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Abstract. We introduce non-negative matrix factorization with orthogonality constraints (NMFOC) for

detection of a target spectrum in a given set of Raman spectra data. An orthogonality measure is defined and two

different orthogonality constraints are imposed on the standard NMF to incorporate prior information into the

estimation and hence to facilitate the subsequent detection procedure. Both multiplicative and gradient type

update rules have been developed. Experimental results are presented to compare NMFOC with the basic NMF

in detection, and to demonstrate its effectiveness in the chemical agent detection problem.
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1. Introduction

Raman spectroscopy can be used for detecting a

wide range of chemicals since Raman spectrum is

unique to a given compound. It can also quantify

chemicals on a surface, in a liquid, or in air. The

Raman effect arises when the incident light excites

molecules in the sample which subsequently scatter

the light. While most of the scattered light is at the

same wavelength as the incident light, some is

scattered at a different wavelength. This inelastically

scattered light is called the Raman scatter. It results

from the change of the molecular motions. The

energy difference between the incident light and the

Raman scattered light is called the Raman shift. A

plot of Raman intensity vs. Raman shift constitutes a

Raman spectrum.

Due to the presence of background fluorescence or

measurement errors in the Raman spectra data, it can

be assumed that the observations is a linear mixture

of several underlying chemical spectra, i.e., given

observed spectra X, we have

X ¼ ASþ N ð1Þ
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where the columns of A represent the contribution of

chemical spectra, rows of S the chemical spectra, and

N is the noise.

One traditional way to detect the chemicals from

Raman spectra is based on linear regression which

can identify single or multiple chemicals by solving

for the contribution of chemical spectra [8]. The

decision-making procedure evaluates signal strength,

a measurement probability resulting from a statistical

F-test and the relative strength of each chemical

identified as present in the measurement. This

approach relies on the available library of Raman

spectra of the chemicals of interest. The problem

with this approach is that the library spectra are not

always reliable, can not reflect the variation of

spectral profile due to environmental changes.

Another way for solving this detection problem is to

combine a blind source separation method with a

detection scheme [20]. For example, independent

component analysis (ICA) can be used to identify

constituent chemical spectra directly from the ob-

served data X . If the largest absolute correlation

between the ICA estimates and target chemical

spectrum exceeds a certain threshold, then the target

present hypothesis is accepted. Instead of yielding a

decision for one measurement as in [8], this approach

yields one detection result for multiple measure-

ments. The problem with this approach is that the

assumption of the independence among constituent

spectra is not realistic, as in many cases, they can be

highly correlated. If this is true, the performance of

the ICA approach may be adversely affected [21].

Since we interpret A as the contributions and S as

the constituent spectra in the linear mixture model

described above, they are non-negative in nature.

Hence, non-negative matrix factorization (NMF) [9,

10] can be used to find such a linear, non-negative

data representation. In contrast to ICA, the non-

negativity constraints make the representation purely

additive which is more meaningful for the spectros-

copy application [5, 6, 13]. A complete survey of the

development and use of low-rank approximate NMF

algorithms is given in [1] along with applications for

feature extraction and identification in fields ranging

from text mining to spectral data analysis.

Unlike ICA, NMF does not impose a strong

condition such as the independence but seeks a

factorization that minimizes a chosen metric. Due to

the nonconvex nature of the NMF cost function,

additional constraints on the factorization are usually

imposed to decrease the sensitivity of NMF solutions

to different initializations [10]. For example, Li et al.

[11] proposed a local non-negative matrix factoriza-

tion (LNMF) algorithm for learning spatially local-

ized, parts-based subspace representation of visual

patterns. Hoyer showed how explicitly incorporating

the sparseness constraint improved the final decom-

position [7]. In [16], a constrained non-negative

matrix factorization (cNMF) algorithm is used to

recover constituent spectra by including a constraint

on the minimum amplitude of the recovered spectra to

deal with observations having negative values. In

[15], a nonsmooth constraint is imposed to control the

sparseness in both the basis and the encoding vectors.

