁ.
Observe that for 0 <t < T

ARy —tA" D —tA" g —tA"
le™ Boll ggs S le™ "G5 g + lle™" 8o — ™" | 40
a/mAa AR
S 661 gg+e + [ e e™ (6o — 06)|l o+6
<StP/x (Tﬁ/”HOSHBmﬁ) + 75100 — 05 g

where we have applied (6.7) to 6y — 65. This implies (#) and we are done. O
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6.2. Part II: Approzimating sequence
Now let us consider the sequence of approximate solutions 6™ determined by

O™ + ARG 4 VO = 0 in R? x Ry,
u" = (—Rg@”,Rl,Q") in R? x Ry, (68)

9n+1‘t:0 == 90 in RQ,

for n =1,2,..., and where 6" satisfies the heat equation
0;0° + A*0° = 0 in R? x R,
' . (6.9)
0°|,_, = 0o in R%.
It is well-known that 8™ is Gevrey regular for n > 0. In particular, we may define
07(s) := G,0", and u"(s) := G,u"(s), (6.10)

where we choose v = 7(s) := As®/*. It is shown in [11] that there exists a subsequence
of (6™)n>0 that converges in L} (RT x R?) to some function 6 € C([0,T); Bg;l), where
0. := 14+2/p—k, and which satisfies (1.1) in the sense of distribution, provided that either
T or ||| gge is sufficiently small. Additionally, we will show that the approximating
sequence satisfies

sup #7700l 5 60l ggs and Jim sup #7500 g0 =0, (611
for any 0 < 8 < k/2 and n > 0, where the suppressed constant above is independent
of n. Whenceforth, to prove Theorem 3.1 it will suffice to obtain a priori bounds for
[16™( - )|lx,, independent of n (see (6.5)). We will also make crucial use of the estimates
(6.11) in the proof of Theorem 3.1 (see (6.25))

To prove (6.11), we follow [52]. First observe that ° = e=*A"6,. Then by Lemma 6.2
we have

B/r100 . < o ; B/r||e—tA O] . =
0% ggers S N100ll pge, and %15100§?£Tt lle™ 67| ggers = 0.

We proceed by induction. Assume that (6.11) holds for some n > 0.
We apply A; to (6.8) to obtain

OO+ AROTT 4 A (u VT = 0. (6.12)

Then we take the L? inner product of (6.12) with |;|P~26; and use the fact that V-u™ = 0
to write
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1 d n—+1 rkon+1lign+1p—2pn+1
o te, + [ Arertjenttp2rt da
pdt J J J
R2
_ . n n+1lgn+1|p—2gn+1
—/[Aj,u [V P27+ (6.13)
R2

Note that we used the fact that
/ w60 P00 da = 0, (6.14)
RZ

which one obtains by integrating by parts and invoking the fact that V-« = 0 for all
n > 0. Now, we apply Lemmas 4.3, 4.2, and Hoélder’s inequality, so that after dividing
by [16;]75", (6.13) becomes

d )
%H@}LHHLP +C29)07 Lo S N[22, ™IV Lo
Let 8 < k/2. By Corollary 3.6 with s = 0.+ S and t = 2/p — k + 8 we get

d K —((o —(k— j n n
E||9?+1||LP+02 J”g;l-‘rlHLp < 2~ (oeth=(v=Pic |10 HBg,v;ﬁ”e H”Bgﬁﬁ'

Note that we have used boundedness of the Riesz transform. Thus, multiplying by
2(0e+8)7 then applying Gronwall’s inequality gives
1071 ()| g

1/q

itolo q
Z —C2%tg9( c+5JHA 90||LP)

J

1/q

t
®I(t—s)o(k—pB)J n n a
+ /Z —C2"7 (¢ )2( B)JCJHQ (S)||Bgfq+ﬂ”9 +1(8)HB’Z&1+B dS)
0 J

In particular, this implies

% 6+ (1

Isg3e
1/q
Kj . q
< th/w Z (6—02 Jt2("+ﬁ)3|\Aj90||Lp>
J
t 1/q
e /8—26/ﬁ(t ) =8mgs | (Y
J
0 J
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X ( sup tﬁ/“l|‘9"(5)||ggv;3) < sup tﬁ/ﬁ||9n+1(5)||B;€q+ﬁ), (6.15)
o<t<T ’ o<t<T ’

where we have used the fact that
abem" < g7be, (6.16)

