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Abstract

We consider the Skorokhod problem in a time-varying interval. We prove existence and uniqueness of
the solution. We also express the solution in terms of an explicit formula. Moving boundaries may generate
singularities when they touch. Under the assumption that the first time T when the moving boundaries touch
after time zero is strictly positive, we derive two sets of conditions on the moving boundaries. We show that
the variation of the local time of the associated reflected Brownian motion on [0, 7] is finite under the first
set of conditions and infinite under the second set of conditions. We also apply these results to study the
semimartingale property of a class of two-dimensional reflected Brownian motions.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

We consider the Skorokhod problem with two moving boundaries. Informally speaking,
the problem is concerned with reflecting or constraining a given path in a space-time region
defined by two moving boundaries. We will address several problems inspired by recent related
developments. First, we study the question of existence and uniqueness of a solution to a slight
generalization of the Skorokhod problem, which we refer to as the extended Skorokhod problem.
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We show that the solution not only exists and is unique, but can also be represented in terms of an
explicit and rather simple formula. Second, we prove some monotonicity relations for solutions to
the extended Skorokhod problem. Similar monotonicity properties are quite obvious when there
is only one reflecting boundary; they are not so obvious in our context. In addition, we study the
issue of whether the constraining process associated with reflected Brownian motion has finite
or infinite total variation. This issue arises when the two endpoints of the time-varying interval
are allowed to meet and is related to the question of whether the reflected Brownian motion is
a semimartingale. Finally, we apply our analysis of one-dimensional reflected Brownian motion
in a time-dependent interval to study the behavior of the constraining process and, in particular,
the semimartingale property of a class of two-dimensional reflected Brownian motions in a fixed
domain that were studied in [4,11,17,19,24]. Reflecting Brownian motions in time-dependent
domains arise in queueing theory [13,16], statistical physics [5,22], control theory [10] and
finance [9].

The present paper is related to several articles. First, the papers [14,15] present an explicit
formula for the Skorokhod mapping in the simpler setting of a constant interval [0, a]. Second,
the works [2,3] contain an analysis of Brownian motion reflected on one moving boundary.
In particular, the second paper presents results on singularities at rough boundary points. In
the present paper, we analyze singularities due to the interaction of two moving boundaries. In
our context, a “singularity” means the infinite variation of the associated constraining process,
which we henceforth refer to as the local time process (see Remark 4.2 for a discussion of this
terminology). Finally, the paper [4] (see also [11,24]) studied a special case of two-dimensional
reflected Brownian motion in “valley-shaped” domains, with all reflection vectors parallel to
the same straight line. We establish the somewhat surprising result that this two-dimensional
reflected Brownian motion is not a semimartingale, irrespective of the particular shape of the
domain. In addition, we also provide new proofs of some of the qualitative results of the papers [4,
24].

The rest of the paper is organized as follows. We start with a short section collecting the
notation used throughout the paper. Section 2 is devoted to the foundational results—existence,
uniqueness and an explicit formula for the so-called extended Skorokhod mapping. Section 3
contains some ‘“‘comparison’” or “monotonicity” results. Finally, Sections 4.1 and 4.2 present
theorems on the local time of reflected Brownian motion in a time-dependent interval. These
results are applied in Section 4.3 to study the local time of a class of two-dimensional reflected
Brownian motions.

1.1. Notation

We use D [0, oo) to denote the space of cadlag functions (i.e., continuous on the right with
finite left limits) that are defined on [0, co) and take values in (—o00, 00). The space of right
continuous functions whose left limits (at all points in (0, 0o)) and values both lie in [—o00, 00)
(respectively, (—oo, oo]) will be denoted as D~ [0, co) (respectively, DT [0, 0o)). Given two
functions f € D™ [0,00), g € DT[0,00), we will say f < g (respectively, f < g) if
f(t) < g(t) (respectively, f(t) < g(t)) for every t € [0, 00). We let C [0, 00) represent the
subspace of continuous functions in D [0, co). We denote the variation of a function f on [#1, 7]
by Vi1,.51(f). We denote by £(-) a generic function in D~ [0, co) and by r(-) a generic function
in DT [0, 00), and assume that £ < r.

Moreover, given a, b € R, define a A b = min{a, b}, a vV b = max{a, b},anda® = a v 0. We
denote by I[4 the indicator function of a set A.
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We also use the following abbreviations, whose meaning will be explained later: SP—
Skorokhod problem, SM—Skorokhod map, ESP—extended Skorokhod problem, ESM—
extended Skorokhod map, BM—Brownian motion, RBM—reflected Brownian motion.

2. Skorokhod and extended Skorokhod maps in a time-dependent interval

The so-called Skorokhod Problem (SP) was introduced in [21] as a convenient tool for the
construction of reflected Brownian motion (RBM) in the time-independent domain [0, 00).
Specifically, given a function v € D [0, co), the SP on [0, co) consists of identifying a non-
negative function ¢ such that the function n = ¢ — i is non-decreasing and, roughly speaking,
increases only at times ¢ when ¢ (¢) = 0. It was shown in [21] that there is a unique mapping that
takes any given ¢ € C [0, 0o) to the corresponding function ¢ (the extension to ¥ € D [0, 00) is
straightforward). Moreover, this mapping, which we shall refer to as the Skorokhod map (SM)
on [0, co) and denote by [, admits the explicit representation

Lo (@) =y () + sup [=¢ ()T, ¢ € D0, 00). 2.1
s€[0,¢]
Given a Brownian motion (BM) B on R with B(0) = 0, and any x > 0, the process W =
I'y(x + B) defines RBM on [0, 00), starting at x. More generally, due to the Lipschitz continuity
of the map Iy, standard Picard iteration techniques can be used to construct solutions to
stochastic differential equations with reflection on [0, co), under the usual Lipschitz assumptions
on the drift and diffusion coefficients.
In a similar fashion, the generalizations of the SP given in Section 2.1 will be the basis for
the construction of one-dimensional RBM in a time-dependent interval. We also establish some

basic properties of these generalizations in Section 2.1 and then provide an explicit formula for
the ESM in Section 2.2.

2.1. Basic definitions and properties

We first describe the SP on a time-varying interval [£(-), r(-)] (see, e.g., Appendix A of [13]).

Definition 2.1 (Skorokhod Problem on [£(-), r(-)]). Suppose that £ € D~ [0, c0), r € DT [0, c0)
and £ < r. Given any ¥ € D [0, 00), a pair of functions (¢, n) € D [0, co) x D [0, c0) is said to
solve the SP on [£(-), r(-)] for ¥ if and only if it satisfies the following properties:

1. Forevery t € [0, 00), ¢(¢) = ¥ (¢) +n(t) € [£(2), r(1)].
2. n =ne — n,, where n, and n, are non-decreasing functions such that

(0,] o0
/0- Lig(s)>es)ydne(s) =0, /0 Ligsy<r(syydne-(s) = 0. (2.2)

If (¢, n) 1s the unique solution to the SP on [£(-), r(-)] for ¥ then we will write ¢ = Iy ,(¥),
and refer to I , as the associated SM. Moreover, the pair (1, ,) will be referred to as the
constraining processes associated with the SP.

Although Definition 2.1 is a natural extension of the SP to time-dependent domains in R it is
restrictive in that it only allows “constraining terms” n that are of bounded variation. In particular,
this implies that any RBM constructed via the associated SM is automatically a semimartingale.
For fixed domains in RY, a generalization of the SP that allows for a pathwise construction
of RBMs that are not necessarily semimartingales was introduced in [17] (see also [4] for a
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formulation in two dimensions). The following is the analog of these generalizations for time-
dependent domains in R.

Definition 2.2 (Extended Skorokhod Problem on [£(-), r(-)]). Suppose that £ € D™ [0, 00), r €
DT [0, 00) and £ < r.Givenany ¥ € D [0, 00), a pair of functions (¢, n) € D [0, c0) xD [0, 00)
is said to solve the ESP on [£(-), r(-)] for ¢ if and only if it satisfies the following properties:
1. Forevery t € [0, 00), ¢(t) = ¥ (t) + n(t) € [£(t), r(t)].
2. Forevery 0 <s <t < 00,

nt)—n(s) >0 ifopm) <r(u)forallu € (s, 1]

ni)—n@s) <0 ifpu) > €(u) forallu € (s, t].
3. Forevery 0 <t < oo,

n) —ni—)=0 ifp@) <r@),
n) —ni—) <0 ifp@) > L),
where 1(0—) is to be interpreted as 0.

If (¢, n) is the unique solution to the ESP on [£(-), r(-)] for ¢ then we will write ¢ = Tg’r(lﬂ),
and refer to Tg, » as the associated extended Skorokhod map (ESM).

We conclude this section by establishing certain properties of SPs and ESPs (see Theorem
1.3 of [17] for analogs for time-independent multi-dimensional domains). The first property
describes in what sense the ESP is a generalization of the SP.

Proposition 2.3. Suppose we are given £ € D~ [0,00), r € DT [0,00) with £ < r and
Y € D0, 00). If (¢, n) solve the SP on [£(-), r(-)] for ¥, then (¢, n) solve the ESP on [£(-), r(-)]
for yr. Conversely, if (¢, n) solve the ESP on [£(-), r ()] for W and n has finite variation on every
bounded interval, then (¢, n) solve the SP for .