Moreover, Donoho and Stodden developed a

geometric view of the underlying NMF factorization

and derived geometric conditions under which the

factorization is essentially unique [3]. The distance

measures considered in NMF are also extended to

other measures, for instance, the Csiszár_s divergen-

ces in [2], the Bregman divergence in [4].

In solving for the NMF problem, the update rules

given in [10] take a multiplicative form and satisfy the

non-negativity constraint implicitly and elegantly. The

extension of the multiplicative updates of [10] can be

found, for instance, in [17], where a multiplicative

update rule is proposed to solve a non-negative

quadratic programming problem. However, NMF with

multiplicative updates exhibits some weaknesses as

well. The most important of which is related to its

slow convergence behavior. As a special case of bound

optimization, this behavior is investigated in [18].

Recently some other forms of update rules are studied

to improve the performance, especially to increase the

speed of convergence. For instance, a quasi-Newton

method for NMF is considered in [22], and a projected

gradient method is proposed in [7] and [12].

In this paper, we first introduce non-negative

matrix factorization with orthogonality constraints

(NMFOC) for extracting a certain target chemical

spectrum from the mixture. It incorporates a priori

information of the target chemical spectrum as the

reference and introduces a measure of closeness

between the recovered spectra and the reference into

the NMF contrast function, facilitating the subsequent

detection procedure. Two methods with different

orthogonality constraints, namely the augmented

NMFOC and Lagrangian NMFOC, are used to solve

the constrained optimization problem, each followed

by a corresponding detection scheme. For the simpler
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augmented NMFOC case, we impose the constraint

using both multiplicative and projected gradient

updates to optimize the desired cost function. The

corresponding update rules are derived for each case

with discussions on their convergence properties.

The rest of the paper is organized as follows:

Section 2 introduces NMF. This is followed by the

formulation of NMFOC which is introduced in

Section 3. NMFOC learning procedures are presented

and the convergence properties of NMFOC algorithms

are shown. Section 4 presents experimental results

illustrating properties of NMFOC and its performance

in chemical detection compared to the basic NMF.

2. Non-negative Matrix Factorization

Given a non-negative n� m observation matrix X ,

NMF determines non-negative matrices A and S such

that

X � AS ð2Þ

where A is n� k and S is k � m, and both A and S

have all non-negative entries. Usually k is chosen to

be smaller than n or m. Since NMF enforces the non-

negativity constraints on A and S , the constituent

chemical spectra in S can be combined to form

observations in an intuitive, additive fashion. Differ-

ent from the application of NMF on the face-related

image processing [9], here each row of S represents

one spectrum. Each row of X is a linear combination

of rows of S through the mixing coefficients of A.

Two measures, generalized Kullback–Leibler di-

vergence and the Euclidean distance metric, have

been considered in [10] to quantify the quality of the

approximation.

2.1. KL Divergence

The generalized Kullback–Leibler divergence of X

from its approximation Y ¼ AS, is defined as [10]

DKLðXjjYÞ ¼
X

i;j

xij log
xij

yij
� xij þ yij

� �
ð3Þ

As shown in [16], the minimization of this cost is

equivalent to the maximization of the likelihood of

generating the observations X from A and S when xi;j

is assumed to be Poisson distributed with mean yi;j.

From the log inequality, we know that if z > 0, then

logðzÞ � z� 1 , with equality if and only if z ¼ 1 .

Hence, given any positive xi;j and yi;j, we have

log
yi;j

xi;j

� �
� yi;j

xi;j
� 1

leading to xij log
xij

yij

� �
� xij þ yij � 0 . The equality

holds if and only if xij ¼ yij , which implies that the

cost function defined in Eq. (3) is lower bounded by

zero, and equals zero if and only if X ¼ Y.

NMF factorization as defined in [10] is a solution

to the following optimization problem:

min
A;S

DðXjjASÞ

such that A; S � 0;
X

i

ai;j ¼ 1 8j:
ð4Þ

The column-wise unit sum constraint is imposed to

alleviate the scale ambiguity problem.

