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Abstract

Based on a previously introduced downscaling data assimilation algorithm, which employs a nudging term to synchronize the
coarse mesh spatial scales, we construct a determining map for recovering the full trajectories from their corresponding coarse
mesh spatial trajectories, and investigate its properties. This map is then used to develop a downscaling data assimilation scheme
for statistical solutions of the two-dimensional Navier—Stokes equations, where the coarse mesh spatial statistics of the system is
obtained from discrete spatial measurements. As a corollary, we deduce that statistical solutions for the Navier—Stokes equations
are determined by their coarse mesh spatial distributions. Notably, we present our results in the context of the Navier—Stokes
equations; however, the tools are general enough to be implemented for other dissipative evolution equations.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

For a given dissipative dynamical system, which is believed to accurately describe some aspect(s) of an underlying
physical reality, often the problem of forecasting using the model becomes one of initialization. More precisely, one
does not have the complete data available with which to properly initialize the system. However, in many cases, this
is compensated by the fact that one has access to data from measurements of the system, collected continuously (or
discretely) in time, albeit on a much coarser spatial grid than the desired resolution of the forecast. This, for instance,
is the case in atmospheric sciences where, since the launch of the first weather satellites in the 1960s, weather data has
been collected nearly continuously in time, which furnishes us with the knowledge of the state of the system, e.g., the
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velocity vector field or temperature, on a coarse spatial grid of points. The objective of data assimilation and signal
synchronization is to use this low spatial resolution observational measurements, obtained (nearly) continuously in
time, to accurately find the corresponding reference solution, from which future predictions can be made. This has by
now wide ranging applications in atmospheric, oceanic, medical and biological sciences (see e.g. [4], and references
therein).

Due to its ubiquity in applications, several different types of methods have been developed for data assimilation;
see, for instance, [4,6,7,20,23,47-49,57,59,60,65] and the references therein. Our focus here is on what is known as
nudging (or Newtonian relaxation) method. There has been some earlier work implementing various versions of the
nudging method in control theory and in the context of ordinary differential equations (ODEs); see, e.g., [64,69].
Moreover, there has also been attempts of extending this approach to the context of partial differential equations
(PDEy); see, e.g., [5,51]. However, a proper and rigorous framework for the nudging approach was recently devel-
oped in [8], where the authors consider a more general setting which is valid for a broad class of infinite-dimensional
dissipative PDEs and observables. Although the results in [8] are obtained for the two-dimensional incompressible
Navier—Stokes equations as the reference model and under the assumption of continuous in time and error-free mea-
surements, later works applied this method to several other dissipative dynamical systems [2,12,26-29,62], as well as
to more general situations such as discrete in time and error-contaminated measurements ([ 10,37]). Moreover, numer-
ical approximation schemes of this algorithm, given by a Postprocessing Galerkin spatial discretization and (semi- and
fully-) implicit Euler time discretizations, have been analyzed in [52,63]. Specifically, uniform (global) in time error
estimates are established, which imply that the algorithm is reliable for numerical simulations, as it is demonstrated
computationally in [3,25,46,61] (see also [50]). A notable feature of the approach in [8] is that it allows one to provide
explicit conditions on the relaxation (nudging) parameter and the spatial resolution of the observations, in order to
guarantee convergence of the algorithm to the reference solution of the model equation(s). Their idea is based on the
fact that the long-time behavior of various (infinite-dimensional) dissipative dynamical systems, is determined by only
a finite number of degrees of freedom, e.g., modes, nodes or volume elements [17,18,38,44,45].

The algorithm in [8] can be described as follows. Suppose u is a solution to a physical model over a domain €2,
whose time evolution is governed by the equation

iu:F(u), (1.1)
dt

except that the initial data ug has not been provided and is thus, unknown. Then consider the following initial value
problem:

%w:F(w)—ﬂJh(w—u), w(0) = wy, (1.2)

where wy is any given initial condition, i > O represents the spatial resolution of the observational measurements,
B = B(h) > 0 is the “relaxation/nudging parameter”, and Jj, is an adequate finite-rank linear “interpolant” operator,
constructed from the observed coarse scale data (see [8,17,18], and references therein, for details). Due to the fact
that there exists finitely many determining coarse-mesh quantities for dissipative systems (e.g., modes, nodes, volume
elements [17,18,38,44,45]), it can be shown that the solution to (1.2), corresponding to the measurements interpolated
by Jx(u), converges exponentially to the solution u of (1.1) (see [8]), provided & << 1 and B(h) >> 1 are adequately
chosen.

The downscaling data assimilation equation (1.2) was crucial in constructing a map W in [32,33], which we refer
to as the determining map, from a ball in the space of all continuous, bounded functions on R with values in the
(finite dimensional) space J;, H? to the phase space. This was then used in [33,35] to construct an associated ODE
termed the determining form for the Navier—Stokes equations [32,33,35], and subsequently several other evolutionary
equations including surface quasi-geostrophic equation, the damped, driven nonlinear Schrédinger equation and the
Korteweg—de Vries equation [53-55].

Our objective here is two fold. First, we study in more detail this determining map, including extending its domain
of definition, which allows for rougher (in time) observations. In particular, we present a simpler proof of the existence
of the determining map W with much more relaxed conditions than the previous construction in [32,33]. This will
allow us to apply it to the case where the observations are noisy or are contaminated with a random error. Additionally,
we establish various properties including Fréchet differentiability of the map W. Our second objective is to construct
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a downscaling data assimilation algorithm to recover the statistics generated by the NSE from random initial data
from the observed spatial coarse-mesh statistics. This is formalized by using the concept of statistical solutions, either
on phase-space, introduced in [30,31,39] (see also [36,40,41]), or trajectory space, introduced in [71,72]. The map
W plays a fundamental role in developing such downscaling data assimilation algorithm for statistical solutions. As a
corollary, we deduce that the notion of determining quantities, established before for individual trajectories, extends
to the case of statistical solutions. We remark that other approaches to statistical data assimilation, for instance via
Bayesian analysis and Kalman filtering, can be found in [13,14,21,49,59,65] and the references therein. The statistical
data assimilation technique introduced here can be viewed as providing a connection between the deterministic algo-
rithm developed in [8] and the above mentioned approaches via Bayesian analysis and Kalman filtering. This issue
will be further explored in a future work.

It is worth mentioning that we demonstrate our results in the context of the Navier—Stokes equations. However, the
tools are general enough that they can be implemented equally to other dissipative evolution equations, such as the
Rayleigh—Bénard convection system and other geophysical models, such as the 3D primitive equations and planetary
geostrophic models.

2. Preliminaries

In this section, we briefly recall the background material and introduce some of the notation that is needed for
the results presented later in sections 3 and 4. In particular, we recall the basic setup and results regarding the 2D
Navier—Stokes equations in the spatial periodic case; introduce the topologies and useful operators on spaces of
continuous functions; and present the notation and properties of the interpolation operators used throughout this
manuscript.

2.1. Navier—Stokes equations and its functional setting

The Navier—Stokes equations for a Newtonian, homogeneous and incompressible fluid in two dimensions are given
by

9
a—ltl—vAu+(u~V)u+Vp:g, V.u=0, @2.1)

where u = (u1, #2) and p are the unknowns and denote the velocity vector field and the pressure, respectively; while
v > 0 and g are given and denote the kinematic viscosity parameter and the body forces applied to the fluid per unit
mass, respectively. We denote the spatial domain by  C R? and the time interval by I C R. The variables u and p
are functions of (x, r) € Q2 x I, while, for simplicity, we assume that g is a function of x € 2 only and g € (L2(Q))2.
However, similar results, taking into account the necessary details, are also valid for a function g = g(x, ¢t) with
ge LI (L*(Q)%).

For simplicity, and in order to fix ideas, we consider system (2.1) with periodic boundary conditions, with € C R?
as the basic domain of periodicity given by 2 = [0, L] x [0, L], L > 0. Moreover, we assume that g has zero spatial
average, i.e.,

/ g(x)dx =0.
Q

We now proceed to recall the basic functional setting of the NSE, a systematic development of which can be found
in [19,67,68]. Let V be the space of test functions, given by

V=3¢: R? > R?: @ is a L-periodic trigonometric polynomial, V - ¢ =0, / ex)dx=0¢. 2.2)

Q
We denote by H and V the closures of ) with respect to the norms in (L3(22))? and (H'(Q))?, respectively. More-
over, we denote by H' and V' the dual spaces of H and V, respectively. As usual, we identify H with H’, so that

V € H C V' with the injections being continuous and compact, with each space being densely embedded in the
following one. The duality action between V' and V' is denoted by (-, -}y’ .
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The inner product in H is given by

(ul,uz)=/u1-uzdx Yu,w € H,
Q

with the corresponding norm denoted by |[ul|;2 = (u, w)!/2.In V, we consider the following inner product:

(up,mp)) = / Vu; : Vupdx VYu,m eV,
Q

where it is understood that Vu; : Vu; denotes the component-wise product between the tensors Vu; and Vu,. The
corresponding norm in V is given by [|Vu||;2 = ((u, u))!/2. The fact that ||V - |2 defines a norm on V follows from
the Poincaré inequality, given in (2.4), below.

For every subspace A C (LY(2))2, we denote

Aper ={¢@ €A : ¢is L-periodic and /(p(x)dx =0
Q
Observe that H is a closed subspace of (L2(£2))2. Let P, denote the Helmholtz—Leray projector, which is defined
as the orthogonal projection from ([Lger(Q))2 onto H. Applying P, to (2.1), we obtain the following equivalent
functional formulation
du
dr
where f = P,g. The bilinear operator B: V x V — V' is defined as the continuous extension of

+vAu+ B, u)=fin V’, (2.3)

B(u,v)=P;[(u-V)v] Vua,veV,
and A: D(A) C V — V’, the Stokes operator, is the continuous extension of

Au=—P;Au Yue).

In fact, in the case of periodic boundary conditions, we have A = —A.

We recall that D(A) =V N (Ii(pz(,/r(Q))2 and that A is a positive and self-adjoint operator with compact inverse.
Therefore, the space H admits an orthonormal basis {¢ j}f/?ozl of eigenfunctions of A corresponding to a non-
decreasing sequence of eigenvalues {Aj};?il, with A1 1= K& = (2n/L)%.

For each N € N, we consider the finite-dimensional space Hy = span{@i, ..., ¢n} and denote by Py the orthog-
onal projector of H onto Hy.