Proof. The first statement follows from the easily verifiable fact that property 2 of Definition 2.1
implies properties 2 and 3 of Definition 2.2. For the converse, let (¢, n) be a solution to the
ESP on [£(-), r(-)] for ¢ and suppose n has finite variation on every bounded interval. Then the
Lebesgue—Stieltjes measure dn is absolutely continuous with respect to the corresponding total
variation measure d|n|. Let y be the Radon—Nikodym derivative dn/d|n| of dn with respect to
d|n|. Then y is d|n|-measurable, y (s) € {—1, 1} for d|n| a.e. s € [0, o0) and

mnzf Y ()dIn](s).
[0,7]

Moreover, it is well known (see, for example, Section X.4 of [7]) that for d|n| a.e. s € [0, 00),

) = lim NG E) = n6)
n—00 |n|(s 4+ &) — Inl(s—)"

(2.3)

where the sequence ¢, depends on s and is such that |n|(s+¢&,)—|n|(s—) > Oand &,, — Oasn —
00. Now, for each ¢ > 0, define n¢(t) = f[o,z] Ly s)=1ydIn|(s) and . (t) = f[O,t] Ly (s)=—13dIn](s).
Since y only takes the values 1 and —1 (d|n| a.e.), it is clear that n = ny, — n,. We shall now
show that 7, satisfies the first complementary condition in (2.2). It follows from the definition of
ne that

X0 o0
/ Ligs)> esydme(s) = / Ligs)> ey s)=1ydInl(s).
0 0
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Suppose that there exists s > 0 such that ¢ (s) > £(s), y(s) = 1 and (2.3) holds. We will show
that this assumption leads to a contradiction. Since ¢ (s) > £(s), by the right continuity of ¢
and ¢, there exists § > 0 such that ¢ (u) > £(u) for all u € [s,s + 8]. By properties 2 and 3
of Definition 2.2, we have n(u) — n(s—) < 0 for each u € [s, s + §]. On the other hand, since
y(s) = 1 and |n| is a non-decreasing function, for all sufficiently large n we have from (2.3) that
n(s + &,) — n(s—) > 0. This leads to a contradiction. Hence ¢ (s) > £(s) and y(s) = 1 cannot
hold simultaneously for d|n| a.e. s, which proves the first complementarity condition in (2.2).
The second complementary condition in (2.2) can be established in a similar manner.  [J

Corollary 2.4. Suppose that £ € D~ [0, 00), r € D10, 00) and inf;>o(r(t) — £(¢)) > 0. If
(¢, n) € D[0, 00) x D [0, 00) solve the ESP on [£(-), r(-)] for some € D [0, 00), then (¢, n)
solve the SP on [£(-), r(-)] for ¥.

Proof. By Proposition 2.3, it suffices to show that n has bounded variation on every finite
time interval. Let 79 = 0 and for n € Z4, let 10,41 = inf{t > 13, : ¢(t) = r(¢)} and
Toptr = inf{t > 10,41 : ¢(t) = £(¢)}. For each n € Z,, on the interval [t,, T,41), ¢ will
touch exactly one of the boundaries ¢ and r. By properties 2 and 3 of the ESP, this implies that
n will be either non-decreasing or non-increasing, and hence in particular of bounded variation,
on each interval [7,, T,+1). Moreover, under the assumption inf;>o(r(#) — £(¢)) > 0 and with the
fact that ¢ € D [0, 00), it is easy to see that there are finitely many t,,’s in each bounded time
interval. Thus n will have finite variation on each bounded time interval. [l

The following property is a simple, but extremely useful, closure property of the ESP. Below,
the abbreviation u.o.c. stands for uniformly on compacts, i.e., we say f, — f u.o.c. if for every
T < 00, SuUP;c(o. 77 | fu(s) — f(s)] > O0asn — oo.

Proposition 2.5 (Closure Property). For each n € N, let £, € D™ [0, 00), r, € DT [0, 00) be
such that £, < r,, and let Y, € D [0, 00). Suppose there exist £ € D~ [0, o), r € DT [0, 00)
and Y € D0, c0) such that ¥, — ¥, £, — £ and r, — r u.o.c., as n — o0. Moreover,
suppose that for eachn € N, (¢, n,) solve the ESP on [£,,(+), r,(-)] for ¥,,. If ¢, — ¢ u.o.c.,
asn — oo, then (¢, ¢ — ) solve the ESP on [L(-), r(-)] for .

Proof. Let ¥, £,,, rn, ¢n, N, n € N, and ¥, £, r, ¢ be as in the statement of the proposition and
let n = ¢ — . By property 1 of Definition 2.2, n,, = ¢, — ¥, and ¢,,(¢) € [€,(t), rp(¢)] for all
t € [0, 00). Together with the assumed u.o.c. convergences of v, ¢,,, £, and r, to ¥, ¢, £ and r,
respectively, this implies n, — n v.o.c., asn — oo, and ¢(t) € [€(t),r(¢)] for all + € [0, 00).
Thus (¢, n) satisfy property 1 of Definition 2.2.

Now, suppose that n(t—) > n(¢) for some t. We will show that then ¢(f) = r(t). Since
n, — n uwo.c., we have n,(t—) > n,(t) for all sufficiently large n. By property 3 of
Definition 2.2, this implies that ¢,(t) = r,(¢) for all sufficiently large n. The convergences
¢n(t) = ¢ (t) and r,,(t) — r(t) then imply that ¢ (#) = r(¢). An analogous argument shows that
if n(t—) < n(¢) then ¢ (¢r) = £(¢), thus showing that (¢, n) satisfy property 3 of Definition 2.2.

In order to show that (¢, ) satisfy the remaining property 2 of Definition 2.2, fix 0 < s <
t < oo and suppose that

o) <r(u) foru € (s,t]. 2.4)

We want to show that then n(¢) > n(s). By the right continuity of 5, it suffices to show that
n(t) > n(s) for every s € (s, t]. Suppose, to the contrary, that n(¢) < n(s) for some s € (s, t].
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Since (¢, ) satisfy property 3, due to condition (2.4) we must have n(u) > n(u—) for every
u €[5, t]. In particular, this implies that B = {n(u) : u € [5, t]} 2 [n(¢), n(5)]. Thus the set B is
uncountable, while the set A of all discontinuities of all functions ¢,,, r,, ¥, ¢n, £, r, ¥ and ¢ is
countable. Hence, there exists « € [n(t), n(5)) \ {n(u) : u € A}. Define u; = inf{u € (s,1) \ A :
n(u) = o} and note that u; > § and

n(u) > n(uy) forallu €[5, uy). (2.5)

In addition, the functions ¢ and r are continuous at u1. Therefore, by (2.4) we know that there
exists u_ € [s, uy) such thatinfy,cp, 4,1 (r(u) — ¢ u)) > 2¢, where ¢ = (r(u1) —¢(u1))/4 > 0.
Since ¢, — ¢ and r, — r uv.o.c., we know that for all sufficiently large n, inf, ey, 1 (rn(u) —
¢n (1)) > €. Then property 2 of Definition 2.2 implies that 1, (u—) < n,(u1) for all sufficiently
large n. Passing to the limit, we obtain n(u_) < n(u1), which contradicts (2.5). Thus, we must
have n(s) < n(t) when (2.4) holds. An analogous argument can be used to show that n(s) > n(¢)
whenever ¢ (1) > £(u) for all u € [s, t]. This completes the proof that (¢, n) solve the ESP on

[EC), r()lfory. [
2.2. An explicit formula for solutions to the ESP on [£(-), r(-)]

The following theorem is our main result in this section.

Theorem 2.6. Suppose that £ € D~ [0,00), r € DT[0,00) and ¢ < r. Then for each
Y € D0, 00), there exists a unique pair (¢, n) € D[0, 00) x D[0, oo) that solves the ESP
on [L(:), r(:)] for . Moreover, the ESM I'y , admits the following explicit representation:

T () =v — S0, (¥), (2.6)
where the mapping =y , : D [0, 00) = D [0, 00) is defined as follows: for each t € [0, 00),

Se,r(Y) (1) = max ( [(W(O) —r(0)" A ueiﬂ)fl](ww) - E(u))] ;

sup [(W(S) —r() A ueigfﬂ(w(u) - ﬁ(M))D : 2.7)

s€[0,¢]

Furthermore, the map (£,r, ) +—> Tgm is a continuous map on D~ [0, 00) x DT [0, 00) x
D0, 00) (with respect to the topology of uniform convergence on compact sets). Lastly, if
infy>o(r(t) — £(t)) > O0then Iy, = 'y .

Remark 2.7. When r = oo and £ € D [0, 00), Definition 2.2 reduces to a one-dimensional SP
with time-varying domain [£(-), 00), and the right hand side of (2.6) reduces to I (), where the
mapping [ : D [0, oo) — D [0, 00) is given by

Fe(p) (@) =¥ () + SE)p] [£(s) — ¢ ()]T  fort € [0, 00). (2.8)
se€l0,1

In this situation, the proof of (2.1) can be extended in a straightforward manner (see, for example,
Lemma 3.1 of [2]) to show that [, defines the unique solution to the associated SP.

The rest of this section is devoted to the proof of Theorem 2.6. For the case of time-
independent boundaries £ = 0 and r = a > 0, this result was established in Theorem 2.1 of [14]
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using an argument completely different to that used here. The proof of Theorem 2.6 presented in
this paper thus provides, in particular, an alternative proof of Theorem 2.1 of [14] (see also [6],
Section 14 of [23] and the discussion in [14] of related formulas for the time-independent case).