Since 8 < k/2, (¢;) ez € ¢7 and

t

1
< 3+—B/k
/ $2B/R (1 — 5)L1=B/x ds ST
0

we actually have

sup tﬁ’/fs ||9n+1 (t) || Bets

o<t<T
1/q
K . q
< sup P/ Z(e_m t2(a+ﬁ)J||Aj90||Lp)
o<t<T J
s (s IO gy ) (s 1O Ol ). 6D
0<t<T P 0<t<T P.q
In fact, (6.16) also implies
1/q
Py . q
M(t) = P/ Z(e—” ’t2<0c+ﬁ>f|mj90||m) < 110l - (6.18)

J
From Lemma 6.2 we know that
_ KJ _ K
e= 200 l|Le S e D60 o,

for some ¢ > 0, where v; = g ¢'tA” A0y solves the heat equation

O+ Afv =0

’U(l‘,O) = A;@o(l‘)
Hence

M(t) < sup t7%)e M 0| gooss,
0<t<T P

so that arguing as in Lemma 6.2, we may deduce that

lim sup M(t) =0. (6.19)
T=00<t<T
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Recall that by hypothesis, we have

lim sup t7/%]|0"(t)]| socss = 0.
Ay sup 167 ()]l gevo

Then returning to (6.17), by hypothesis, we may choose T sufficiently small so that

sup 75107 (t)]] yraaspnis < 1/2.
o<t<T P4

This implies that

sup 777107 ()] ggso S sup M(2).

0<t<T 0<t<T
Finally, letting " — 0 and invoking (6.19) completes the induction.

6.3. Part III: A priori bounds in Gevrey spaces

It will be convenient to introduce the space

X = {v € C((0,T); B5 P (R?)) : [|v]|xp < o0}, (6.20)
where,
[ollx, = sup t7%|Gyv( -, t)]| goers, (6.21)
0<t<T P

and 0 < 8 < k/2 additionally satisfies (6.24) below.

Now we will demonstrate a priori bounds for ||6"( - )| x,, independent of n. First
apply G,A\; to (6.8). Using the fact that G, A,V are Fourier multipliers (and hence,
commute), we obtain

QO+ ARG G A (- V) = N eyl e pagntL (6.22)

where we have used the fact that v := At®/*. Now apply Lemmas 4.3, 4.2, and Hélder’s
inequality, as well as Lemma 6.1 to obtain

S oo + O s
N NGy NN o+ Gy g, w90
We choose A > 0 small enough so that Lemma 4.1 implies
S s+ €2
at"’i J
ST 07 | 1+ (|G L, u" ]V o (6.23)
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Now choose a < k, 0 < f < min{a, k/2} and § > 0 such that
1 1
a<5+5</€<§+—+ﬁ. (6.24)
p
Then by Theorem 3.5 with s = 0. 4+ 8 and t = 2/p — k + 3, we have
L 4+ 29
at's M L
N 71_“/°“2“j||9”+1|\m
+ 9= ((oetB)=(v=B))i . V(a 6)/agla— 6)J||9n||33fq+’3 HgnH”ngfﬁ
+ 27 (AR ==BNICy 167 ot 07 | gets -
Now by Gronwall’s inequality, for ¢ > 0 we have
2("c+5)j||§?+1(t)||m

< 2817021993 | A6 || 1o
t

+/,y(s)lfn/a2ajefc(tfs)2"j2(gc+,8)j||9;7,+1(S)HLP ds

0
t
+Cj/ (8)(a_a)/a2(a—6+n—[3)je—c(t—s)2”1||§n<8)”Bg%+B||§n+1(8)”Bgcq+B ds
+CJ/2 CO2NG™ (5)]] gy 167 (5) ] o
0

Substituting v(s) = As®/*, applying the decay properties of the heat kernel e~ Clt=9)2"
Minkowski’s inequality, and by definition of the space X7, we arrive at

)

10" (Ol ggets S 160l e,
t
N /S*(lf(afﬁ)/n)(t— S)—a/n ds ( sup tﬁ/n”0n+1(t)||Bgcq+ﬁ>
0<t<T ’
0
t