We now recall some useful inequalities and identities. First, the Poincaré inequality, given by

kollull;2 < ||Vuall;2 YueV. (2.4)

In two dimensions, the Ladyzhenskaya inequality is given by

1/2
L2

1/2

lallps < crull 12

IVl Vu € (Hpe ()7, 2.5)

and the Brézis—Gallouet inequality,

|Aul> \]'2
lallze <cpllVull;2|1+log| —=—— Yue D(A), (2.6)
Kol Vul 72
where ¢z, and cp are nondimensional (scale invariant) constants and || - || ;4 and || - ||z~ denote the usual norms of the

Lebesgue spaces (L*(€2))? and (L (R2))>.
The bilinear operator B satisfies the following orthogonality property:

(B(uj,w), wm3)y v =—(B(u,u3), m)y.y VYuj,um,uzeV.

Moreover, in the case of periodic boundary conditions, we additionally have
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(B(u,u), Au) =0 Vue D(A). 2.7)

From Ladyzhenskaya inequality, (2.5), we obtain that

1/2 1/2 1/2 1/2

| B(u, v)|l2 < C%IIUIILZ IVull SVl 2 1AVl YaeV,ve D(A). (2.8)
From Brézis—Gallouet inequality, (2.6), it follows that
lAw 2 12
[(B(ur,up),u3)| < cpllVuyllp2[IVuzll2lluzli2 | 1T +log | ———— (2.9)
kol Vuay |2

for all u; € D(A),u; € V,u3 € H. Moreover, the following logarithmic inequality was proved in [70, Lemma 1.2,

©]:

lAua]l,2 7"
[(B(uy, wp), Aus)| < crl|Vuy || 2| Vuz | 12 [| Ausll 2 | 1 4 log | ——rE (2.10)
kol Vuzll 2

forallu; € V,up; € D(A),u3 € D(A), with c7 being a nondimensional constant.
It is well-known that, given ug € H, there exists a unique solution u of (2.3) on (0, co) such that u(0) = uy and

loc

u e C([0,00); H) N LE ([0, 00); V) and %u € L7,.([0,00); V). (2.11)

Moreover, we also have u € C((0, 00); D(A)) (see, e.g., [19, Theorem 12.1]). Therefore, equation (2.3) has an asso-
ciated semigroup {S(¢)};>0, where, for each t > 0, S(¢t) : H — H is the mapping given by

S(t)ug =u(), (2.12)

with u being the unique solution of (2.3) on [0, 00) satisfying u(0) =ug and (2.11).

Recall that a bounded set B C H is called absorbing with respect to {S(¢)};>0 if, for any bounded subset B C H,
there exists a time 7' = T (B) such that S(#) B C B for all r > T. The existence of a bounded absorbing set for (2.3) is a
well-known result. Then, the global attractor A of (2.3) is defined as the set satisfying any of the equivalent conditions
given below.

1. Let B C H be a bounded absorbing set with respect to {S(¢)};>0. Then, the global attractor A is given by
A=()S®B.

>0
2. Ais the largest compact subset of H which is invariant under the action of the semigroup {S(¢)};>0, 1.e., S¢) A=A
forall t > 0.
3. A is the minimal set that attracts all bounded sets.
4. A is the set of all points in H through which there exists a globally bounded trajectory u(z),¢ € R with
sup; g la(®) |l 2 < oo.

Also, recall the definition of the (dimensionless) Grashof number, given by

f
G =Ml (2.13)
(vio)?
The following bounds hold in the global attractor A:
[Vull;2 <vkgG Vue A, (2.14)
and
| Aull2 < v (G +¢;5) Yue A, (2.15)

where ¢y = 21376‘1, with ¢z being the constant from (2.5). The proof of (2.14) can be found in any of the references
listed above ([19,67,68]) and the proof of (2.15) is given in [34, Lemma 4.4].
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2.2. Spaces of continuous functions

Given an interval / C R (we allow for the possibility that / = R) and a Banach space Z, we denote by C(/; Z)
the space of all continuous functions on / with values in Z. Moreover, we denote by Cy,({; Z) the subset of C(/; Z)
consisting of bounded functions.

For every t € 1, we define the evaluation operator & : C(I; Z) — Z, given by

Eu=ult) YueC;2Z). (2.16)
For every subinterval Icl , we define the restriction operator £ i:CU;2)—>C (i 1 Z), as
Eu)y=u@®) Vtel. (2.17)

Moreover, for every I C R and o € R such that t + o € [ for all t € I, we define the translation operator 7, :
C(l;Z)— C(; Z), given by

(touw)t) =u(t+o0) Viel, YueC(;Z). (2.18)
Also, for every R > 0, we denote by Bz(R) the closed ball in the Banach space Z centered at 0 with radius R.

2.3. Interpolant operators

We recall an approach introduced in [8,9] for dealing with several types of observables through a general class of
interpolant operators. These operators are bounded, linear and of finite rank, and are required to satisfy an approxima-
tion of identity-type condition.

We consider two types of such operators. First, we say that J : (HY(2)? = (L2(Q))? is a Type I interpolant
operator if it satisfies

lp — Joll,2 <cih| Vel Vo e (H' (@) (2.19)
Secondly, we say that J : (H2(Q))% — (L2(2))? is a Type Il interpolant operator if it satisfies
lp — Joll2 <21Vl 2 + c2oh* [ Apll 2 Yo € (H(Q)%. (2.20)

Here, ¢y, ¢2,1 and c2 2 are absolute constants.

The idea is that, if ¢ is the (unknown) state vector of a certain reference physical system, J ¢ represents a spatial
interpolation of the given spatial coarse-mesh measurements of ¢. Thus, J¢ is known, while ¢ is unknown.

A stronger property than (2.20) is given by

lo = Joll2 <ch hIVel 2 +ch 2Vl Kl AelS Vo e (H ()% 2.21)

where C/Z,l and c’2’2 are again absolute constants. Indeed, notice that (2.20) follows from (2.21) by applying Young’s
inequality to the second term on the right-hand side. This stronger property for Type II interpolant operators is needed
for obtaining some of the results concerning the ensemble data assimilation algorithm presented in subsection 4.4.

Moreover, in sections 3 and 4, in particular, we apply the operator W (given in (3.20), below) to Ju(s), s € R,
with u being a solution of (2.3) lying in the global attractor .A. However, in order for this to make sense, we need
to guarantee that Ju(s), s € R is in the domain of W, which is contained in a bounded subset of Cp(R; (FI 1 (Q))z).
With this aim, additional properties of J must be assumed. Namely, in the case of a Type I interpolant, we assume in
addition that J ((H'(2))?) ¢ (H'(€2))? and that

IV@ —J@)ll 2 <&llVel,2 Vo e (H' Q) (2.22)
fo‘r some absolute constant ¢1. In the case of a Type II interpolant, we assume in addition that J (H2(2))?) c
(H'(2))? and

IV —J@)lI 2 <E11IVoll 2 + 20kl Al 2 Vo € (HA(Q), (2.23)

for some absolute constants ¢ 1 and ¢2 2.
Examples of interpolant operators satisfying conditions (2.19) and (2.22) and, consequently, also (2.20) and (2.23),
include
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(i) the low-modes projector, i.e., J = Py, for some N = N(h) e N;
(i) a spatial interpolation of observables given as averages over volume elements Q; of sidelength 4, with Q =
U;-Vzl Q; and N = (L/h)?, defined as

NG

Vo =3 / PAYI(oe % X0,)(X) — (06 % x0,)] (2.24)
Jj=1 I Q;

where |Q;| = h? is the area of Q j» X0; 1s the characteristic function of Qj, pe is a smooth mollifier with & =

e(h), and (-) denotes the spatial average over , i.e., ({) = |~ fQ ¥dx. Notably, the reason for subtracting
the term (p * x ;) is to obtain that (J¢) = 0.

Moreover, another example of interpolant operator satisfying (2.20) and (2.23) (but not necessarily (2.19) and (2.22))
is:

(iii) a spatial interpolation of observables given as nodal values over volume elements {Q j}j'vzl as above, defined as

N(h)
o)) =D o) * x0,)(X) = {pe * x0,)], (2.25)

j=1
where x; € Q;, j=1,..., N, are the nodal points and p, X0; and (-) are as above. In fact, one can show that

such example of J also satisfies the stronger property (2.21). The proof of this fact is given in the Appendix.

3. The determining map

We now describe the lifting map introduced in [32,33], which played a crucial role in obtaining the determining
form for the Navier—Stokes equations, as well as several other evolutionary equations [53-55]. In some sense, this
map is proposed as a substitute, or alternative, for the notion of inertial manifold (see, e.g., [19,22,42,43,67]), which
is not known to exist for the NSE. Notably, the conditions we require for the construction of this map here are weaker
than the ones considered in [33]. In particular, we do not require any condition on the time derivative of the input
function v = v(¢) in (3.1), below. This may be useful within the context of data assimilation, where v(¢) represents
the observed spatial coarse-mesh data, which is usually noisy.

3.1. The determining map W

We start by defining the functional spaces where the domain and range of W are contained, and by introducing the
evolution equation which yields the definition of W.
First, we denote by L%(R; D(A)) the space of functions in L2(R; D(A)) which are translation-bounded, i.e.

S+L2
UKO

sup/ | Au(r)||?,dr < +o0.
seR g

The definition of translation-bounded functions is given, e.g., in [16], with the slight difference that the upper limit of
integration is written as “s + 1. Here, we consider it as s + (wc(%)_1 in order to be dimensionally consistent.
Let

Y = Co(R; V) N LE(R; D(A)).

Notice that Y is a Banach space with the norm
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s+ 1 172
2
VK,
0
[Vu(s)||?, 1
L 2
lally = {sup ———5—= +sup — / [ Au(r)||7 ,dr
seR v KO seR VKO
N

Moreover, let X be the Banach space

X = Co(@®: (H'(2)))
equipped with the norm
IVV(s)llz2
Ivllx = sup ————=F=.
seR VKo

Given v € X, and B > 0 a dimensionless parameter, consider the following evolution equation in functional form:
dw
ds

where v and f are the same as in (2.3). Observe that (3.1) is not an initial value problem, but an evolution equation for
all s e R.

+ VAW + B(w,w) =f — BuidP, (JW—V), seR, (3.1)

Remark 3.1. Although we consider equation (3.1) with v being a general element in the space Cp(R; (H'(2))?), we
emphasize that, for the specific applications we have in mind, we will restrict ourselves to the subspaces where v takes
values in the range of an interpolant operator J, i.e., J ((H'(£2))?) in the case of a Type I interpolant, or J ((H2())?)
in the case of a Type II interpolant.

The next proposition shows that, if ve Bx(p), for some p > 0, then, provided S is large enough depending on the
Grashof number G, the parameter & and p, with & small enough depending on 8 and p, the system (3.1) is well-posed.

In the following statement and in the remaining of this paper, we denote by ¢ a generic absolute constant, whose
value may change from line to line.