For the rest of this section, we fix £ € D™ [0, 00) and r € DT [0, 0o) such that £ < r. We
first establish uniqueness of solutions to the ESP on [£(-), r(-)] in Proposition 2.8 —the proof
is a relatively straightforward modification of the standard proof for the SP on [0, co) (see, for
example, Lemma 3.6.14 in [12] and also Lemma 3.1 of [2]).

Proposition 2.8. Given any Y € D [0, 00), there exists at most one ¢ € D [0, 00) that satisfies
the ESP on [£(-), r(-)] for .

Proof. Let (¢, n) and (¢', n) be two pairs of functions in D [0, co) x D [0, 0o) that solve the
ESP on [£(-), r(-)] for ¢y € D0, 0o). It is easy to check that, for property 3 of Definition 2.2 to
be satisfied when = 0, we must have ¢ (0) = (¥ (0) Ar(0)) v £(0). The same is true for ¢, and

s0 ¢(0) = ¢'(0).
Suppose that there exists 7 > 0 such that ¢(T) > ¢/'(T). Let

T =sup{t € [0, T]: ¢(r) < ¢'(1)}. (2.9)

Note that 7 is well defined because ¢ (0) = ¢'(0).

We now consider two cases.
Case 1. ¢(1) < ¢'(7). In this case, for t € (z, T], by the definition of t and property 1 of
Definition 2.2, we have £(t) < ¢'(t) < ¢(t) < r(t). Since on (7, T], ¢ will not hit £ and ¢’ will
not hit », by property 2 of Definition 2.2, we see that n(T) — n(r) < 0and '(T) — n'(zr) > 0.
Consequently,

0 <¢(T) —¢"(T) =n(T) —n'(T) <) —1'(r) = ¢(r) — ¢/ (1),

which contradicts the case assumption.

Case 2. ¢ (1) > ¢'(7). In this case T > 0 because ¢ (0) = ¢'(0). By the definition of t it follows
that

p(t—) < ¢'(z—). (2.10)

In addition, the case assumption also implies that ¢ () > £(t) and ¢'(t) < r(t). By property 3
of Definition 2.2, this implies that n(t) — n(r—) < 0 and n'(t) — n’(r—) > 0. When combined
with property 1 of Definition 2.2, this shows that

0<¢(®)—¢'(x) =n() —n'(x) <nr—) —n'(t—) =¢(r—) — ¢'(x-),

which contradicts (2.10).

We thus conclude that ¢ (T') < ¢'(T) for all T > 0. Using an exactly analogous argument we
can show that ¢'(T) < ¢(T) for all T > 0. Hence ¢(T) = ¢'(T) and, therefore, n(T) = n'(T)
forall 7 >0. O

Next, in Proposition 2.9, we show that the ESM is given by the formula (2.6) when ¢, r and
Y are piecewise constant. The proof will make use of the following family of mappings: given
£ € D7[0,00),r € DT [0, 00) with £ < r, for t € [0, 00), consider the mapping 7, : R — R
with the property that 7, (x) = x if x € [£(¢),r(t)], 7 (x) € {£(t), r(t)} if x & [€(¢), r(¢)] and

m(x) —x =0 if m(x) = £(2),

] (2.11)
m(x)—x <0 ifm(x)=r().
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It is straightforward to deduce that, for every ¢+ > 0, there exists a unique mapping with these
properties that is given explicitly by

T(x)=x+[L@)—x]T =[x —=r(@]T = (x AF@)) Vv L®0). (2.12)

Using property 3 of the ESP, it is easy to verify (see, e.g., Appendix B of [13]) that the ESM Tg,r
must satisfy

Tor(¥)(0) = 7o (¥ (0)), Lo (@)(t) =1 (e (Y)(t—) + (1) — Y (1))
Vi > 0. (2.13)

Proposition 2.9. Suppose that ¢, r and  are three piecewise constant functions in D~ [0, 00),
DT [0, 00) and D [0, 00), respectively, each with a finite number of jumps and such that £ < r.
Then for each ¥ € D0, 00), the pair (Y — Z¢, (), —Z¢ () is the unique solution to the
ESPon [L(),r()] ie, I'er(¥) =¥ — Z¢r(P).

Proof. Fix v, £, r as in the statement of the proposition, and let {rr;, t € [0, 00)} be the associated
family of mappings as defined in (2.12). Now, let J = {t1, t2, ..., t,} be the union of the times
of jumps of ¢, r and ¥, suppose 0 < 1] < th < --- < t, < 00, and set t,41 = 00. Define
¢ =y — = ,(¢) and n = ¢ — . We will use induction to show that (¢, ) solve the ESP on
[£(-), r(-)] for . When ¢t = 0, it is straightforward to verify from (2.12) and the definition of
Zy.r that (0) = (¥ (0) A7 (0)) vV £€(0) = (¥ (0)). When combined with (2.13), this shows that
(¢, n) solve the ESP (on [£(-), r(-)]) for » when t = 0. Since £, r, y are constant on [0, #), it
immediately follows from the definition (2.7) of = , that ¢ is also constant on [0, #1), and so it
follows that (¢, ) solve the ESP for v on [0, t1).

Now, suppose (¢, n) solve the ESP on [£(-), r(-)] for ¥ over the time interval [0, ¢#,,) for some
m € {1,...,n}. We first observe that, for any ¢ € [0, 00), =y (¥ )(¢) is the maximum of the
following three terms:

L (¥ (0) = r(0)F Ainfuejo,n (¥ () — £@) A (Y (1) — £(1)),
2. SuPseio.p [(W(s) = r($)) Ainfueps, o (W @) — L)) A (Y (1) — £(1)],
3. (W (@) —r(@) A W) — £(1)),

and therefore admits the representation

Eor W) (1) = max [Zp, () (1 =), (Y (1) = r()] A (Y (1) = £@)).

Recalling the description of the map 7r; given in (2.12), we see that

¢ (1) = ¥ (1) —max (5, (Y) (=), (Y @) —r) A @ @) — L))
= min (Y (1) — Z¢,(Y)(E—), r(1)) vV £(1)
=m(Y@) — S0, (P)(@E—))
=m(p—) + v (@) — v (-)).
Substituting ¢ = t,,, this yields the relation ¢ (#,,) = 7;, (¢ (tn—) + ¥ (tm) — ¥ (1 —)). By (2.13),
this implies that (¢, n) solve the ESP on [£(-), r(-)] for ¥ during the interval [0, #,,]. Once again,
since ¥, £, r, and therefore ¢, are constant on [#,,, #,,+1) this implies that (¢, n) solve the ESP on

[£(-), r(-)] for ¥ on [0, t,,41). By the induction argument and the uniqueness result established
in Proposition 2.8, we have the desired result. [

A simple approximation argument can now be used to complete the proof of Theorem 2.6.
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Proof of Theorem 2.6. Given £ € D~ [0,00),r € D' [0, c0) such that £ < r, it is easy to
see that there exist sequences of functions ¢, € D~ [0,00),n € N, r,, € DT[0,00),n € N,
with ¢,, < r,, that are piecewise constant with a finite number of jumps and such that ¢,, — ¢,
r, — ru.o.c.as n — oo. Likewise, given v, € D [0, 00), there exists a sequence of piecewise
constant functions v, with a finite number of jumps such that ¢, — ¥ uv.o.c., as n — oo.
For each n € N, by Proposition 2.9, we know that Iy, , (V) = ¢n = Y — =4, ., (¥n). Since
Y, — £, and Y, — r, converge u.o.c., as n — oo, to ¥ — £ and ¢ — r, respectively, and u.o.c.
convergence is preserved under the operations inf, sup, A, max, we then conclude, from (2.7),
that ¢, = V¥, — =0, ., (W) — ¥ — Zp(¥) w.o.c, as n — oo. In particular, it is clear that
=y.r 1s a continuous map on D [0, oo) (with respect to the topology of u.o.c. convergence). By
the closure property (Proposition 2.5), (¥ — =¢ (¥), —=¢ (¢)) is a solution to the ESP on
[£(-), r(-)] for Y. Uniqueness follows from Proposition 2.8. In particular, this shows that the map
(,r, %) — Iy, (¥) is continuous with respect to the topology of u.o.c. convergence. The last
assertion of the theorem is a direct consequence of Corollary 2.4. [

3. Comparison results

This section presents some “comparison” or “monotonicity” results. They are quite intuitive
but their proofs require some technical arguments. Recall the definition of the pair of constraining
processes (n¢, nr) associated with an SP given in Definition 2.1. Section 3.1 establishes
monotonicity of the individual constraining processes with respect to the domain [£(-), r(-)] for
a fixed ¢, while in Section 3.2, monotonicity of the constraining processes with respect to the
input ¥ is established for a given time-varying domain [£(-), r(-)].

3.1. Monotonicity with respect to the domain

The main result, Proposition 3.3, will be preceded by a few lemmas.