I e e e | A P T P

0
t

+ /8—26/n<t _ s)—(f@—ﬁ)/" ds ||0"HXTH97L+1||XT
0
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Since 8 < min{a, k/2}, a < B+ §, and a < K, we deduce after an application of (6.11)
that

16" xr < Cillboll gge, + Coll0™ llx2 16"l s (6.25)

for some constants Cp,Cs > 1. By Lemma 6.2 we have
16°llx7 < Csli00ll pge, < 2(C1V Cs)llbo 55, (6.26)
for some constant C3 > 1. Let Cy := 2(C1 V C3) and assume that [|6o]| g < (2C,Cy) L.

If 110"l x, < Callboll gge, for some n > 0, then from (6.25), we get

1
§||9n+1||XT < G160l g, - (6.27)

Therefore, by induction [|0" || x, < Cal|fol| gge for all m > 0.

For arbitrary 6y € Bgfq, we can deduce uniform bounds for {6"},>¢ by induction

similarly. To this end, we first observe that by Lemma 6.2, there exists 77 > 0 such
that [|0%)|x,, < C, where C' < (2C3)~'. We can also choose Ty = Ty(fp) such that
SUPgpeq, M(t) < C(2C1) ™, where M(t) is defined as in (6.18). Now let T* := T A Tp.
It follows that [|6°]| x,.. < C.

For n > 0, observe that similar to (6.25), we also have the estimate

10" x,. < C ( sup M(t)) + Col|0" [l 10" x - (6.28)
o<t<T*

If ||0%||x,.. < C, for all 0 < k < n, then applying this to (6.28) and using the fact that
C < (203)71, we have

||9"+1HXT* <204 < sup M(t)) .

o<t<T™

Since supg; o« M(t) < C(2C1)~! we therefore have
10" lx,e < C,

which completes the induction.
Finally, define the spaces Y and Zr by

Yr:={ve C(0,T); By : [[vllyy := sup [[Gyvllpge, < oo}
0<t<T

and

Zr ={v € Xr N Y7 : [[v]| 2, = max{[[v][x,, [v]lyz } < oo}
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To obtain estimates in the class Zr, one must first prove an analog of Lemma 6.2(i)
for the space Yr to take care of the case n = 0. This follows easily from the proof of
Lemma 6.2 by setting § = 0. Then for the case n > 0, one returns to (6.23) and applies
Theorem 3.5 with s = 14+ 2/p — x + 8 and t = 2/p — K, which forces the additional
constraint 1/2 + 1/p + 8/2 > k. One can then obtain uniform bounds on |6"|y, by
following steps similar to those made for estimating ||0"| x,, and taking advantage of
the fact that ||0"] x, is already uniformly bounded for all n > 0. This finishes the proof
of the theorem.
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Appendix A

We recall in the proofs of Theorems 3.4 and 3.5, we made crucial use of the concavity
of the function ||£]|*, where a < 1. In particular, we used the following fact, whose proof
we supply now.

Lemma A.1. Let o < 1 and f : R? x R?2 — R be given by

F&m) = [1El™ + lnll™ = 1€ +nll*. (A1)

If €I/ |Inll = ¢ for some ¢ > 0, then there exists € > 0, depending only on c, such that
f(&m) > ellnll*.

Proof. Observe that

n

+ 1— Hi + —
Il lnll

Also observe that if R is a rotation matrix, then f(RE, Rnp) = f(£,n). Thus, we may
assume that [|£|| > ¢ and that n = e, where e; := (1,0). Now observe that

f&m) = Inll* (Hﬁ

FEm = (& +E) + 1= (& +m)’ + (&2 +m2)*)/?
=@+ 1 (G + 12+ €)%

Let = := ||€]]. Then

F&n) = ge, () == 2% +1— (2% + 1+ 26)*/?,
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where 2 > ¢. Thus, we may assume £, = 0 and |£1| > ¢. In particular, we may assume that
x = &1. An elementary calculation finally shows that g(z) := |z|*+1—|z+1|* > g(c) > 0
since x > c¢c. O

Now we provide the proof of our multiplier theorem, Theorem 3.7.