Proposition 3.1. Let J be either a Type I or Type Il interpolant operator, i.e., satisfying either (2.19) or (2.20). Let
p > 0 and assume that B > 0 and h > 0 satisfy

* G2 2 * G2 2
pzei (oo eelct (G +07)] o

Brih® <. (3.3)

and

Here, ¢} = cmax{c%,c%} and c5 = ccf2 in case J is a Type I interpolant satisfying (2.19), while c5 =
[c(c%1 + 02,2)]71 in case J is a Type Il interpolant satisfying (2.20). Then, given v € Bx(p), there exists a unique
global solution w of (3.1) on R satisfying

dw
we Co(R; V) N LE (R; D(A)), <% € L .(R; H). (3.4)

Moreover, the following bounds hold:

G2
(i) sup [|[Vw(s)[|7, < 2(vo)® (— + ||v||%(>.
seR :3
s-l—w%2
1 ' 2 G2 2
(ii) sup — / IAW()17,dr < 2(1+ B) (7 + ||v||X).

seR VK s
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Also, consider vi, vy € Bx(p) and let w1, Wa be the solutions of (3.1) on R corresponding to v and v;, respectively.
Denote W= wy — wy and V= v, — v1. Then,

~ 2 215012
(iti) sup [VW(s) 72 < 4(vko)“[IVIlk.
seR
e
I)Kg

. 1 - -
(iv) sup — / IAW()II7.dr <42+ B)IVII-
seR VK d

In other words, the solution w of (3.1) is unique and the map W is locally Lipschitz and continuous in the Y -topology
with respect to the input v € Bx (p).

Proof. The existence of a global solution of (3.1) satisfying the properties in (3.4) follows by deriving the estimates
in (i) and (ii) for the unique solution wy of the Galerkin system (3.1) on the interval [-N (v/cg)_l, 00), subject to the
initial value wy (—N (wcg)’l) =0, and then extracting a subsequence using the diagonal process and then passing
to the limit, as in [33]. Since the details are given in [33], we will omit them here, and restrict ourselves to proving
estimates (i) and (ii) formally. Moreover, the uniqueness of such solution will follow from the estimate in (iii). Also,
we show only the case of an interpolant operator J satisfying (2.20), i.e., when J is a Type II interpolant, since the
case when J is a Type I interpolant, satisfying (2.19), follows analogously.

Taking the inner product of (3.1) with Aw in H and applying Cauchy—Schwarz, Young’s inequality and property
(2.20) of J, we obtain that

5 3 IVWIG2 + VIAWIZ, = =Bk I VW7 + oG (v, Aw)
+ (f, AW) — Buig (JW — W, AW)
Bu2 If17, v
< —BURgI VWL + Bk IVVIG: + —HIVWIT, + —L= + Sl AWl
By}
+ 3 P IVWIG + (3 + c22)Burgh | AWIIZ. (3.5)

Using hypothesis (3.3) to estimate the last term in the right-hand side of the inequality above and rearranging the
terms, we obtain

d 1117,
auwniz + VI AWIZ, + Bk IVWIZ < 2Bvg I VVIZ, +2—1E. (3.6)
Integrating with respect to s on the interval [o, t], we have
2 2 —Buki(t—o) 2.2 G* 2
VWOl 72 < IVW(o) |l e 70 +2v7k 5 +1vlx ) - (3.7
Since w € Cp(R; V), taking the limit 0 — —o0 in (3.7) yields
2 2 2 (G 2
IVW()ll72 < 2v7kg <F + ||V||X) vVt e R, (3.8)

which proves (i). We stress again that this is a formal proof to establish the explicit bounds. In particular, the rigorous
proof, using the Galerkin procedure, does not use the assumption that w € Cp (R; V); but it establishes these estimates
for the solution of the Galerkin system wy (s), for s € [N (vk — 0%)~!, 00). The limit solution W will enjoy these
estimates for all s € R.

Now, ignoring the third term on the left-hand side of (3.6), integrating both sides of the resulting inequality with
respect to s on the interval [¢, f + (wcg)_l] and using (3.8), we obtain
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l+\)l(72
1 G?
2 2
— / IAW(s)]l;.ds <2(1+ B) (— + ||V||X) vt eR, (3.9)
vKy B
proving (ii).

In order to prove (iii) and (iv), let wy and w> be two solutions of (3.1) corresponding to functions v; and v; in X,
respectively. Let W = w, — w; and V= v, — vy. Then, W satisfies

~

dw

ds

Taking the inner product of (3.10) with AW in H and applying Cauchy—Schwarz, Young’s inequality and property
(2.20) of J, we have

+ VAW + B(W, W) + B(W1, W) + B(W, W) = —Bvki P, (JW — V). (3.10)

1d S12 <12 AR vir ATV
5 3o IVWIZ: + VIAWIL, < —pukg I VI,
+2max {|(B(W, wi), AW, [(B(W1, W), AW} + Bvig (¥, AW)
— o (JW — W, AW)
< —Bvig I VW3, +2max {|(B(W, wi), AW)|, |(B(W1, W), AW)]}

Bvkz N Bk}
+ 5 IVWIL, + Bukg I VI + =

IVWI12, + Bug(c3 | + c22)h* | AWI2,

(3.1D)
Notice that, due to (2.9) and (2.10), we have
& & W), AW & N e 1A%l ,2\]"
max {|(B(W, w1), AW)[, [(B(W1, W), AW)|} < cpr[[VWI[2[[VW1 [ 2| AW] 2 | log o IV
L
v 3¢ IAW]12,
< —AWI2, 4+ = BL Vw2, VW12, [ 1 +log | 5—=5- ) |,
< 1AW + 5L VWi VR AT
(3.12)

where C%T = max{c%, c%}.
Thus, using (3.12) and (3.3) in (3.11) and rearranging the terms, we obtain that

d _ . Voo v IAW]2,  6c2 I AW2, -
auwniﬁznfaniﬁ{ﬂvx§+—° L — anvW]niz L+log [ =25 ) | { IVWIZ,

2 kIVWIZ, kG IVWI2,
< 2Bvig 1| VI (3.13)
We will now need the following elementary inequality (see [8]), namely,
mirll{r —¢(1+1logr)} > —¢logg, ¢ >0. (3.14)
r>
Since w; satisfies (3.8) and v; € Bx (p), we have
Vw17 G?
(vko) B

Thus, from (3.14) and (3.15), we obtain

2 =2 2 <2

ved IAWI2,  6c 1AW]2,

-0 L BT Vw5, (1 +log | 5 =5
2 IVEIZ, v kG IVWI2,

2 wiI12 w2

VK |Aw]| |Aw|]

> 0 ok — 1265 K | 14+ log | 5 ——E-
2 \2IvWiZ, IV,

> —6c%,vkg K log(12¢5, K). (3.16)
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Using (3.16) in (3.13) and hypothesis (3.2), we then have
/31)/(3
2
Integrating both sides of (3.17) with respect to s on the interval [o, t], it follows that

d oo Va2 ~ 12 21 o2
aIIVWIILz + EIIAWIILz + VW72 =2Bvig VY. (3.17)

~ ~ _Pg -
IVW @7, < IVW(@)Il7.e7 2 =7 +dsup [ VV(s)]|7,. (3.18)
seR

Since wi, ws € Cp(R; V), taking the limit 0 — —o0, we obtain
IVW(O)117. <4ko)IVIk Yz €R, (3.19)

which proves (iii).
Now, integrating (3.17) with respect to s on the interval [z, ¢ + (wcg)_l], we obtain

\}KO
1 - ~
[ SO <4+ pIRE veR
UKO
t

proving (iv). O

Remark 3.2. Notice that condition (3.2) on 8 is not used for proving items (i) and (ii) of Proposition 3.1, but only for
proving items (iii) and (iv). In particular, this means that the existence of solutions to equation (3.1) can be proved by
only assuming condition (3.3), but for proving uniqueness of such solutions, and the local Lipschitz continuity of the
map W with respect to the input v, one needs to assume, in addition, (3.2).

Now, the result of Proposition 3.1 allows us to give the following definition.

Definition 3.1. Consider p > 0, 8 > 0 and & > 0 satisfying conditions (3.2) and (3.3). Then, the determining map
W : Bx(p) — Y, is given by

Wv)=w, (3.20)
where w is the unique solution of (3.1) corresponding to v € Bx(p).

Remark 3.3. Observe that if v, vp € Bx(p) are such that P, vy = P, vy, then, from (3.1) and the definition of W, it
follows that W (vy) = W(v2). Thus, for a given v € Bx(p), W is in fact determined by P, v.

3.2. Basic properties of the determining map W

The next theorem summarizes some of the properties of the determining map W given in Definition 3.1. These
properties are essential for obtaining the results in Section 4.

Let J be an interpolant operator of Type I or Type II. For every interval I C R, we denote by .7 : C(I, (H'(2))%) —
C(I, (L*(2))?), in case J is of Type I, or 7 : C(I, (H*(2))?) — C(I, (L3(2))?), in case J is of Type II, the linear
operator defined by

(Ju)(t) = J(u@)) Vel (3.21)

Theorem 3.1. Assume the hypotheses of Proposition 3.1. Then, the mapping W : Bx (p) — Y defined in (3.20) satisfies
the following properties:

(i) For every v € Bx(p), W(v) € By (W'M), with

G2
M:=M(G,p,B)=22+p) (F —i—,02>.
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(ii) W is a Lipschitz mapping from Bx (p) to Y with Lipschitz constant 2(3 + 8)'/2.
(iii) Let v € Bx(p) and u be a solution of (2.3) on the global attractor A (i.e., u(t) € A for all t € R) such that
VJu(s) — Vv(s)|;2 = 0, as s = oo. Then ||[VIW(v) —ul(s)|;2 = 0, as s — oc.
(iv) Let p > 0 and J be either a Type I or a Type Il interpolant. In case J is a Type I interpolant, assume that it
additionally satisfies (2.22), and p satisfies

o> (1+¢)G, (3.22)

where C| is the constant from (2.22). In case J is a Type Il interpolant, assume that it also satisfies (2.23) and

G —2.\3
p=ch [G n %] , (3.23)

where c§ = max{l + 2,1, C22¢2,/c3}, with C2,1 and ¢33 being the constants from (2.23), c3 the constant from
(2.15) and ¢ the constant from (3.3). Under these hypotheses, if u(s) for s € R is a solution of (2.3), which is a
trajectory in the global attractor A, then

WoJ() =u.

Moreover, if J o W(V) =V for some v € Bx(p), then W (V) is a solution of (2.3), and it is a trajectory in the
global attractor A.

(v) Let vy, vy € Bx(p). Then, W(vy) = W(v2) if and only if Py(vi —v2) =0.

(vi) Foreveryo € R,

Worts(V) =1, 0 W(Vv) Vve Bx(p).

Proof. We provide only the proof for a Type II interpolant operator J, since the proof for a Type I interpolant follows
analogously.