Lemma 3.1. Assume that €,{ € D~ [0,00), r,i € DT[0,00), and £ = ¢ r < 7 and
inf>o(r(t) — £€(t)) > 0. Let I’y » and I ; be the associated SMs on [£(-), r(-)] and [Z( ), 7 ()],

respectively, and given v € D [0, 00), let (e, nr) and (n;, n7) be the corresponding pairs of
constraining processes. Then, for every t € [0, 00),

n-(t) = np(t) and 1) = n;(t). (3.1

Proof. Let £, £, r, 7 and ¥ be as in the statement of the lemma. First note that by Theorem 2.6,
the conditions on E r, £, r guarantee that solutions to the SP on both [£, r] and [Z r] exist for all
¥ € D0, 0o) and so the pairs of constraining processes (1¢, 1) and (1, n7) are well defined.
Moreover, the explicit formula (2.6) of Theorem 2.6, when combined with the decomposition
n=1¢,(¥)— ¥ =ng —n, (see Definition 2.1), shows that

nr=n¢+ Ze,, () and  np =mn;+ 55:(0), (3.2)

where = is as defined in (2.7). For a fixed ¢, it is easily verified from the explicit formula (2.7)
that the map r — =y () is monotone non-increasing (with respect to the obvious ordering).
Since £ = £ and r < 7, this implies

i) = Ze,(¥) VY € D[0, 00). (3.3)
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By (2.6), this is equivalent to the relation

;) = T () ¥y € D0, 00). (34)
Combining (3.2) and (3.3), it follows that in order to show (3.1), it suffices to show that

ne(t) = nz) Vi=0. (3.5)

Since Iy ,(¥)(0) = mp(0) by (2.13) and £(0) < r(0), from the complementarity conditions
(2.2) it is clear that 1¢(0) = [£(0) — ¥ (0)]* with the analogous expressions for 1 - Since £ = l,
this immediately implies (3.5), in fact with equality, for r = 0.

Now, let

t* =inf{s > 0: ne(s) < nz(s)}.
We will argue by contradiction to show that t* = oo. Indeed, suppose that t* < oco. Then

ne(t™ =) = nz(t* =) (3.6)
and for all &g > 0 there exists € € (0, &9) such that

ne(t* +e) < n;(t* +¢). (3.7)
Invoking (2.13) and the inequality F@;(W)(f*—) > Iy, (¥)(t*—) from (3.4), we obtain

[E(™) = Loy (W)™ =) — (Y () — UZGESI

(@™ — I ; () (" =) — (Y (tF) — VGRS

ng(t*) — np(t*—).

When combined with (3.6), this implies that n¢(t*) > n;(t*). We now consider two cases. If
ne(t*) > n;(¢*), then the right continuity of 1, and n; dictates that n,(t* + &) > n;(t* + ¢) for
every positive & small enough, which contradicts (3.7). On the other hand, suppose n,(t*) =
ny(t*). When combined with (3.7) and the fact that n¢ is non-decreasing, this implies that
for every g9 > 0, there exists ¢ € (0, &p) such that ng(t*) < ng(t* + ¢&). Due to the
complementarity condition (2.2) and the right continuity of Fz,f(l//), this, in turn, implies that

ng(l/f)(t*) = 0(t*) = £(t%). Since I () = I'er(¥) > ¢, this means that I'y () (t*) =
I'; () (") = £(t*). Along with the relation 0(r*) = £(r%) < r(t*) < F(t*), the right continuity
of £, r and 7 and the definition of the SP, it is easy to see that this implies that for all sufficiently
small ¢, ng(w)(t* + €) (respectively, Iy, (¥)(t* + ¢€)) is equal to I';(y*)(e) (respectively,
I'y(¥*)(e)), where I is as defined in (2.8) and

UrE) =) + Y +1) — Y () fort > 0.

Ne(™) — ne(t*—)

vl

In particular, using (2.8), this shows that for all ¢ sufficiently small,

00" e < ngt") = sup [U) = ) — 49 )|
= s [H0) — €0 =y ) + ()]

= ne(t* +e) —ne(t™).

Since we are considering the case n¢(t*) = n;(t*), this once again contradicts (3.7). Thus we
have shown that r* = o0, and hence that (3.5) holds. [
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Corollary 3.2. Assume that £,{ € D [0,00), r,7 € DV[0,00), £ < ¢ r = F and
infy>o(r (1) — £€(t)) > 0. Let I’y and I ; be the associated SMs on [£(-), r(-)] and | E( ), 7 ()],

respectively, and given v € D [0, 00), let (n¢, mr) and (nz, n7) be the corresponding pairs of
constraining processes. Then, for every t € [0, 00),

nr@) = (1) and  ne(t) = n;().
Proof. The corollary follows from Lemma 3.1 on multiplying all functions by —1. [

Proposition 3.3. Assume that ¢, { € D[0,00), r,7 € Dt[0,00), £ < ¢ r < r and
inf;>o(r(t) — €(t)) > 0. Let I'y , and I - be the associated SMs on [£(-), r(-)] and [E( ), F(9)],
respectively, and given € D [0, 00), let (n¢, mr) and (nz, n7) be the corresponding pairs of

constraining processes. Then, for every t € [0, 00),

nr(t) = np(t) and  ne(t) = n;(t).

Proof. Let I';; be the SM on [£(-),7(:)], and given ¥ € D[0, 00), let (n;,n;) be the
corresponding vector of constraining processes. Since r < 7 and inf;>o(7(¢) — £(¢)) > 0 by
Lemma 3.1, we know that

nr(t) = n7(t) and  ne(t) = 0y (0).

Similarly, when Iy 7 and I'; - are considered, by Corollary 3.2 we obtain

nz () = np(t) and  ny(t) = np).

When combined, these inequalities yield the desired result. [
3.2. Monotonicity with respect to input trajectories

Given a fixed time-dependent domain [€(-), r(-)], in Proposition 3.4 we first establish the
monotonicity of Tg,r(l/f) and the net constraining term Te,r(lﬂ) — 1 with respect to input
trajectories . For the case when [£(-), r(-)] = [0, a] for some a > 0, this result was established
as Theorem 1.7 of [15]. Here, we use a simpler argument involving approximations to prove the
more general result.

Proposition 3.4. Given £,r € D[0, 00) with £ < r, co, ¢, € Rand ¥, ¥’ € D[0, 00), suppose
(¢, n) and (¢', n') solve the ESP on [£(-), r (-)] for co+ and c{+', respectively. If ¢ = ¢’ +v
for some non-decreasing function v € D [0, oo) with v(0) = O, then for each t > 0, the following
two relations hold:

L. [—[co — cglt —vO]V [=(r @) —€@))] < ¢’ (1) — (1) < [c[ — colt A [r(t) — £(D)];
2. n(t) = [cy —col™ = ' (1) < n(®) + v+ [co — ¢yl

Proof. We first establish property 1 under the additional assumption that the functions ¢, r, v, ¥’
and v stated in the proposition are piecewise constant with a finite number of jumps. Since
¢ (1), ¢'(r) lie in [£(¢), r(t)] for every 1 € [0, 00), in order to show the first property it suffices to
show that

—[co — ot —v(t) < ¢'(1) = (1) < [y — col ™. (3.8)

Lettg =0Oandlett; <1, < --- < t, be the ordered jump times of all the functions £, r, v, ¥’
and v. Recall the family of (time-dependent) projection operators 7;, t > 0, defined in (2.12).
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Using the explicit expression for 77;, a simple case-by-case verification shows that for every ¢ > 0
and x, y € R,

—y—xIt <m@) —m () <[x—yl". (3.9)

By (2.13) and the piecewise constant nature of the functions, it follows that ¢ () = ¢(0) =
7o(co) and ¢'(t) = ¢'(0) = mo(cy) for ¢ € [0, 7). When combined with (3.9), this shows that
(3.8) holds for ¢ € [0, t1). Now suppose that (3.8) holds fort € [0, tx—1) forsome k € {2, ..., m}.
Then, by (2.13) we know that for ¢ € [#¢_1, #),

(1) = 7y (P (tk—1) + ¥ (k) — ¥ (%k—1)) ,
¢'(t) = 7y (¢ (1) + ¥ () — ¥ (1)) - (3.10)

Another application of (3.9), along with the relation —[z]* = [—z] A 0 and the fact that
¥ =’ + v, implies that

0N [@ (tk—1) — P (tx—1) + v(txk—1) — v(tr)] < @' (tx) — P (1x)
< [¢'(tk—1) — ¢ (tx—1) + v(tr—1) — v(te)]T.

The function v is non-decreasing and non-negative and by the induction assumption, the first
inequality in (3.8) holds for t = #;_1. Therefore

—[co — cplT —v(tr) < @' (1) — P (1) < [cy — col™.

Since ¢ and 7 are constant on [#, #x+1), we have shown that (3.8) holds for ¢ € [0, #;+1) and, by
induction, for ¢ € [0, co) when all the relevant functions are piecewise constant.

For the general case, let £,, € D™ [0, 00) ,r, € DT [0, 00), n € N, be sequences of piecewise
constant functions with a finite number of jumps such that ¢,, < r, foreveryn € Nand ¢, — ¢
and r, — r u.o.c., as n — oo. Moreover, let v, w,;, v, € D[0,00), n € N, be sequences
of piecewise constant functions with a finite number of jumps such that v, is non-decreasing
and ¥, = ¥, + v, and ¥, — V¥, ¥, — ¥’ wo.c., asn — oo (see the proof of Lemma
3.3 in [19] for an explicit construction that shows that such sequences exist). Moreover, let
¢n = Ty.r(co+ ¥p) and ¢, = Tg,r(cé) + ¢,). Then the continuity of the map ¢ +> Lo ()
established in Theorem 2.6 shows that ¢, — ¢ and ¢, — ¢’ v.o.c., as n — oo. Furthermore,
the arguments in the previous paragraph show that for every n € N and ¢ € [0, 00), (3.8) holds
with ¢, n replaced by ¢, and v, respectively. Taking limits as n — oo, we obtain property 1.

The second property can be deduced from the first using the basic relation

N —n=¢ —¢p—(g—c) =W —y¥)=¢'—¢—(ctg—co)+v. O

Next, we establish monotonicity of the individual constraining processes 7y and 7, with
respect to input trajectories .