Proof. By Proposition A.2, we may assume that for each fixed & € R, m(€&,n) is sup-
ported in [1/2 < ||| < 2] C [0,4]? as a function of 7. Thus, we may take the Fourier

transform in the variables 7y, ...,nq4, i.e.,
m(&,n) ~ Y u(§)e™ x(n), (A.2)
kezd

where M (€) := (&, k) is the k-th Fourier coefficient of m and x(n) =1 for 1/2 < ||n|| <
2 and is supported on [1/4 < ||n|| < 4]. In fact, we write m(§,n) as

m(&n) ~oxm + [ Do+ + D | (et x(n), (A.3)
keZo k€Z4—1
where Z; C 7% is defined by
Zj = {k € Z% : k; = 0 for exactly j many indices i and k; # 0 for i’ #i}. (A.4)
Observe that Z; is isomorphic to C(d,d — j) copies of (Z\ {0})(@=7), where Z° := {0}.

Using multi-index notation, observe that for each k € Z? \ {0}, integration by parts
gives

(€)= [ i) dn = ca(~ik) 0.0 (©),
for all a € N, where

i a(€) = / e~ m0R (m(E,m)x(n)) dn.

By (3.5), it follows that mg(¢) is a Hérmander—-Mikhlin multiplier. On the other hand,
(3.5) and the fact that y is supported in [1/4 < ||n|| < 4] implies

olinao) s X [|otesmie o) an

a1 tas=«
s €117 / =1l dn
[1/4<]Inl1<4)
g €174, (A5)
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Thus my o is also a Héormander—Mikhlin multiplier for all k € Z% and o« € N¢. Moreover,
note that the suppressed constant in (A.5) is independent of k.

Now for each j = 1,...,d, choose a multi-index a; € Z; NN? so that Zkezj k™% < oo.
Finally, observe that

d
T (f,9) = Timo (F) T (9) + Z T (f) T, (9)

d
= Ty ()T ZZ KT (T, ) (TT-19),
j=1keZ;

where xi(n) := x(n)e?* " and T,,,, Ty, denote linear multiplier operators with symbols
mg, Xk, respectively, and 7, denotes the translation by v operator, i.e. (7,h)(x) = h(z—v).
Therefore, by Minkowski’s inequality, Holder’s inequality, and the Hérmander—Mikhlin
multiplier theorem we have

1T (fs Dllzr Sa [fllzellxll e lgllza,

where we have used Young’s convolution inequality and translation invariance of dz, and
s
the suppressed constant depends on sup; > ke z k=% ). O

The next proposition shows that Marcinkiewicz multipliers are dilation invariant.
Thus, we may (isotropically) rescale the support of m without penalty.

Proposition A.2. Let 1/r = 1/p+1/q and T,, : L? x LY — L" be a bounded bilinear
multiplier operator whose multiplier, m, satisfies m € L>(R% x RY)

g 02 m(&,m)| Sp.a NP ) =122, (A.6)

for all &,m € R\ {0} and multi-indices By, B2 € Ne. Then T,,, is also bounded with the
same operator norm, where my is given by

ma(&;n) = m(AE, An).
Proof. We first show that m,) also satisfies (A.G). Observe that
07" 0rma(€,m) = NIHEN @2 0 m) (A, An).
Then since m satisfies (A.6) we have

02102 min (&, m) | S APHFIB=L g || =18 g =171
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Now we prove the claim. Indeed, let f € LP, g € L9, and A > 0. Then

Ty (29)(@) = / / e (6 F(©)a(n) de di

R4 R
_ / / e EM (A, M) F(€)d(n) dE dn
R4 R4
= / / e @/ E ) (e INTAFE NN N dE d)
R4 R4
_ / / /N ED (& ) TN(€)ga(n) dE dn
Rd Rd

= Ton(fr, 90)(@/A) = (T (fxs 92)) 1/ ().

This implies

1Tos (F, 9)llr = A7 Ton(fx 90) -
SAY e llgalle = X TATVEXZY £l Lol g o

In particular, | T}, || < ||T||- On the other hand, one can similarly argue

1T (F, D)l = A= Ty o (Fiyns 9173) e
SA YN allzelgialle = A XPAY ]| 1o lg]| o

Therefore ||T,| < |Tm This completes the proof. O
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