Items (i) and (ii) follow directly from the estimates in items (i)—(iv) of Proposition 3.1. In order to prove (iii),
let ve Bx(p) and u(s) for s € R be a solution of (2.3), and it is a trajectory in the global attractor .4 such that
[VJu(s) — Vv(s)||;2 — 0, as s — oco. Denote w = W(v), W=w — u and V = Ju — v. Subtracting (2.3) from (3.1),
we obtain

dw ~ ~ ~ ~ ~
T +vAwW+ B(w,w) + B(w,w) — B(W,w) = —,Bvicha(Jw —V)
s
= —BokdW — Buig Py (JW — W) — Buig Py V. (3.24)
Proceeding exactly as in the proof of item (iii) of Proposition 3.1, we obtain, by using conditions (3.2) and (3.3), that

forevery o,t e R witho < ¢,

~ ~ _Bg -
IVWO 72 < V(@727 2“7 +4 sup VI3, (3.25)

o<s<t

Taking the limsup as t — oo, we have

limsup [VW()[7, <4 sup [|VV(s)|3,.
—>00 0=<5§<00

Thus, taking the limit as 0 — oo and using that, by hypothesis, || VV(s)||;2 — 0, as s — 0o, we obtain
Jlim [Vw(@)ll 2 =0,

which proves (iii).
In order to prove (iv), let u(s), s € R, be a solution of (2.3), which is a trajectory on the global attractor .4, and
assume that J satisfies (2.23). Thus, we have
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IVJu@s)ll 2 < [IVJuls) — Vuls) |2 + [[Vuls) |2
=+ 0IVa)lz + 2okl Auls)| L2

< (1+&,1)v&0G + E20hcavikd (G + ;)3

- . VK _
< +C2,1)VK0G+02,202\/£ﬂ1—/02(G +CL2)3, (3.26)

where in the last inequality we used hypothesis (3.3) and (2.15). Thus,

IV Ju(s)ll,
sup ————

seR VKO

o G+c72)3
< max{1 +62,1,62,202\/g} [G + (1317/5):| :

Hence, if p > c3[G + B12(G + czz)3], with ¢§ = max{1l + ¢2,1, ¢2,2¢24/¢3}, then || Jullx < p, ie., Ju € Bx(p).
From (3.25), it then follows that

ﬂVKZ
IVIW o T @) —ul()]12, < [VIW 0 T () —ul(0)|2, e~ 7 ¢

Thus, taking the limit as o — —o0, it follows that W o J (u) = u.

Moreover, if J o W(v) = v for some v € Bx(p), then, denoting w = W (v), we have Jw(z) — v(¢) = 0, for all
t € R. Thus, we see from (3.1) that w(z) for all r € R, is a solution of (2.3) which is uniformly bounded with respect
to the norm in V. Thus, w(t) € A, for all r € R (see the characterization of A in section 2.1).

In order to prove (v), let vi, v3 € Bx(p) and denote w; = W (v1), wo = W(v3) and W = wp — wy. Then, it follows
from (3.1) that

~ dw ~ ~ ~ ~
Buig PV = d—? + VAW + B(W, W) + B(W1, W) + Buki P, JW. (3.27)

If W(vy) = W(vp), i.e., W = 0, then it follows from (3.27) and the linearity of J that P;V(s) =0, for a.e. s € R.
But since vi, v2 € Cp(R; J(H'(2))?) then, in fact, P,¥(s) = 0, for every s € R.

On the other hand, if P,V = 0, then it follows from the uniqueness of solutions to (3.1) that W = 0, since W = 0 is
a solution of (3.1). This finishes the proof of (v).

In order to prove (vi), notice that, given v € Bx (p), 7, o W (V) is a solution of (3.1) corresponding to 7, v. By the
uniqueness of solutions to (3.1), it follows that 7, o W(v) = W o 1, (v). This proves (vi). O

3.3. Fréchet differentiability of the determining map W

In this subsection, we show the Fréchet differentiability property of the determining map W given in Definition 3.1,
and explicitly identify its derivative. Although this property is not used in the results of section 4, we present it here
due to its own importance.

First, we state a result on well-posedness of an auxiliary, linear evolution equation, whose solutions are directly
related to the Fréchet derivative of W. Its proof is similar to the proof of well-posedness of (3.1) (see Proposition 3.1),
so we omit its details.

Proposition 3.2. Assume the hypotheses of Proposition 3.1. Let V€ X and w € Cp(R; V) satisfying the bound (3.8).
Consider the following evolution equation on R, which is the linearization of (3.1) around w:

*

+VvAW* 4+ B(w, w*) + B(W*, w) = —,chng(Jw* -V), (3.28)
\)

with v > 0 the same as in (2.3). Then, equation (3.28) has a unique, bounded solution w* on R satisfying
%

d
w* € Cp(R: V) N LAR; D(A)), dl e L2 (R: H). (3.29)
S

loc

Moreover, |[wW*|ly <23+ B)'/?|V]|x.
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From the result of Proposition 3.2, we conclude that, given p > 0, 8 > 0 and & > 0, satisfying conditions (3.2) and
(3.3), we can define a mapping D : Bx(p) x X — Y given by

D(v, V) = W, (3.30)

where w* is the unique, bounded solution of (3.28), satisfying (3.29), and which corresponds to w = W (v), with
v e Bx(p),and vV € X. Indeed, by item (i) of Proposition 3.1, it follows that w = W (v) € Cp(R; V) and it satisfies the
bound (3.8). Moreover, the mapping D(v, -) : X — Y defines a bounded linear operator from X to Y, with operator
norm bounded by 2(3 + 8)!/2.

It turns out that, for a fixed v € Bx(p), the bounded linear operator D(v,-) : X — Y is precisely the Fréchet
derivative of W at v, as shown in the next theorem.

Theorem 3.2. Assume the hypotheses of Proposition 3.1. Then, the mapping W : Bx (p) — Y is Fréchet differentiable
and its Fréchet derivative at v € Bx (p), denoted by DW (v) : X — Y, is given by

DW(v)(V) =D(v,v) VvelX, (3.31)
with D(v, V) as defined in (3.30).

Proof. Assume J is an interpolant operator satisfying (2.20). The proof of the case when J satisfies (2.19) follows
analogously.

Letv,Vve Bx(p) anddenote w=W(v),W=W{H),w=w—wandv=V —v.

In order to prove (3.31), we need to show that

W=D, Vlly =o(lIVlx). (3.32)
Notice that w satisfies
Jw
d_w + vAW+ B(w, W) + B(W,w) + B(W, W) = —,chgPd(JW —-V). (3.33)
s

Denote w* = D(v, V). Subtracting (3.28) from (3.33), we obtain that

Cil—s(W — W)+ VAW -W)+BW,W—w")+BW-—w"w) +BWW)
= —BkG (W — W*) — Buid P, [J (W — W*) — (W — w¥)]. (3.34)

Taking the inner product in H of (3.34) with A(W — w*) and applying Cauchy—Schwarz, Young’s inequality and
property (2.23) of J, we obtain that

1d, __ _
535 VW = VWAL + VIAGY = w9l

<2max {|(B(w, W — w*), AW —w")|, [(B(W—w*", W), AW — w"))|}

v _ 2 o ,31)K2 _
+ G IAG = W)l5, + S IBE W2 — — 2 IVW = VW7,
C% 1
+ Buk} (T + cm> RIAW — w7, (3.35)
Now, proceeding analogously as in (3.12)—(3.17) and using conditions (3.2) and (3.3) on g8 and #, it follows that
d v Bk 4 - _
IV = VWL + SIAT = W7, + — 2 IVW = VW7, < — | B, W3 (3.36)

From (2.8) and Poincaré inequality (2.4), we have

4
. Cc _ _
IBW, W3, < K—ganniz AW 2. (3.37)
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Thus, integrating (3.36) on the interval [o, s] and using (3.37), yields

N
_ g _ act [ B _
IV —wH(s)]3, e 2 67 ||v<w—w*)(o>||§2+ﬁ / e” 2 ST VW)L IIAW(T) [ 2dT. (3.38)
(e

Now, we choose 0 = s — ﬁ, for some n € N. Notice that
0

G=b
R —

Ky UKO
ﬂvxz n ﬂuxz
/ |AW@)llze 2 ¢V dr =) f IAR@l 20”2 00 dr
o j=1 o
Ul(2
0
s—U=D 172
n b e—BG-D _o-Bi\"?
<> / 1AW (D)2, .
j=1 . 0
5o
\7‘(0
L 1/2
UKO
1 (1—e A2 pu-n
<sup| —= AW(T) 2 dr _— e 2
ooty [ wmorr| (S
t Jj=1
—Bn
(3.39)

<IwllyCp(l —e™27),
where Cg = (1 — e AHI2[B12(1 —e P27,
Hence, from (3.38) and (3.39), we obtain that
ﬁuk2
IV - w2, <e” 2 0= |V - wh) ()2
IVw(z

N
)”32 5‘”‘3
+ 4cf (vig)* sup ——— = / IAW(T) || 26”2 7P dr
VK
teR ( 0) g

P () W -5
<e T UV — w02, +dct Cpoo) Wl (1 —e” 7). (3.40)

Then, taking the limit as 0 — —o0 (i.e., n — 00) and using that w, w* € Cp(R; V), it follows that

VW —w*)(5)]12, _ _
sup ——L <4} CplIWI < et CpB+ B IIVI (3.41)
seR (vko)
where, in the last inequality, we used item (ii) of Theorem 3.1.
Now, integrating (3.36) on the interval [s, s + (vk3) '] and using (3.37) and (3.41), yields
S%——lj 54__17
WCO WCO
1 _ _ IVW (D)3, _
— f IAGW — w*) (D) [17,dT < cc] CpB+ B IIVI% + ccf | sup ———= 2 / IAW(7)| 2d7
VK J ek (VKo) J
s+ 172
1 \))(0
< o+ PRI +ect I | = [ 1AW e
UKO g
(3.42)

<ccf (1+CpG+ B2Vl
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Hence, from (3.41) and (3.42), we conclude that
W — w*lly < CplIVI%,
where 5,5 = [cci(l +2Cg)(3+ B)?1'/2. This proves (3.32) and concludes the proof of the theorem. 0O

3.4. The map W4

We now restrict our attention to functions defined on R = [0, 00) and introduce an analogous framework to the
one developed in Subsection 3.1. Thus, we consider the Banach spaces

Y+ = Cp(Ry: V)N LY(Ry: D(A))
and
X4 =GRy (H' ()%

endowed with the norms

s+—1y 172
IVu)Ii3 1
L 2
lully, = { sup ————L + sup— / | Au(r) ]2, dr
s>0  (VKo) 5>0 VK{
s
and
V()2
Ivlix, =sup ———,
s>0 VKQ

respectively.