Proposition 3.5. Given ¢ € D™ [0,00), r € DT [0, 00) satisfying inf;>o(r(t) — £(t)) > 0,
co, ¢y € Rand ,y'" € D[0, 00) with Y (0) = ¥'(0), suppose (¢, n) and (¢', n') solve the
SP on [£(-), r(-)] for co + ¥ and c(, + ', respectively. Moreover, suppose (¢, 1) and (1, 1;.)
are the corresponding constraining processes. If there exists a non-decreasing function v with
v(0) = 0 such that = ' + v, then for each t > 0, the following two relations hold:

1. ne(t) — [cf — col™ < (1) < ne(®) + v(1) + [co — ol
2. (1) = [c — ol < (1) < (1) +v(t) + [co — ¢l ™.
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Proof. Fix ¢ € [0, 00). Define
a =inf{t > 0: ne(t) +v(t) + [co — cp]T < ny(#) or ny (1) + [y — col™ < n,. (1)},

where o = oo if the infimum is over the empty set. Then it follows that for each s € [0, «), the
following two inequalities hold:

my(s) < me(s) +v(s) + [co — ¢yl ™, (3.11)
m(s) < nr(s) + [cy — col ™ (3.12)
Suppose o < 0o. Then we claim and prove below that the following relations are satisfied:
ny(a) < nee) + v(a) + [co — ¢yl ™, (3.13)
() < ne(a) + [c — col ™. (3.14)

It is easy to see from (3.11) and (3.12) and the non-decreasing property of n, and n, that
if n% (respectively, ) is continuous, then (3.13) (respectively, (3.14)) holds. Thus the claim
holds if both 7} and 7, are continuous. We now prove the claim under the assumption that
né(a) — 772 (¢—) > 0. First note that by the complementarity condition in (2.2) we have
¢'(a) = £() and 7. is continuous at &, and hence (3.14) holds. It follows that

(@) = nya—) + ¢ (a—) — ¢ (@—) — ¥'(a) + £(a)
= —co +n(@—) — ¥'(@) + £(a)
= —cé—l—n;(a—) —Y(a) + v(a) + £(x). (3.15)
Since ny(@—) = co+ Y (e—) +ne(e—) — ¢ (e—), adding co + ¥ (¢ —) + ne(a¢—) — ¢ (¢—) to the
right hand side of (3.15) and subtracting 1, (¢ —) from the right hand side of (3.15), we obtain
ny(a@) = —co+ co + np(@=) — ¥ (@) + Y (a—) + v(e)
+ (@) +ne(a—) — pla—) — nr(@—).

From (3.12) we infer that 0, («—) < n,(e—) + [c{, — co]™, and so

ny(e) < —cpy+co+ [y — col™ — Y(a) + ¥(a—) + v(a) + £(a)
+ne(a—) — ¢ (a—). (3.16)

On the other hand, using the relations ¢ («) > ¢(«) and 1, (o) — n(¢—) > 0, we have

ne(a) = ne(a—) + ¢(a) —pla—) + Yla—) — ¥ () + n(a) — nr(@—)
> ne(a—) +€(a) —pla—) + ¥(a—) — V(). (3.17)

By combining (3.16) and (3.17), we see that (3.13) also holds, and the claim follows. A similar
argument shows that (3.13) and (3.14) are also satisfied when .. () — n).(¢—) > 0.

Next, note from the definition of « that there exists a sequence of constants {s,} with s, | 0
as n — oo such that one of the following statements must be true:

(@) n) (e + 52) > ne(ar 4 5) + v(er +54) + [co — i1 T forall n € N;

(ii) ny (e + 5,) > (a4 s4) + [cy — o]t foralln € N.

First, suppose Case (i) holds. Then, taking the limit as n — oo, by the right continuity of ng,
n, and v, we have 1, () > n¢(ar) + v(er) + [co — ¢y]T. Together with (3.13), this implies

ny(a) = ne(e) + v(a) + [co — ol ™. (3.18)
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Since 1y and v are non-decreasing, we have from Case (i) and (3.18) that 772 (a + 5,) > 772 (o)
for each n € N. By the complementarity condition in (2.2), this implies ¢’(«) = £(a). Together
with (3.14) and (3.18) and the relation ¢ = ' + v, this implies

¢ (a) — () = () — @' (@) = co — co + v(a) + ne(a) — ny(a) — nr-(a) + ny (o)
< co— c6 — [co — cé)]jL + [c6 —co]t =0.

Since ¢ (-) € [£(-), r(-)], this implies ¢ (o) = €(x).

Consider the shift operator 7, : D [0, 00) + D [0, oo) defined by T, f(s) = f(ax+s5)— f(x)
for s € [0, c0). By uniqueness of solutions to the SP, it is easy to see that (¢ (o + -), Tyn)
solve the SP for ¢ (o) + Ty with the associated pair of constraining processes (Tyn¢, Tanr),
and likewise for (¢'(a + ), Tyn'). Now, by the right continuity of ¢, ¢’ and r and the fact
that ¢(a) = ¢'(a) = £(x) < r(a), there exists ¢ > 0 such that for each s € [0, €],
¢(a+s) <r(a+s)and ¢'(a +s) < r(a + s). The complementarity condition (2.2) implies
that Tyn = Tune and Tyn' = anz on the interval [0, €]. An application of property (ii) of
Proposition 3.4, with ¢y = ¢ = £(a) and Ty, To¥', £(a + -), r(a 4 -) and T, v in place of
¥, ¥', £, r and v, shows that for each s € [0, €], Tun,(s) < Tane(s) + T,v(s). Together with
(3.18), this shows that for each s € [0, €],

ny(a +5) < ne(a +5) + v(o +5) + [co — cplT,

which contradicts Case (i). Hence Case (ii) should hold. In this case, a similar argument can be
used to show that ¢’ («) = ¢’(«) = r(«), and arguments analogous to those used above can then
be applied to arrive at a contradiction to Case (ii). Thus @« = oo or, in other words, the second
inequality in property 1 and the first inequality in property 2 of the proposition hold. The first
inequality in property 1 and the second inequality in property 2 of the proposition can be proved
in a similar way with f instead of «, where

B =inf{t > 0:n.(t) + v(t) + [co — cp]T < n,(t) or 0 (t) + [cy — col™ < ne(®)}. O

4. Variation of the local time of RBM

Throughout this section, let B be a one-dimensional standard BM starting from 0 and defined
on some filtered probability space ({2, F, {F;}, P). Also, let E denote expectation with respect
to P.

Definition 4.1. Given £ € D~ [0, o0) and r € DT [0, co) with £ < r, we define RBM W on
[£(-), r(-)] starting at x € R by

W =T¢,(x+ B).

Moreover, let Y be the unique process such that, for each w € {2, (W(w, -), Y (w, -)) solves the
ESP on [€(-), r(-)] for x + B(w, -). We will refer to Y as the local time of W (on the boundary of
(), r()D.

Remark 4.2. A natural alternative definition for the local time of W on the boundary of

[£(C), r()]is

N Y
Y(¢) = lim —/ Trecs), () +e1urr ) —er )1 (W(s))ds vz € [0, 00).
e—0 2¢ 0
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When £ = 0 and r = o0, so that W is “classical” reflected Brownia:r\l motion, it is well known
(see, e.g., Definition 3.6.13 and Theorem 3.6.17 of [12]) that Y = Y. However, this no longer
holds in general when ¢ and r are time-varying. Indeed, when ¢ is a Brownian path independent
of B (and r = o0) it follows from Section 3 of [5] that Y = 2Y. Therefore, as observed in
Remark 3.1 of [5], by pieceing together a function that looks Brownian on some intervals and
flat on others, it is possible to construct £ such that the associated Y and Y are not constant
multiples of each other. In this article we will always refer to the constraining process Y as the
local time.

Due to the uniqueness of solutions to the ESP, it is easy to see that Tg’ » () (t) depends only
on {€(u), r(u), y(u),u € [0, t]}. Thus, W is adapted to the filtration generated by B. Moreover,
W admits the unique decomposition W(t) = x 4+ B(t) + Y (¢) for t > 0. We will refer to Y
as the local time of W on the (time-dependent) boundary of [£(-), r(-)]. From Corollary 2.4,
it immediately follows that Y a.s. has finite variation on every time interval [f1, f2] such that
infyeqr, ) (r(1) — £(1)) > 0.

For the rest of this section, fix £ € D~ [0, 00), r € DT [0, 0o) such that £ < r, define

t=inf{t > 0: r(t) =L(@)orr(t—) = £(t—)},

and assume that T € (0, 0o). In Sections 4.1 and 4.2 we identify some necessary and some
sufficient conditions for Y to have [P-a.s. finite variation on [0, t]. Recall that the variation of a
function f on [t1, t2] is denoted by V|1, 1,1(f). We apply these results in Section 4.3 to analyze
the local time of a class of two-dimensional RBMs in a fixed domain.

4.1. A lower bound

We show that the local time of RBM on [0, 7] has infinite variation for some ¢ and r by
comparing the space-time domain {(z, x) : £(t) < x < r(t)} to a “comb domain.”

Let K’ denote a subset of Z, for example, K’ may be the sequence of all negative integers, or
all positive integers. We denote by K the subset of K’ consisting of all elements of K’ except the
largest element of K’, assuming one exists.