Now, given v € X, we consider the following initial-value problem:

d

d—w—i—vAw—i—B(w,w)=f—ﬂwc§Pc,(Jw—v), s eRy, (3.43)
s

w(0) =0, (3.44)

where v and f are the same as in (2.3).

Similarly as in Proposition 3.1, one can show that system (3.43)—(3.44) is well-posed. In fact, all the results given
in Proposition 3.1 are still valid after replacing R by R and X by X..

Therefore, given p > 0, § > 0 and & > 0 satisfying conditions (3.2) and (3.3), we can define a mapping W :
Bx_ (p) — Y4 given by

Wo(v)=w, (3.45)

where w is the unique solution of (3.43)—(3.44) corresponding to v € Bx_ (p).
Moreover, we have the following analogous version of Theorem 3.1 for W, :

Theorem 3.3. Assume the hypotheses of Proposition 3.1, with X and Y replaced by X+ and Y, respectively. Then,
the mapping W, : Bx (p) — Y, defined in (3.45) satisfies the following properties:

(i) Foreveryv e Bx, (p), Wi(V) € By, (¥ M), with
G2
M=M(G,p)=2Q2+p) (? +p2).
(ii) Wy is a Lipschitz mapping from By (p) to Y with Lipschitz constant 2(3 + B2

(iii) Letv € Bx, (p) andu be a solution of (2.3) withu(0) =ug € V, and assume that |V Ju(s) — Vv(s)| ;2 — 0, as
s — 00. Then [|[V[W(v) —ul(s)|l;2 = 0, as s — 0o, uniformly with respect to ug in any bounded set in V.
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(iv) Letu be a solution of (2.3) withu(0) =ug € V. Then, |V[W4(Ju) —ul(s)|;2 — 0 exponentially, as s — oo.
(v) Let vi,v3 € Bx, (p). Then, Wo.(v1) = Wo(v2) if and only if P;(vi — v2) =0.
(vi) Foreveryo >0,

Wiots(V) =150 Wi(v) Vve By, (p).

The proof of items (i)—(iii) and (v)—(vi) is similar to the proof of Theorem 3.1. The proof of item (iv) follows from
(3.25), by noting that v(s) =0, forall s € R..

Remark 3.4. Notice that, a priori, there is no relation between the maps W and W, defined on the spaces X and X,
except the fact that they are defined following a similar approach. The construction of the map W on X given here
is inspired by [33], while the construction of W, on X uses well-established tools from [8]. However, in principle,
they are not much different, except that for W, one has to deal with an evolution equation on all of R, and thus without
an initial value.

4. Study of statistical solutions

In this section, we use the determining maps W and W introduced in section 3 to obtain results concerning
statistical solutions of the Navier—Stokes equations. In subsections 4.1—4.3, we recall the preliminary material needed,
while Subsections 4.4 and 4.5 contain the main results.

4.1. Preliminaries on measure theory

Let (M1, ¥1) and (M, ¥,) be measure spaces and T : M| — M, be a measurable map. Then, given a measure
w on My, the push-forward measure of by T, denoted T u, is defined as

TwE)=pn(T 'E) VEeXx,. 4.1)

Moreover, given a measure space (M, X) and a measure p on M, for every M c M with M € =, we denote by
| i the restriction of u to (M, X), where

S={ENM:Eex. 4.2)

When M is a topological space, we denote by P (M) the space of Borel probability measures on M, i.e., the space
of measures p defined on the sigma-algebra 3 of Borel subsets of M and satisfying u(M) = 1.

We say that a measure u € P(M) is carried by E € £ if u(E) =1.

A measure u € P(M) is said to be tight if for every E € %,

W(E) =sup{u(K) : K is a compact subset of M and IC C E}.

Moreover, in case M is a metric space with a metric d, we denote by P;(M, d) the subset of all measures
u € P(M) satisfying

fd(x, y)du(x) <oo Vye M.
M

Notably, if u© € P(M) is carried by a bounded subset of (M, d), then, clearly, u € P{(M, d).
Let Lip(M, d) denote the space of real-valued Lipschitz continuous functions on a metric space (M, d), endowed
with the seminorm

lolin = sup lp(x) —o(y)l
ip -—
’ x,yeM xsy d(x,y)

We recall the definition of the Kantorovich metric in P;(M, d) (see, e.g., [24]), given by
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Ym (i, n) = sup /w(X)du(x)—/w(x)dn(x) s g eLipM,d), llellLip=<1; Yu,nePi(M,d).

M M
(4.3)

In the sequel, we denote by yy the Kantorovich metric on Pj(H, dy), where dy is the metric induced by
the norm || - ||;2, i.e., dg(u, v) = |[u — v||;2 for all u,v € H. Also, we denote by I'yy the Kantorovich metric on
P1(Cloc(R4, H), do+ ), where dar is a suitable metric on Cjoc (R4, H) defined in subsection 4.2, below.

4.2. Metrics on spaces of continuous functions

For a given Banach space Z, a useful topology on the space of continuous functions C(I, Z) is the topology of
uniform convergence on compact subsets (see, e.g., [58]), which is defined as the topology generated by the sub-base
of neighborhoods of the form

N(EK,0)={ueCU,Z):u)e O Vt e K},

where K C [ is a compact subset and O C Z is an open neighborhood of the origin. Notably, a sequence {u,},en in
C(I, Z) converges to u € C(I, Z) with respect to this topology if, and only if, for every compact subset K C I,

sup |lu, (t) —u(t)||z - 0asn — oo,

tekK
where || - || z denotes the norm in Z. From now on, we use the notation Cioc(/, Z) to denote the space C (I, Z) endowed
with the topology of uniform convergence on compact subsets.

Consider the spaces Cioc(/, (L2(£2))?) and Cioc(I, (H'(2))?) of continuous functions on an interval I C R with
values in (L2(2))? and (H'(£2))2, respectively, endowed with the corresponding topology of uniform convergence on
compact subsets, as defined above. The fact that (1;2(9))2 and (H 1 (Q))2 are, in particular, metric spaces implies that
Croc(I, (L*(2))?) and Cioc (I, (H'(2))?) are metrizable. Indeed, let {K,},>1 be a sequence of compact subintervals
of I such that I = J,- K. Then, a compatible metric with the topology of Ciec(1, (L?(£2))?) is given by

1 supcg, u(@) —v(D) .2

— Yu, v € Croe (I, (L*(2))?), 4.4
27 v+ suprex, () — VOl 2 loc (1, (L7(£2))7) 4.4)

dé (u,v) =

n>1
while a compatible metric with the topology of Cioc (I, (H'(£2))?) is given by

i Supck, (IVu(t) — Vv(t)| 2
= 2" vko + supsek, [IVa(t) = V()] 2

dl (u,v) = vu, v € Cioc(I, (H (2))?). (4.5)

In particular, when I = R, we consider K, = [—n(wcg)_l, n(wcg)_l] forall n > 1; and when I = R, we consider
K ,‘f =[O0, n(wcoz)_l] for all n > 1. Moreover, in order to simplify the notation, we denote dy = dg%, d; = d(I)R td = dl]R
and dr = dl]R*.

4.3. Statistical solutions

Statistical solutions of an evolution equation are given as probability measures which represent the evolution in time
of probability distributions of the model state variables according to the underlying dynamics. They are particularly
useful in the study of a physical system for which there is uncertainty with respect to the initial condition, and one
would like to determine how this uncertainty is going to evolve in time.

Such statistical solutions can be of two types: first, the phase space statistical solutions, i.e., a family of probability
measures {i;};e; defined on the phase space and indexed by the time variable ¢, representing the evolution in time
of probability distributions of the state variables in the phase space; and secondly, the trajectory statistical solutions,
i.e., a single space-time probability measure p defined on the space of trajectories, whose support is contained in the
set of all possible individual solutions of the evolution equation.
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These concepts proved to be the natural rigorous mathematical framework for investigating the statistical properties
of 3D turbulent flows as demonstrated in the pioneering works of Foias and Prodi in [30,31], concerning phase-space
statistical solutions, and later by Vishik and Fursikov in [71,72], concerning trajectory statistical solutions. More
recently, in [40,41], inspired by the definition of a trajectory statistical solution given in [71,72], the authors provide a
slightly different definition, still in the context of the 3D NSE, which allows for a connection with the definition of a
phase-space statistical solution given in [30,31]. An extension of this more recent definition to an abstract framework
that can be applied to a large class of evolution equations was given in [15].

When the evolution equation is well-posed, as is the case of the 2D NSE, then, given an initial probability measure
o defined on the associated phase space, obtaining its evolution in time is rather simple. Indeed, using the notation
related to the 2D NSE from subsection 2.1, for the first type of statistical solution, one considers the family of measures
given as the push-forward measures of (o by the solution semigroup S(¢), ¢t > 0, i.e., {S(¢)o};>0. Moreover, for the
second type of statistical solution, let S be the solution operator associated to (2.3), i.e.

S:H—CR4, H)
ug— u(?) forallr e Ry,

where u(z) for t € R, is the unique solution of (2.3) satisfying (2.11) with u(0) = ug. From the well-known stability
estimates, i.e., Lipschitz continuous dependence on the initial data, for the 2D NSE [19,66,68], it follows that S is a
continuous, and therefore Borel measurable, map from H to Cioc (R4, H). Then, the push-forward of ug by S, i.e.,
Suo, is a measure defined on the space of trajectories which is carried by the set of solutions of (2.3).

Now, we provide the definitions of statistical solutions on the space of trajectories and on the phase space for the
2D NSE, on any time interval / C R. First, for every interval I C R, let us denote

<l = {u € Cioc(I; H) : uis asolution of (2.3) on }. 4.6)

In the next proposition, we show that %! is a measurable subset of Cioc (I, H).
Proposition 4.1. For every interval I C R, T! is a Borel subset of Cio. (I, H).

Proof. Let {u,} C %! such that u, — u in Cic(I; H). Obviously, I = UieN[aj,bj] such that aj| < a; and
bji1 > bj for all j € N. Since u,(a;) — u(a;) in H as n — oo, it follows from the continuous dependence on
initial data of the solution (cf. [19]) that

sup ||S(t —aj)u,(a;) — St —aj)u(a;j)ll;2 — 0asn — oo.

Z‘EK_/'
Since S(t — aj)u,(a;) =u, (1), it follows that u(z) = S(z — a;)u(a;), which is a solution on [a;, b;]. Thus, u(z) is
a solution on every [a;, b;], and therefore on /. Consequently, u(z) € %! Therefore, T/ is closed, and thus a Borel
subset of Coc(I, H). O

Definition 4.1. Given an interval I C R, we say that a Borel probability measure p on Cioc (I, H) is a trajectory
statistical solution of the 2D Navier-Stokes equations (2.3) over I if 1 is carried by T/ .

Remark 4.1. The abstract definition of a trajectory statistical solution given in [15] requires p to be a tight measure
as well. However, since every finite Borel measure on a Polish space (i.e., a separable and completely metrizable
topological space) is tight ([1, Theorem 12.7]), and Cioc(/; H) is a Polish space (see, e.g., [, Lemma 3.99]), then
the tightness condition on u in our case is automatically satisfied. Moreover, the definition in [15] only requires w
to be carried by a Borel set containing the set of solutions, i.e., %! in our case. This is done in order to allow for the
application to evolution equations for which one cannot determine if its corresponding set of solutions is a Borel set.
But since, as shown in Proposition 4.1, T/ is a Borel set, we can define u as being carried by T/ directly.

Before providing the definition of statistical solutions on phase space, we need to recall the definition of a special
class of test functions, called cylindrical test functions (see, e.g., [36,41]). These are functions @ : V' — R of the form

P =, vi)y v, ..., (W vy y) YaeV,
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where ¢ is a continuously differentiable real-valued function on R* with compact support and vy, ..., v € V. We
denote by @’ : V/ — V its Fréchet derivative, given by

k
W)= 9w v)yy..... W)y y)v; YueV,
j=l1
where 0;¢ denotes the derivative of ¢ with respect to its j-th coordinate.

Definition 4.2. Given an interval I C R, we say that a family {u;};c; of Borel probability measures on H is a phase-
space statistical solution of the 2D Navier—Stokes equations (2.3) over [ if

(i) The function

r— / p)du, (w)
H

is continuous on /, for every ¢ € Cp(H);
(i1) For almost every t € I, the measure u, is carried by V and the function

u> (f—vAu— B(u,u),v)y .y

is us-integrable, for every v € V. Moreover, the map

1 /(f— vAu — B(u,u), v)y’ ydu, ()
H

belongs to LIIOC(I), foreveryve V.
(iii) For any cylindrical test function & in V', it holds

t
/CD(U)th(U)Z/CD(U)dMﬂ(U)+//(f—vAu—B(u, w), )y ydus (wds, (4.7)
H H t' H

forallt,t’ e I witht' <t.

In [15], it is shown that, given a trajectory statistical solution w on I C R, in the sense of Definition 4.1, the family
of measures obtained as its projections in time, i.e., {& t};c7, iS a phase-space statistical solution on 7, in the sense of
Definition 4.2.

Notice that, given u € %! the Dirac measure concentrated on u, denoted 8y, is clearly a trajectory statistical solution
on /. Thus, the family of measures {£;8u}c; = {Su(r)}ser is a phase-space statistical solution on /. In fact, the same
holds for any convex combination of Dirac measures 8y, ..., 0u,, With uy, ..., u; € %! and k € N. The following
proposition elucidates the connection between phase space statistical solutions and trajectory statistical solutions for
the 2D NSE.

Proposition 4.2. Let (1o be a Borel probability measure on H with
/ a7, dpo(u) < oco.
H

Then the family of measures {1, = £ Spo = S(t)o}i=0 is the unique phase space statistical solution with the initial
measure given by o and moreover, i = S is the unique trajectory statistical solution satisfying Eop = (L.

Proof. The fact that the family of measures {&;Spo}i>0 = {S(#) o}s>0 is a phase-space statistical solution on [0, 00)
corresponding to the initial measure p( follows from the definition of a phase space statistical solution and that of the
push forward measure S () g, while the uniqueness follows from [36, Theorem V.1.4].
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For the second part of the statement, clearly, u = Sy is a trajectory statistical solution on Cioc (R, H) satisfying
the initial condition &yt = . To show uniqueness, if p is any trajectory statistical solution on Cjoc (R4, H) satisfying
Eop = w0, then, for every Borel subset E of Cioc (R, H), using the fact that S o & is the identity map on %! where
I =Ry, we have

p(E)=p(ENT) =p(So&) (ENT) =&pS (ENT))
= oS ENTH) = uo(S™'(E) =Spo(E). O (4.8)

4.4. Ensemble downscaling data assimilation

In this subsection, our goal is to show that if @ is a trajectory statistical solution on R, then the translations
(or evaluations) in time of the measure (W4 o J)u, with J as defined in (3.21), converge to the translations (or
evaluations) in time of u asymptotically in time, in a suitable sense. In practice, J i is a measure constructed through
uncertainties associated with measurements of the model state variables and the purpose of W is to downscale 7 i1,
and hence reduce these uncertainties by decreasing the error due to the coarse spatial resolution of the measurements.

Let us consider the following set of trajectories, for every interval I C R:

T =ued V@)l < V2vkoG, |Au@) |2 < c2vid (G +¢; %) Ve e I}, (4.9)

where c¢; is the constant from (2.15). Notice that ‘Ig = ‘Iﬁ* is a nonempty set, since the global attractor .4 is nonempty,
and for every trajectory u(¢), ¢ € R in the global attractor, its restriction to I belongs to T, due to the estimates (2.14)
and (2.15).

As shown in Proposition 4.1, Té is closed, and therefore a Borel subset, of Cioc(1; H). Additionally, as we show in
the proposition below, it is a compact subset of Cjoc(1; V'), and therefore it is a compact subset of Cioc(1; H) as well.

Lemma 4.1. For every interval I C R, T{) is a compact subset of Coc(1; V).

Proof. First, note that the inclusion Tg C Cloc(1; V) follows from the bounds in (4.9), the fact that T{) C Cloc(I; H)
and the interpolation inequality

12 2
V() —u@) 2 < [lat) — ll(tz)llL/z |Au(ry) — Au(t2)|lL/2 . Vn,nel

Since Cioc(1; V) is metrizable, it suffices to show that Té is sequentially compact. Note first that due to (2.5), for
allu e T/, we have

1/2 1/2
B w| < 5’ Vul 2] Au]} ;.

From the definition of ié in (4.9) and (2.3), it now follows that

d
—u(r)

sup <sup ) < 00. (4.10)
L2

ueTé tel
Let {u,},en be a sequence in ‘Z{). Due to (4.10) and the compact embedding of V in H, we can invoke an Arzela—
Ascoli type theorem and a diagonal process, to extract a subsequence u,, — uin Cjoc(/; H) as k — oco. Moreover,
due to the uniform bounds on ||Au,, (t)|l;2 and |[Vu,, (¢)||;2 given in (4.9), and since w,, —> w in Cj,(I; H) as
k — 00, one can easily show that [|Au(z) || ;2 and || Vu(¢)]| ;2 satisfy the same bounds given in (4.9). Thus, u € Sé and
we conclude that T]g is compact in Cioc (I, H).
Let now K C I be a compact subinterval. By interpolation, we have

IV, (1) — Vu(@) |12 < cllun, (1) — u@) |5 Auy, (1) — Au@e) |15

2 2 VieEK.
Thus,
172

sup [ Vu, (t) = Va0l 2 < cQeavig (G + ¢ )2 sup luy, (1) —u(@)| 5.
tekK

tekK

Since w,, — w in Cioc(/; H), the right-hand side of the above inequality vanishes as kK — oo, and we obtain that
u,, — uin Ciec(; V). Therefore, ‘Ié is compact in Cloc(1; V). O
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Here, we consider trajectory statistical solutions on R that are carried by ‘E;r . This assumption of being carried
by ‘3{; is needed in order to make sense of the measure (W4 o J)u, with J corresponding to an interpolant operator
J which is either a Type I interpolant operator satisfying (2.22) or a Type II interpolant operator satisfying (2.23).
More specifically, the requirement that trajectories in ‘Eg' are uniformly bounded in time with respect to the norm in
V is needed when J is as in the former case; while the requirement that the trajectories are uniformly bounded in time
with respect to the norm in D(A) is needed in addition when J is as in the latter case. This is clearly seen from the
definitions of the map W_. and the types of interpolant operator J.

Notice that, for every solution u € TR+ | there exists tg = to(v, ko, G, || Vu(0) || 12) such that

IVu(®)|l2 < v2vkoG Vi > 19, 4.11)

and

lAu(t)ll,2 < c2vid (G +c5 Ve =1, (4.12)

Therefore, 7,u € T{: . The bound in (4.11) is easily seen by taking the inner product of (2.3) in H with Au and
performing the usual estimates, while the bound in (4.12) follows analogously to the proof of (2.15) in [34].

Therefore, if we consider an initial measure po which is carried by By (R), for some R > 0, then by (4.11),
(4.12), the trajectory statistical solution on R starting from o, i.e., & = Suo, satisfies 1, u(‘EI ) =1, for some
to =to(v, kg, G, R). Indeed,

T (TF) = (' T = Spo(r, ' T = oS~ o 1 (TH) = no(By (R) = 1.

Therefore, 7,1 is a trajectory statistical solution on [0, 00) which is carried by 3{: .

Another fact that we need to verify in order to make sense of the measure (W, o J)u and, in addition, its transla-
tions or evaluations in time, is the measurability of the mappings W, 7, 7, and &, with o, t > 0. More specifically,
this needs to be proved by considering the corresponding domain and range spaces endowed with the topology of
uniform convergence on compact sets (see subsection 2.2), since this is the natural topology to be considered in the
context of statistical solutions. This is done in Lemma 4.2 below. For this, we assume throughout this section that
J is either a Type I interpolant operator satisfying (2.19) and (2.22) or a Type II interpolant satisfying the stronger
condition (2.21), as well as (2.23). The stronger condition (2.21) is needed for establishing continuity of W, and
consequently its measurability, between appropriate spaces.

From now on, for every interval / C R, we denote by E{)’IOCH the space ‘Zé endowed with the topology inherited
from Cioc(1; H), and by sé,loc when ¥/ is endowed with the topology inherited from Cioc(; V). Moreover, we de-
note by Bx (0)1oc;; and By, (0)1oc,; the balls Bx (o) and Bx_ (p) endowed with the induced topology from Cioc (R, H)
and Cioc (R4, H), respectively.

Lemma 4.2. The following hold:

(i) Foreveryt>0and I CR, & : Cioc(I, H) — H is a continuous function.
(ii) For every o >0, 175 : Cioc(R4; H) = Cloc (R4; H) is a continuous function.
(iii) Let J be an interpolant operator satisfying either (2.19) or (2.21). Also, consider p > 0, § > 0 and h > 0
satisfying conditions (3.2) and (3.3). Then,

W BX(P)IOCH — Cloc(R; V)

and

W, BX+ (p)locH — Cloc(R4; V)
are continuous functions. Moreover, W is a Lipschitz function with respect to the metrics da' in Bx, (P)locy
and d" in Cioc(R4; V).
(iv) Let J be an interpolant operator satisfying either (2.19) or (2.21). Then, the mapping J : %
Cloc(I; (L2(22))?), defined as in (3.21), is continuous.