Theorem 4.3. Suppose that there exists a set K' and a sequence {si}rcg’ that is strictly
increasing, takes values in [0, T] and, for some constant c; € (—oo, 00) and all k € K, satisfies

min(r (sg41) — €(sk), —€(sk41) + 7 (sk)) <6
(Sk+1 — sx) /2 -

.1

If
> (s —s0)'? =00 (4.2)

keK

then Vjo,r1Y = 00, a.s.

Remark 4.4. The constant c¢; in the statement of Theorem 4.3 does not have to be positive.
Intuitively speaking, the smaller ¢, the greater the variation accumulated by Y. Examples of
domains that satisfy the assumptions of the theorem are provided below the proof.

Proof of Theorem 4.3. Let ABy = B(sg+1) — B(sk), c; = 1V c1. We define an event Ay by

Ar = {ABy € Qea(sis1 — s0)V% 32 (k1 — s/}



K. Burdzy et al. / Stochastic Processes and their Applications 119 (2009) 428-452 443

if r(sge1) — £(sg) < —€(sky1) + r(sk), and we let
Ar = {ABy € (=3ca(sir1 — s)V?, =2¢a(ses1 — s1)V/?))

if r(sg+1) — £(sg) > —L(sk+1) + r(sx). By Brownian scaling, there exists p; > 0 such that
P(Ax) > pp forall k € K. This implies that

E[IABIa,] > p12casisr — s0)'/2,
and so, in view of (4.2), we have

> E[IAB[I4,] = oo.
keK

1/2 2

We also have |AB|la, < 3ca(sk41 — k) '~ < 3¢ot!/2, as., for every k. The random variables
| ABy|I4, are independent. Hence, by the “three-series theorem” ([8], Ch. 1, (7.4)), we have a.s.,

Z |AB|Ta, = . (4.3)
keK

Suppose that the event Ay occurs and consider the case when r(sg+1) — €(sx) < —€(sg+1) +
r(sx). We also have W(sx) > £(sx) and W(sg+1) =< r(sk+1). Together with (4.1) and
the case assumption, this implies W(sxt+1) — W(sk) < c1(Sk+1 — si)Y/2. Since B(sk+1) —
B(sx) = 2c2(Sk41 — sk)l/ 2 by the case assumption and the definition of A, we must have
Y(skt1) — Y(sk) < —calskr1 — sp)'/2 Tt follows that Vig, 5. 1Y > ca(skt1 — su)'/? >
(1/3)|ABg|. A completely analogous argument shows that the same bound holds in the case
when r(sg+1) — €(sx) > —L€(sk+1) + r(sr). This estimate and (4.3) imply that, a.s.,

Vio.rl¥ = D ViguselY = Y _(1/3)[AB[Ia, = oc0. O
keK keK

Example 4.5. Suppose ¢ and r are such that £ < r, ¢ > 0 and, for some ky < 1/2r,
L(t—1/2k) >0andr(t—1/(2k+1)) < 0fork > kg. Then, with s, = t—1/k for k > 2k, it is
easy to see that assumption (4.1) is satisfied with ¢; = 0 and, because ), 1/(k(k + 1)/? = oo,
(4.2) is also satisfied. By Theorem 4.3, the variation of the local time on [0, t] is infinite a.s.

Example 4.6. Consider ¢ and r such that £(0) < r(0) and f = r — £ is a non-increasing
function. Let the sequence {s;} be defined in the following way. We let 5o = 0, and for k > 1, we
let sp1 = sk + f2(sx). Then (sg1 — sx) /% = f(sx) and it is easily shown that (4.1) is satisfied
with ¢; = 1. Indeed, for any k € N, if r(sg+1) < r(sx) then

r(se1) — L(sk) < 7r(se) — €(sk) = (k) = (Seq1 — su) /%

while if r(sx41) > r(si) then since f is non-decreasing,

r(se) — €(skr1) < (k1) — £sea1) = flsaa1) < fGsx) = (sua1 — s0)/>

When combined, this shows that (4.1) is satisfied with ¢y = 1. By Theorem 4.3 it follows that
the variation of the local time is infinite on [0, t] a.s., provided Zkzo f(sx) = oo.

Not.e that the number of intervals [sg, sx+1] inside [T — 2-J, 7 — 277717 is bounded below
by 27/72/f2(z —277). The contribution of each one of these intervals to the sum > fsk) is
bounded below by f(r — 2~/=1). Hence, the contribution from all these intervals is bounded
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below by 27/=2 f (v — 2771 /f2(r — 27J). It follows that if for some jo,
d 2 -2/ -2) =00 (4.4)
J>Jo

then the variation of the local time is infinite on [0, 7] a.s.

As a specific example, consider the case when f(t —t) = t* for some o > 0. If « > 1 then
(4.4) is true and the variation of the local time is infinite on [0, 7] a.s.

Example 4.7. This is a modification of the previous example. Suppose that £ and r are such
that £(0) = r(0) and f = r — ¢ is a non-decreasing function on some interval [0, 7], with
71 € (0, 7). Assume that for some 0 < ¢3,c4 < 00, we have c3 < f(1)/f(2t) < c4 for all
t € (0, 71/2). Let {si}xecx’ be the usual ordering of all points of the form 27 +mf?(27)), for
m=0,...,[277/f>277)] —1,and j > ji, where j; is chosen so that s; < 7 forall k € K.
Now, fix sy of the form 277/ +m f%(27/) for some j > ji. Then (sg41 —sx)'/? > f(277). Since
f 1s non-decreasing, this implies that if £(sz) < £(sx+1) then

r(sk) = L(sk1) < r(sk) — Lls) = flsw) < £

while if £(sg) > £(sg+1) then

(k1) — L(sk) < 7(skp1) — £(ser1) = fse1) < fQ7T.

This immediately implies that (4.1) is satisfied with ¢; = 1/¢3. Similarly, this also implies that
the condition (4.2) is satisfied if Zj>j1 277 /f(277) = co. Hence, if f(t) = t“ for some o > 1
and ¢ € [0, 1] then the variation of the local time is infinite on [0, T] a.s.

4.2. An upper bound

Our upper bound will be based on the comparison of the space-time domain D = {(t,x) :
£(t) < x < r(t)} with a family of “parabolic boxes”.

Theorem 4.8. Suppose that there exists a sequence {si }rc7, that is strictly increasing and is such
that limyg_, o sy = 0, and limy_, » Sy = 7. Suppose that there exist a constant ¢; < oo and
sequences {ay}rez, and {bi}rez, such that {(t,x) : sy <t < Sg+1,ar < x < by} C D, and

(1/eD) (se1 — 50" < b — ar < c1 (51 — 502 (4.5)
for every k € 7. Further, given my = (ay + by)/2, define
di = r(sk) — L(sk) = |r(sk) — mi| + [€(sg) — ml,
dip = 1€(skr1) — mi| V(1 =) — mi| + r(ser1) — me| v r(see1—) — mgl,
and suppose that
Y di<oo and ) d; < oo (4.6)
keZ keZ
Then E [V[o’t]Y] < Q.

Proof. We first observe that, as a consequence of the first inequality in (4.5), the fact that
by — ar < r(si) — £(s) and the first relation in (4.6), we have

> (et —s0)'/? < o0, (4.7)
keZ
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Now, let Ay = by —ay. For some fixed k € Z, we will estimate the expected amount of local time
generated on an interval [sg, sk41]. First, choose ¢g € (0, sg4+1 — sx) such that for all ¢ € (0, g9),

[€(skt1 — &) — my| + | (sg1 — &) — my| < 2d;. (4.8)
Let 71 = si, and for ¢ € (0, g¢), define

Uy =inf{t > T1 : W) = mi} A (51 — €),

Tj = inf{t > Uj_y : W) —mil = A4} A (et — ), 22,

Uj=inf{t > T; : W(t) =myi} A (g1 — ), J =2

For each j > 2, W is away from the upper and lower boundaries on [U;_1, T;], and so we have
Vi, 11Y =0 forall j > 2. (4.9)

We now consider intervals of the form [T}, U;], j € N. The elementary relation Y = W — B
yields the bound

\Y(U)) —Y(T)| < |WU,) - W(Tj))|+ sup |B(t)— B(T))| (4.10)
[E[Tj,Uj]

for every j € N. Since |B(t) — B(T})|,t > T}, is a submartingale, by Doob’s L? inequality, there
exists ¢ < oo such that

1/2
E[ sup |B(r) — B(T,-)@ < o (E[I1BW)) - BT)P])
te[T;,Uj]

< ca(skrr — sp)/2. (4.11)

For every j > 1 such that U; < sgy1 — ¢, the right continuity of W ensures that W(U;) = my.
Likewise, for every j > 2 such that T < si41 — &, we have |[W(T;) — my| = Ay /4 because, as
is easy to see, W is continuous at 7. Indeed, the latter assertion follows because B is continuous
and, since W(t) € [my — Ar/4, m + Ac/4] C ((t), r(t)) for every t € [Uj_1, Tj], the
increments of W coincide with the increments of B on the interval [U;_1, T;]. The last two
statements, when combined with the triangle inequality, the fact that W(s) € [£(s), r(s)] for
every s, and the relation (4.8), show that

IWU1) — W(T)| < Liy,=spy1—e}| W (UL — mg| + [mg — W(T1)]
< 2d; +dg 4.12)
and, for j > 2,since Uj = T; if Tj = sg 1 — &, we have
\WU;) — W(T)| = Lir;<s 01—l WUj) — W(T;)|
< iz <5y L0 =)W (U) — | + Img — W(T))I]
S H{Tj <Sk+1—8}[2d]2 + Ak/4] (413)
In turn, together with (4.10) and (4.11), this implies that
E[|Y (U1) — Y(TD|] < 2d; + di + ca(si1 — s0)'/? (4.14)

and, for j > 2, again using the fact that U; =T; if T} = s34 — &,
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EIY(U)) = YN = (2 + Aef4 + ea(sicrr = 502 M7y <. 0]

= (2 + sttt = 50" Bz <yey -], (4.15)

where the last inequality holds with c3 = ¢> + ¢1/4 due to (4.5).