1

b,locy -
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Proof. The proofs of (i) and (ii) follow directly from the definition of the topology in Cioc(R+; H) and the definitions
of the mappings & and 7.

Now let us prove (iii). Let vi, vo € Bx(p) and consider ¢ > 0 and K = [a, b] C R, a compact interval. Denote
V=v, — v and W= W(vy) — W(v}), and proceed as in the proof of item (iii) of Proposition 3.1. Then, estimating
the third term on the right-hand side of the first inequality in (3.11) as

~ ~ v ~
Byt ¥, AW)| < 287 vkg V112, + §||Aw||iz,
and proceeding analogously as in (3.11)—(3.18), one obtains that, for every ¢t,0 € R with o <1,

~ ~ UG, -
IVW(O) 72 < VW (0)lI72e7 2 7 +8Bk5 sup [[V(9)]7,
s€lo,t]

G2 ﬁvkz -
< 2(vko)? <—ﬁ +,02) e 7 7 18613 sup W), (4.13)
s€lo,b]

where in the last inequality we used item (i) of Proposition 3.1. In particular, let us choose t € K =[a,b] and 0 < a,
with sufficiently large absolute value such that

G2 /3VK2
2(vko)? <7 + p2> e i) £ (4.14)

2
Thus, if vo € vi + N7, with

Ni={veBx(p) : [v(5)ll;2 < (168x5) " 'e, Vs €0, b]},
then, from (4.13) and (4.14), it follows that

sup [[V[W(v2) = W(vDI0) 2 <e.
t€la,b)

Moreover, we also show the measurability of the determining map W since this is needed in Subsection 4.5 when we
consider trajectory statistical solutions on the whole R. This shows that W : Bx (0)1oc;; = Cioc(R; V') is continuous.

In order to prove that W : (Bx, (p), d&) — (Cloc(R4; V), dl+) is Lipschitz, consider vy, v, € By, (p). As before,
denote V=v| — v, and W = W (v2) — W, (v}). Similarly as in (4.13), we have, for every tr,0 € R,

- ~ _Pg ~
IVWO7, < IVW(@)II7.e7 2 "7 +8Bk5 sup [V(s)]|7,.
s€lo,t]

In particular, choosing ¢ =0 and ¢ € [0, n(v/cg)_l], with n € N, we obtain that

S 12 2 S )12
sup VW7, < 8Bkg sup V)32 |
1e[0,n(vkd)'] se[0,n(wkd)~1]

where we used that W(0) = 0. Thus,

sup IVIWL(v2) = Wi (vDI() | 2 <882 sup [va(s) — vi(s)ll 12
seK, VKo seKy v

VneN, (4.15)

where K, = [0, n(v/cg)_l]. From the definitions of the metrics d(‘)" and d1+, this implies that

dif (Wi (v2), Wi (v1)) < 88)2ds (va, 1), (4.16)

as desired.
Finally, let us prove (iv). Suppose that J is a Type II interpolant operator satisfying the stronger property (2.21).
Letuj,up € ‘Z{). Notice that, for every ¢, s € I,



318 A. Biswas et al. / Ann. I. H. Poincaré — AN 36 (2019) 295-326

(T (@) — (Tuw) )2 < lwi (@) —w(s)ll 2 + 5 ~IVUL (@) — Vap(s)ll 2

+ch k2| V() — Vuz(s)||‘L/22||Au1 (t) — AU2(s)||1L/22
< [lug (1) — w2 ()l 72 + ¢5 hllug (1) — ua(s) ||1L/22”Au1 o — Auz(s)n‘L/f

+ C/z,zh3/2||u1(l) - “2(S)||2/24||Au1(t) _ Auz(s)||3L/24
<y () — ()l 2 + b 1 AQRe2vkd (G + e D3 2y (1) — “2(S)||1L/22

+ ¢, oh 2 Qe (G + DD w0 w15 4.17)

First, by taking u; =up =uin (4.17), we see }hat Ju belongs to Cioc (1, (L2(Q))2). Subsequently, by taking s =¢ in
(4.17), it follows that 7 : Eéﬁloc” — Cloc (I, (L2(£2))?) is continuous. The proof for an interpolant operator satisfying
(2.19) is similar, and therefore omitted. O

In the next theorem, for a given trajectory statistical solution « on R, we show the asymptotic convergence in
time of the translations or evaluations in time of (W o J)u to wu, with respect to the Kantorovich metric. Note that the
measure J u is constructed from the observations. For instance, if J is the nodal interpolant, then the corresponding
measure J u is constructed from the statistics observed at the measurement nodes. Applying W, to the measure 7 i1,
constitutes an ensemble-based data assimilation algorithm, where the evolution equation (3.1) is used as the forecast
model.

We recall that I' 7 denotes the Kantorovich metric on P (Cioc (R4; H), dg’ ) and yy denotes the Kantorovich metric
on Pi(H,dy), with dg(u, v) = |lu — v|| 2. Moreover, we recall that Mt denotes the restriction of the measure p to

the measurable set Q;F, as defined in (4.2). In case p is carried by ‘Itf then, for any Borel set E, Mt (E D‘I;r) = u(E).

Theorem 4.1. Let J be an interpolant operator satisfying either (2.19) and (2.22) or (2.21) and (2.23). Let p > 0,
B > 0 and h > 0 satisfying conditions (3.2) and (3.3). Moreover, in case J satisfies (2.19) and (2.22), we assume that
p satisfies

p>~2(14+&)G, (4.18)

where C| is the constant from (2.22); and in case J satisfies (2.21) and (2.23), we assume that

(G + cL2)3]

p =i [G + (4.19)

where ¢** = max{~/2(1 + 2,1), C2,2€2,/C5 ), with 31 and ¢, 5 being the constants from (2.23), ¢ the constant from
(2.15) and c5 the constant from (3.3). Let 1 € P(Cloc(Ry; H), da') be a trajectory statistical solution on Ry which is
carried by T;r . Then, the following properties hold:

(i) Tu((zso Wy o ._7),u|‘z§, ) — 0 exponentially, as t — 00,
(it) yg((E; oWy o J)/ng, Em) — 0 exponentially, as t — o0.

Proof. Let @ : (Cioc(Ry; H), da“ ) — R be a Lipschitz function with [|®||rijp < 1. Notice that

[ Pd(zr o Wy o I pigt (W) — / @ (w)d(z; 1) (w)

Cloc(R4;H) Cloc (R+;H)

= fd>((fzoW+OJ)U)dM(U)—/<I>(rfu)du(U)

+ +
Ty Ty
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< [ d oWy o D rdu) < [ suplite o W0 7 = qul(o)]adatw

5>0
Ty Ty
ﬂvx%
< / sup I[Ws o 7 (W) — wl(s)ll 2duu(w) < v2vpGe™ 77, (4.20)
s>t
T

where, in the last inequality we used item (iv) of Theorem 3.3. Since ® is an arbitrary Lipschitz function on
(CrocRy; H), d(')F) with [|®||Ljp < 1, we conclude that

ﬂUKz
L ((r 0 Wy 0 Dtigs, ti) < V2voGe™ 3,

which proves (i).
In order to prove (ii), let ¢ : H — R be a Lipschitz function with ||¢||Lip < 1. Notice that

/ PWA(E 0 Wi 0 Dptgy (W) — f P@A(E )W)
H H

= /(ﬂ(&oWJrOJ(u)dM(u)—/w(&U)dM(u)

b b
< f 1€, 0 Wy 0 T(w) — Eull 2dpu(u) < / sup 140 7 @) = wl)l 2w, 4.21)
b T

The remaining of the proof follows analogously as in the previous item. 0O

The next result shows that, when J is either a Type I interpolant operator or a Type II interpolant operator satisfying
the stronger property (2.21), then we can prove that, given a trajectory statistical solution u on R, the asymptotic
convergence of translations or evaluations in time of (W4 o J)u to u is valid in the sense of distributions. Observe
that convergence in the Kantorovich metric implies convergence in distribution (i.e., weak convergence of probability
measures) provided the underlying measures are carried by a compact set (see, e.g., [24, Theorem 11.3.3]). Under
the assumption that J is a Type I interpolant, or a Type II interpolant satisfying the stronger condition (2.21), the
associated mapping 7 is continuous between appropriate spaces. Therefore, the push forward of measures carried by
a compact set is also carried by a compact set. Thus, convergence in the Kantorovich metric implies convergence in
distribution in this case. This is stated in the Corollary below.

Corollary 4.1. Let J be an interpolant operator satisfying either (2.19) and (2.22) or (2.21) and (2.23). Let p > 0,
B > 0 and h > 0 satisfying conditions (3.2) and (3.3). Moreover, in case J satisfies (2.19) and (2.22), assume that p
satisfies (4.18); and in case J satisfies (2.21) and (2.23), assume that p satisfies (4.19). Let u € P(Cioc(R4; H), d0+)
be a trajectory statistical solution on Ry which is carried by ‘Zg' . Then, the following properties hold:

(i) For every continuous function ® : Cjoc(R4, H) = R,
lim / Pd(zr o Wy 0 I pigs (W) — / C(w)d(z ) ()| =0; (4.22)

1—>00
Cloc(R45H) Cloc (R1; H)

(ii) For every continuous function ¢ : H — R,

lim /<P(u)d(& o WioJugr(w —ffp(u)d(&,u)(u) =0. (4.23)

t—00
H H
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Remark 4.2. Note that for any Borel measure n on Cjoc (R4, H), 747 is the time shifted measure on paths starting at
time ¢. The above theorem says that the measures W, o J o i, which is constructed by the data assimilation algorithm
from the observed measure J o u, and p converge when shifted by time ¢ as + — oo. This is precisely the data
assimilation algorithm for observed path space measures.

4.5. Determining parameters for statistical solutions

In this subsection, we show that statistical solutions of the 2D NSE can be determined by a finite number of
parameters, which are represented through the finite-rank interpolant operator J (of Type I or Type II). This type of
result, as is well-known, holds for individual solutions of the 2D NSE, and thus it is natural to expect it to hold for
statistical solutions as well. The concept of data assimilation by the “nudging approach” initiated in [8] was motivated
by the existence of determining parameters for dissipative systems. However, as in the case of individual trajectories
for the MHD equation in [11], here we use the data assimilation algorithm for statistical solutions to establish the
existence of determining parameters for statistical solutions.

We start by showing this type of result for trajectory statistical solutions on R which are carried by the set of
trajectories in the global attractor A, denoted by

Ta={ueI®  u@r)e AVieR). (4.24)

Similarly as in the proof of Lemma 4.1, we can prove that ¥ 4 is compact in Cioc (R, V). Thus, ¥ 4 is compact, and
therefore a Borel subset, of Cioc (R, H).