Now, if T; < si41 — € then the process B must have had an oscillation of size Ay /4 or larger
inside the interval [U;_1, T;]. However, Ay /4 > (sk41 — sk)l/ 2 /4c1 by the inequality (4.5). It
can be deduced from Brownian scaling that the expected number of oscillations of B of size
(Sk+1 — si) /2 /4c1 on the time interval [sg, sx+1] is bounded by a constant ¢4 < oo. In other
words,

ZE [H{Tj<sk+1—e}] =E |:Z ]I{Tj<sk+1—g}i| = 4. (4.16)

j=2 j=2

Summing (4.15) over j > 2, adding (4.14) and using (4.16), we obtain
Y E[|YW)) = Y(T)|] < di + csdi + es(sirr — 502, (4.17)
j=1

where c5 = (c3¢c4 + ¢2) V (24 2¢4).
Since W touches at most one boundary on each interval [T}, U;], j € N, Y is monotone on
each such interval. Thus

EVissin—e1¥] < Y _E[|YU)) = Y(T)|] < di + csdy + es(sis1 — s/
j=1

By taking the limit as ¢ — 0 and using the fact that variation is monotone, we conclude that

E Mswsion Y] < dic + esdj, + cs(ser — s0)'/2. (4.18)

The process Y may have a jump at time sx41, whose size can be bounded, using the relation
Y = W — B, the triangle inequality, the continuity of the paths of B and the fact that
Wi(s) € [£(s), r(s)] for all s, as follows:

1Y (k1) — Y (1) < IW (k1) — Wisig1-)|
< |W (k1) — mi| + W (sk1—) — my| < 2d;.

Together with (4.18), this implies that
E Miwsio1Y] < di + (cs +2)dj + es(sk1 — s0) /2.

Summing over k and using (4.6) and (4.7), we obtain

EVoa¥] = Y (di + (5 + 2] + es(sirr —50'%) <00, D
keZ

Example 4.9. Our first example is elementary. Let —£(¢) = r(¢t) = t* fort € [0, /4] and
—L(t) =r(t) = (t —1)* fort € [3t/4, 7], where @ > 0. We assume that £ and r are continuous
on [0, 7] and r(t) > £(¢t) fort € (0,7). Let f = r — £. Let {si}rcz be the usual ordering
of all points belonging to two families: (i) all points of the form 27/ + mf?(27/), for m =
0,...,1277/f>@ /)] — 1,and j > ji, where j; is the smallest integer such that 2771 < t/4,
and (ii) all points of the form v — 27/ —mf?(r —27/),form =0, ..., [277/f>(r =27 )] -1,
and j > ji;. We let a; be the smallest real number and by the largest real number such that
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{(t,x) s <t < Spy1,ar <X < b} C D. To verify that (4.5) holds, it sufﬁces to cpnsider the
case when sy, Sk+1 are in .the family (i). For j > j; and si of the form 27/ +mf 2277 for some
m=0,...,1277/f>277)] — 1, we have

27 < sip1 —se <2227,

On the other hand, since f is non-decreasing,

—a= inf f() = fls) = 2O

— F(27)),
te(Sk,Sk41) fQ@277) A )

and

| — f(2_]:) - f(Sk) - f(2_j“'”) _
f@77) 7 f@277) — f@27)
Thus (4.5) holds with ¢; = max{2¢, +/2}.

R'ecall' the notation from the proqf of Theorem 4.8. Consider an interval [sg, sg+1] C
[277,27/%2]. Then di Vv d,’( < c1 f(277). The sum over all k in the indicated range gives us

> (dy v dy) < 227/ f)/ 227,

k:lsk,sg411C[277,277+2]

Summing over j > jj yields a finite number provided o < 1. A similar analysis applies in the
interval [3t/4, ], and so assumption (4.6) of Theorem 4.8 is satisfied if « < 1. We conclude
that if « < 1 then IE [Vjo 1Y ] < 0.

Example 4.10. We present a stronger version of the last example, in which we relax the
assumption of symmetry between £ and r, but impose a little more regularity of the paths ¢
andr.Let f =r — ¢, f(t) =t*fort € [0, t/4] and f(¢t) = (t —t)* fort € [37/4, T], where
a > 0. We assume that r(¢) > £(¢) for ¢t € (0, 7). The crucial assumption in this example is that
both ¢ and r are Holder continuous with some exponent 8 > 1/2, i.e., for some ¢; < oo and all
t1, € [0, ], we have |£(t1) — £(tp)| < c1|t1 — tzlﬂ, and a similar formula holds for r.

We proceed as in the previous example. Let {six}ic7z be the usual ordering of all
points belonging to two families: (i) all points of the form 27/ + mf2(27/), for m =
0,..., [2_j/f2(2_j)] — 1, and j > ji, where jj is the smallest integer such that 2701 < /4,
and (ii) all points of the form v — 27/ —mf2(r —27J), form =0, ..., [277 /f?(r —=27)] -1,
and j > ji. We let a; be the smallest real number, and we let by be the largest real number such
that {(¢, x) : s <t < Sgy1,ar < X < b} C D.

We will verify (4.5). We will consider only the case when s, si+1 are in the family (i). For
j > ji and s; of the form 277/ + mf2(27/) forsomem =0, ..., [277//f>(277/)] — 1, we have

27 < s — s <217Q7).
It follows from this and the Holder continuity of ¢ and r with exponent 8 > 1/2 that

by —ar = inf r(@)— sup L(1)
1€ (SksSk+1) te(Sk,Sk41)
<r(sg)+ sup |r(@) —r(sp)| —L€(sk) + sup  [€(2) — £(sk)]
rE€(Sk,Sk+1) rE(Sk,Sk+1)

< fsx) +2ctlsx — se1l?
< e f Q7)) 4 2¢t sk — sk
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1/2
ealse — stV + 2¢1 sk — s P

=<
< c3lsk — Sk+1l

1/2.
Similarly, for large &,
by —ar = inf r(@)— sup L(¢)
1E€(Sk,Sk+1) 1E€(Sk,Sk+1)
>r(sk) — sup  |r(t) —r(sp)| —€(sk) —  sup  [€(r) — £(sp)]
1€(SksSk+1) 1E€(Sk s Sk+1)

> fsk) — 2¢c1lsk — sea1l?
> fQ277) =215k — sx1l?
V20si = si 1Y% = 215k — sl

1/2
> cqlsk — sie1|V2

\%

A similar calculation shows that d; Vv d,é < ¢f(27/) for k and j such that [sg, sp+1] C
[277,277%2].

The rest of the analysis proceeds as in the previous example. The sum over all k in the
indicated range gives us

> (di v dp) <27/ F7N /2 27).

k:[sg,sg11C[274,27742]

Summing over j > j; yields a finite number provided o < 1. A similar analysis applies in the
interval [37/4, 7], and so the assumption (4.6) of Theorem 4.8 is satisfied if « < 1. We conclude
that if « < 1 then IE [Vjo, 1Y ] < 0.

We see that within the family of functions f(-) that decay towards the endpoints of [0, ] as
%, our results are sharp, by comparing the present example with Examples 4.6 and 4.7.

Remark 4.11. Note that the parameters o and 8 in Example 4.10 can be such that 1/2 < 8 <
a < 1. Consider a function ¢ that is Holder continuous with exponent B but it is not Holder
continuous with exponent 8 + € on any interval [0, s], for any € > 0 and any s > 0. A typical
trajectory of a fractional Brownian motion with appropriate exponent provides an example of
such a function. By making a linear transformation, we may assume that £(0) = ¢(r) = 0.
Let f(t) = t“ fort € [0,7/4] and f(t) = (r — 1)* fort € [3t/4, t], f(¢) is continuous on
[0,7] and f(¢) > O fort € (0, 7). Letr = € + f. Then £ and r satisfy the assumptions of the
present example, and so [£ [V[o,f] Y ] < 00. Note that neither £ nor r need be monotone, and both
functions can oscillate between positive and negative values. Their local oscillations near 0 may
be comparable in absolute value to t#, a function much larger than f(r) = 1°.

4.3. Analysis of a class of two-dimensional RBMs

We now apply the results obtained in the last two sections to analyze a class of “valley-shaped”
two-dimensional RBMs studied in [4,11,24] (see also [18,19] to see how RBMs in this class arise
as diffusion approximations of a class of queueing networks), which provided one of the sources
of motivation for the current work.

We begin by recalling the setup from [4] and rephrase some of the results from that paper in
our terminology. The domain D C R? is described by two continuous, real-valued functions L
and R defined on [0, co) that satisfy L(0) = R(0) = 0and L(y) < R(y) forall y > 0. Let D be
given by
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D={(x,y) eR?:y>0,L(y) <x <R}

Let 9D = {(x,y) € 4D : x = L(y)} and dD? = {(x,y) € D : x = R(y)}. The paper [4]
was concerned with the two-dimensional RBM Z = (Z', Z?) in D, with the vectors of reflection
horizontal on D! and d D2, and an additional vertical direction of reflection at 0 that ensures
the RBM stays within D (see [4] for details). From the Skorokhod-type lemma proved in [4], it
follows that Z? is a one-dimensional RBM on [0, c0) and Z! is the ESM applied to a standard
one-dimensional BM B in the domain with time-dependent boundaries £(rf) = L(Z?(¢)) and
r(t) = R(Z*(1)). By Definition 2.2, Z! admits the decomposition Z! = B+ Y where Y is
(pathwise) the local time or the constraining process associated with the ESP on [£(-), r(-)].

We first study the total variation of the local time ¥ on a single excursion of the RBM (Z!, Z?)
from the origin. Let [, 72] be an excursion interval for Z% ie, 1 < 1o, Zz(rl) = Zz(tz) =0,
and Z%(t) > O fort € (11, 1o). The following result was established in Theorem 3 of [4] — we
provide an alternative proof of this result.

Proposition 4.12. Suppose that there exist ¢ > 0 and y > 2 such that R(y) — L(y) < yY for
y € [0, g]. Then

V[TlvTZ]Y =0 a.s.

On the other hand, suppose that there exist ¢ > 0 and y < 2 such that R(y) — L(y) > y? for
y € [0, ¢], and R and L are Lipschitz. Then

Vit )Y <00 a.s.

Proof. We start with the first case. Let ¥y < 1/2 be such that y - y; > 1. Path properties
at endpoints of an excursion of (one-dimensional reflected) Brownian motion from O are well
known to be the same as those of the three-dimensional Bessel process; see, e.g., [1]. Hence, it
follows from Theorem 3.3(i) of [20] that

: Z*(t — 1)
limsup ——— =
1y, (@ — TN

By the case assumption, this implies that

. R(ZYt—u) - L(Z*—T) _ . (z%r - n))y
lim sup <limsup [ ———— = 0.
1 (& — v 1l (-

If weset T = 10 — 11, £(t) = L(Z*(t — 11)), r(t) = R(Z*(t — 1)) and f(¢) = r(t) — £(¢), then
we see that f(¢) < "7 for ¢ sufficiently close to 0, where y1y > 1. Arguing as in Example 4.7,
it is possible to verify the assumptions of Theorem 4.3 in this case, and so it follows that the
variation of local time accumulated by Z ! on the interval [}, T5] is infinite a.s.

Next, suppose that y < 2, there exists ¢ > 0 such that R(y) — L(y) > y” for y € [0, €], and
the functions L and R are Lipschitz. Let » > 1/2 be such that y»y < 1. We use Theorem 3.3(i1)
of [20] to see that

. ZMt—T)
liminf ——= =
thrn (t—11)”
It follows that
R(Z2t — 1) - L(Z*t —w) _ .. . .(Z*¢—1)\
> liminf{ ——— ] = o0
tlT (t— 1)

lim inf
I\L'L'l (Z’ — ‘[’1))/2)/
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Using the notation introduced above, f(¢) > 72V for ¢ sufficiently close to 0, where y,y < 1. We
would like to apply Theorem 4.8. We proceed with the construction of boxes as in Example 4.10.
The only new subtle point in the argument is the verification of (4.6). In Example 4.10, we
used the fact that ¢ and r were Holder continuous with exponent § > 1/2. Now, we use the
fact that for any B; € (0, 1/2), Brownian motion is Holder continuous with exponent f1, a.s.,
and that the same applies to the trajectories of the three-dimensional Bessel process (because
Brownian excursions from 0 have the same local path properties). Since L and R are assumed to
be Lipschitz, we conclude that ¢ and r are Holder continuous with some exponent 81 > y»y /2.
This suffices to prove that the inequalities in (4.6) hold. A similar analysis applies at the other
endpoint of the excursion, i.e., close to 7. We conclude that the variation of the local time
accumulated by Z ! on the interval [}, T5] is finite a.s. [

We now consider a somewhat different, and perhaps more natural, question of whether Z is a
semimartingale. A surprising fact is that for any functions R and L such that R(0) = L(0), the
amount of local time accumulated on the boundary is infinite. The rate of growth of R — L in a
neighborhood of 0 turns out to be irrelevant for this question. Our argument is based exclusively
on the scaling properties of Brownian motion. The proof will use excursion theory; see [1] for a
review of the relevant definitions and facts.

Proposition 4.13. Suppose Z(0) = 0. Then for every T > 0,
Vio,r1¥Y =00, a.s.
Consequently, the process Z starting from O is not a semimartingale.

Proof. Let [sg, 7], k > 1, be the collection of all excursion intervals of Z2 from 0. In other
words, we have Z2(sy) = Z%(tx) = 0 and Z2(t) > O fort € (sk, tx). Let {o(z),t > 0} be
the local time of ZZ at 0. Then the family {(o (sg), {Z%(1),t € [sk, 1) }k>1 1s a Poisson point
process on the space [0, co) x U, where U 1s the space of excursions. The intensity of the Poisson
point process is the product of the Lebesgue measure and an excursion law H.

Note that we have Z! = B + Y and B is independent of Z%. Let up € [sg, t] be
the time when Z2 attains its maximum on the interval [sg, #z]. Given s; and f, the process
{((B(t) — B(uy), Z*(t) — Z*(uy)),t € [uk, tx]} is independent of all processes {(B(f) —
B(uj), Z*(t) = Z*(uj)), t € [uj, t;1}, j # k.

Given t; — s = a, the distribution of a~!(t; — uy) is independent of a, by scaling. Given
fx — s = a, the distribution of a ~2(B(#;) — B(uy)) is otherwise independent of #; and s, and
of Z!(uy). By Brownian scaling, there exists co > 0 such that

P(B(1x) — B(ux) > coa'? | ix — sp = a) > 1/4,
and

P(B(tx) — B(ug) < —coa'’ |ty — sk = a) > 1/4.
Using independence from Z' (uy),

P(Z' () + B(te) — B(ug) > coa'’* | tx — se = a, Z' (ug) > 0) > 1/4,
and

P(Z' (up) + B(tx) — Blug) < —coa'? | tx — sx = a, Z'(ug) < 0) > 1/4.
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Combining the two cases, we obtain
P(1Z' (ur) + B(tr) — Bl > coa' | tr — s, = a) = 1/4.
Note that Y (ug) — Y (tx) = Z'(ur) + B(tx) — B(uy) since Z(#;) = 0. Thus,
P(Y () = Y1) > coa'? | tx — sp = a) = 1/4,
which implies that
PV 1Y > coa'’? |t — sg = a) > 1/4. (4.19)

Recall that H is the excursion law for excursions of Z? from 0 and let ¢ be the lifetime of
an excursion. Then H(¢ € da) = cja—3/? (see [1]). It follows from excursion theory that the
number of excursions starting at a point s < 0_1(1) and such that tp — s € 27/~1,27/]
has the Poisson distribution with average c fzz_ jj_l a=32da = 2272, By (4.19), the number
of such excursions with the property that V|, ;1Y > co2~U+D/2 is minorized by the Poisson
distribution with average (1/4)c227//%. Hence > 11yt —spe@—i—1 2-i] Viug,,1Y 18 minorized
by a random variable which is the product of ¢92~¢+1/2 and a Poisson random variable with
average (1/4)c22//2. By excursion theory, the sums Y se<o-1 ().t —spe@—i-1 2-i1 Viue.n 1Y are
independent for different j. Now it is elementary to check that, a.s.,

Vio,o—tayY = Z Z Viug.1Y = 00.

Izl ksp<o=1 (1), —spe(2=7—1,2-J]

Sk =<0

The same argument shows that V[ngfl(,)]Y = 00, a.s., for every t > 0. Thus V|9 1Y = 00, a.s.,
for every s > 0.

It is intuitively clear from the first part of the proof that Z! is not a semimartingale. A subtle
technical difficulty is that it is not obvious that the Doob decomposition of Z! and the Skorokhod
representation have to be identical. We shall show that this is indeed the case in the following
paragraph.

Suppose that Z! is a semimartingale with the decomposition Z! = B+ Y.Fixi,m € N
and define a sequence of stopping times as follows. Let Tli M= infr > 0 @ Z2 = 271,
Si’m = inf{t > Tli’m . Z% = 2™}, and recursively define, for each n > 2, T)™ =
inf(r > $"" : z> = 27"} and S;" = inf{t > T,™ : Z® = 27™}. On each interval
[T,f’m, S,’.{m 1, Z! is a semimartingale with decomposition B + Y. On the other hand, since

infte[T,;m sim R(Z%*(t)) — L(Z%(t)) > 0, by the last assertion of Theorem 2.6 and uniqueness

of the Dpob decomposition for Z1, it follows that a.s. Y (t) — f(s) = Y(@) — Y(s) for all
s,t € [T,™, S;™]. In particular, this implies that, a.s., Z;;O:l V[Tni,m’S;'l,m]Y = Z;il V[Trf,m,S’i{m]Y.
Letting m — oo, and then i — oo, we have almost surely, for each 7" > 0,

o0
Voo-1an¥ = 11_1)1210 L 2; Vigim ne=1(1). 55" no-1 ¥
n—

o0
= Jtim Hm D Virin ooy, oty
n=1

v

Z Z Vi1 Y-

JZl ks <o~U(T),ty—spe(@=7—1,2-7]
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The first part of the proof now shows that the last term equals infinity. We conclude that Z!, and
therefore Z, is not a semimartingale. [J
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