Theorem 4.2. Let J be an interpolant operator satisfying either (2.19) and (2.22) or (2.21) and (2.23). Let p > 0,
B > 0 and h > 0 satisfying conditions (3.2) and (3.3). In case J satisfies (2.19) and (2.22), assume that p satisfies
(3.22); and in case J satisfies (2.21) and (2.23), assume that p satisfies (3.23). Let i and n be two trajectory statistical
solutions carried by T 5. If T us 4 = TNz 4, then u=n.

Proof. Let ® € Cy(Cioc(R; H)). It suffices to prove that (see, e.g., [24, Lemma 9.3.2])

f d(wydu(u) = [ ®(w)dn(u). (4.25)
Croc (R; H) Cloc (R; H)

Observe that due to (3.22) or (3.23), as well as (2.14) and (2.15), Ju € B,(X) for u € € 4. Thus, W o J is defined
foru € T 4. Since p is carried by ¥ 4, using item (iv) of Theorem 3.1, we obtain that

cI>(u)du(u)=/<I>(ll)du(ll)=/d>(Wcu7(ll))<1M(ll)= / S(W (v)d(T ) (v). (4.26)
Cioc(R; H) Ta TA T (T )

Since, by hypothesis, Jus , = Jns 4, then

/ SWWHAT ) (v) = / SW(v)A(Tn)(v) (4.27)
J(Z Q) J(F4)
But, analogously to (4.26), we have

/ SWW)AT() = f ®(wdn(w) 4.28)
TJ(E Q) Cioc(R; H)
Thus, from (4.26)—-(4.28), we conclude (4.25). O

Remark 4.3. We observe that if w is a trajectory statistical solution on R which is invariant under the action of the
semigroup of translations {t;};>0 (i.e., ;4 = p, for all # > 0) then p is carried by ¥ 4. Indeed, for every ¢ > 0, we have
S@) o &) =Epn=(E ot ) = Ep. Thus, Eyu is an invariant measure with respect to the semigroup {S(#)};>0,
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which implies that Eyu(A) = 1 ([36, Theorem IV.4.1]). Notice that, by the definition of A (in particular, item 4), it
follows that the mapping &y|g , : T 4 — A is surjective. Consequently, we have

(T4 = 1" 0 E(TA) > (& (A) = Eu(A) = 1.

Now, in the following theorem, we consider the case of trajectory statistical solutions on Ry which are carried
by the set T{: , given in (4.9). We show that the translations in time of such measures can be determined by a finite
number of parameters.

Recall that I'y denotes the Kantorovich metric on P (Cioc (R4, H), dg' ).

Theorem 4.3. Let J be an interpolant operator satisfying either (2.19) and (2.22) or (2.21) and (2.23). Let
p >0, 8>0and h > 0 satisfying conditions (3.2) and (3.3). Moreover, in case J satisfies (2.19) and (2.22), as-
sume that p satisfies (4.18); and in case J satisfies (2.21) and (2.23), assume that p satisfies (4.19). Let u,n €
P(Croc(Ry; H), d0+ ) be two trajectory statistical solutions on Ry which are carried by S;' f

Iglgo Cp((z 0 J)Mfz;, (t; 0 .7)775;) =0, (4.29)
then

Iim 'y (t; e, ;) = 0. (4.30)

—>0o0

Proof. Notice that
Ph(mp, ten) <Th(mp, (7o Wa o Dpgs) + T ((m o Wi o Dy, (1o Wi 0 Iingr)
+ T (mm, (rtoW+0J)ng;)- 4.31)

Let @ : (Cioc (R4 ; H), d;) — R be a Lipschitz function with ||®||pjp < 1.
Using inequality (4.16) for W.. and the Poincaré inequality, we have

df (W4 (v1), Wi (v2)) < (88)'2dS (vi,v2) Vv, v2 € Bx, (p). (4.32)

This implies that ® o W, : (Bx_ (p), da') — R is a Lipschitz function with ||® o W, |Lip < (88)'/2. Therefore,

/ dwd(Wiot oj)“‘fg(u) — / d(w)d(Wiort; Oj)n‘z;r(u)

Cloc(R4;H) Cloc (R1; H)

_ / (W4 (V)d(Tr 0 T)ptgs (V) — / S(W4(v)d(zr 0 Tz (V)
Bx, (p) By (p)

<8 *Th (w0 Digt. (11 0 ngt). (4.33)
Since @ is an arbitrary Lipschitz function with || ®||Lj, < 1, we then have
Cr((o We o Diptg (0 Wa 0 Iings) =T (Wa 0710 Dipagr, (W 070 D)
< 8B ’Th((t o Dt (1 0 i), (4.34)

where we used that W, commutes with 7; (see Theorem 3.3, (vi)).
Thus, (4.30) follows from (4.31), by using item (i) of Theorem 4.1, (4.34) and hypothesis (4.29). O

Finally, still considering the case of trajectory statistical solutions on R4 which are carried by ‘Ig' , We NOW prove
that its evaluations in time can be determined by a finite number of parameters.
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Theorem 4.4. Under the hypotheses of Theorem 4.3, if

tgrgo Fp((z 0 -.7)//«3;» (t; 0 .7)775;) =0, (4.35)
then

lim yg(&Ew, En) =0. (4.36)

11— 00

Proof. We have

v (&, Em) < vy Ep, (€0 Wy 0 T pigt)
+yu((E o Wyio j)/wtggr, (EroWyo \7)’73;) +yu(Em, (EroWyo J)’?g;r)- (4.37)
Notice that
E=&o1 101, =E) 014, (4.38)

Let ¢ : H — R be a Lipschitz function with [|¢||Lip < 1. Notice that g o Ego W, : (Bx, (p), d(;") — Ris a Lipschitz
function with

lp 0 o0 WellLip < 88)/2v(1 +2p). (4.39)
Indeed, by the definition of d, it follows that
[Eo(uy) — Ega) |l 2 < v(1 +2p)dy (uj,wx) Vuy,up € By, (p). (4.40)

Thus, (4.39) follows from (4.40) and (4.32).
Now, using that t; o Wy = W4 o t; (cf. Theorem 3.3, (vi)), (4.38) and (4.39), we obtain

/(ﬂ(u)d(& oWioJpg (W) — / p@d(E o Wy o Tngt(w)

H H

= / ¢ o0& o Wi(Wd(zr o Tpgt (V) — / g o0& o Wi (Md(z o Tngr (V)

By (p) Bx (p)
< 88) v +20) (7 0 Dpgt, (1 0 T)ig). (4.41)
But since ¢ is an arbitrary Lipschitz function with [|¢||Lip < 1, we conclude that
Vi (0 Wi o Ditgr (& 0 Wi o Diigy) < B 2v(1+20)Th (7 0 Nt (10 Dng). (4.42)

Therefore, (4.36) follows from (4.37), by using item (ii) of Theorem 4.1, (4.42) and hypothesis (4.35). O
5. Conclusions and outlook

We show how to approximate the reference statistics of a physical system, modeled by the two-dimensional in-
compressible Navier—Stokes equations (2.1), by the given statistics of its coarse-scale observational measurements,
through the downscaling data assimilation algorithm (1.2). This was achieved in the case of continuous in time
measurements and under the appropriate conditions on the relaxation parameter and the spatial resolution of the
observations. As a consequence, we show that the statistical solutions of (2.1) are, in an appropriate sense, determined
by only a finite number of degrees of freedom. It should be noted that our method is quite general and applies to a
large class of dissipative dynamical systems.

We believe this constitutes a first step in establishing a general framework for ensemble downscaling data assim-
ilation algorithms. A future goal consists in extending the framework developed here to the case of discrete in time
measurements, and also to the case when the model is not exact, i.e., contains an error term. This extension should
provide a general framework that is more strongly connected to the Bayesian and Kalman filtering approaches as
considered, e.g., in [13,14,21,49,59,65].
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Appendix A

We now show that the example of interpolant operator concerning nodal values, given in (2.25), is a Type II
interpolant operator satisfying the stronger property (2.21). The proof follows from a slightly modified version of
Proposition 4 in [8], whose proof is given in [56, Appendix]. In fact, the result below follows the same steps done in
[56, Appendix], modulo an application of Young’s inequality. We present it here for completeness.

Proposition A.1. Let [ > 0 and Q be the square [0,1] x [0,1] C R?. Then, for every ¢ € H*(Q) and (x1, x2),
(1, y2) € Q, we have

3%
lo(x1, x2) =@y, y2)l =2 (IIVwIIiz(Q) +V20Vgll 2g) H P

1/2
(A.1)
8x8y L2(Q)>

Proof. First, consider ¥ = ¥ (x, y) € C*°(Q) and let y € [0, []. Without loss of generality, assume that y is closer to
Othan/,i.e.,I — y > y. Notice that, for every x € [0,/] and y € [y, [], we have

y
0
wz(x,w:zﬁ(x,y)—/@W(x,s)ds
y

Integrating with respect to x and y over [0, /] x [y, /] and applying Cauchy—Schwarz inequality, it follows that

l
- ~ - a
( —y)/ ¥ (s, DIPdx < 191720, + 20 = DIV lIL2(g) Ha—f’
0

LX(Q)

But since [ — y > y, then, in particular, [ — y >[/2 > 0. Therefore,

(A2)

!
. 2 oY
[ (x, ) 2dx < S W12, ) + 2001 2 H—‘ .
E)/ / L2(Q) L=(Q) dy 120

In case ] — y < I, we consider y € [0, y] instead and proceed analogously as above, so that (A.2) is valid for every
y € [0, []. Moreover, since ¥ € C*°(Q) is arbitrary, we conclude, by density, that (A.2) is also valid for every ¢ €
H'(Q).
Now, let ¢ € C*°(Q) and (x1, y1), (x2, y2) € Q. By triangle inequality,
lp(x1, x2) — @(y1, y2)I < lo(x1, y1) — o2, yol + o (x2, y1) — (x2, y2)I. (A.3)

Notice that

dg

X2
3
lCx1, y1) — @(x2, y1)| = /%(s,m)ds <112

X1

L2(Q)
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Thus, using (A.2) with ¥ = d¢/dx, it follows that

g || 3 3 12
® @ @
ot et ol = (2] 58] par) 2 Ha ‘ (A4)
X L2 ) XliL2(0) 19Y0X liL2(0)
Analogously, one can prove that
1/2
ap 2 ap g
lo(x2, y1) —@(x2, y2)| < 2”8_ +21 HB_ P (A.5)
Y llL2) YilL2(0) 19X0Y 1120y

Plugging estimates (A.4) and (A.5) into (A.3) and using the density of C*°(Q) in H 2(Q), we conclude (A.1). O

In [8, Proposition 8], it is proved that the interpolant operator given in (2.25) satisfies (2.20). Now, the proof that
this interpolant operator satisfies the stronger property (2.21) follows the same steps, but using (A.1) instead. We refer
the reader to [8] for further details.
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