This optimization problem can be solved using the

multiplicative update rules as [10]:

S ¼ S� ATðX� ASÞ
� �

� ðATJÞ;
A ¼ A� ðX� ASÞST

� �
� ðJSTÞ;

ð5Þ

where J is an n� m matrix of 1s, � and � denote

elementwise multiplication and division, respectively.

2.2. Euclidean Distance

The Euclidean distance metric

DEUðXjjYÞ ¼
X

i;j

xij � yij

� �2 ð6Þ

is also lower bounded by zero and vanishes if and

only if X ¼ Y. The corresponding NMF multiplica-

tive update rules for minimizing the Euclidean

distance are given as [10]:

S ¼ S� ðATXÞ � ðATASÞ;
A ¼ A� ðXSTÞ � ðASSTÞ:

ð7Þ

2.3. Projected Gradient

The multiplicative update rules given in Eqs. (5)

and (7) satisfy the nonnegativity constraint naturally
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but may require large number of iterations to reach a

local minimum. However, if the stepsize is chosen

properly, with additive projected gradient updates

the same value can be achieved much faster. In [7], a

combination of multiplicative and projected gradient

method is shown to achieve better performance than

NMF multiplicative updates on a face image data-

base factorization problem. In [12], the same

problem is investigated by using bound-constrained

optimization theory. The only difference between the

projected gradient and the regular gradient method is

the use of an additional projection procedure. For

instance, the gradient of KL divergence with respect

to S and A can be calculated as

rSðDKLÞ ¼ ATJ� ATðX� ASÞ;
rAðDKLÞ ¼ JST � ðX� ASÞST

; ð8Þ

and the gradient of Euclidean distance with respect

to S and A are

rSðDEUÞ ¼ ATAS� ATX;

rAðDEUÞ ¼ ASST � XST :
ð9Þ

If regular gradient updates are used, there is no

guarantee that all entries of A and S will be

nonnegative in all iterations. When it is negative, we

may project the updated A and S to be nonnegative.

Such a method is a special case of the application of

bound-constrained optimization theory.

Observing the update rules given in Eqs. (5) and

(7), if A and S are invariant under these update rules,

it can easily be shown that this implies a zero-

gradient condition [10, 12].

In this paper, we impose an orthogonality con-

straint using multiplicative and projected gradient

separately, and derive the corresponding learning

rules.

3. Non-negative Matrix Factorization

with Orthogonality Constraints

As we noted earlier, NMF does not impose a strong

condition such as independence in ICA, and hence

multiple solutions that are significantly different

from each other are likely. This immediately sug-

gests that a more direct control over the estimated

factorization is needed. In NMFOC, we incorporate

the available information of the target spectrum

through orthogonality constraints to guide the fac-

torization. Since we are interested in detecting a

single target, it is sufficient to estimate just two

sources. Thus we can specify the source matrix in

Eq. (2) as S ¼ ½s1 s2�T .

We define an orthogonality measure  ð	Þ for two

given vectors u and v as

 ðu; vÞ ¼ ðuTvÞ2

kuk2kvk2
ð10Þ

such that  ðu; vÞ is zero when u and v are orthogonal.

By Cauchy–Schwarz inequality,  ðu; vÞ � 1 with

equality if and only if u and v are linearly dependent,

i.e., u ¼ av for some scalar a.

We consider two formulations of NMFOC that

impose two different orthogonality constraints

separately on the recovered NMF spectra, such

that the optimization problem given in Eq. (4) is

augmented by the additional constraint that for a

given target chemical spectrum, r, we have jjrjj ¼
1, and

Case 1:  ðs1; rÞ ¼ 0.

Case 2:  ðs1; rÞ � � , where � 2 ð0; 1Þ and r is

centralized.

The basic idea for the first case is that we constrain

one of the recovered spectra to be orthogonal to r,

which will force the other estimate to be in the same

direction as r when the constituent spectra are

mutually orthogonal. If the correlation between the

unconstrained estimate s2 and r exceeds a certain

threshold, then the target present hypothesis is

accepted.

For the second case, we have

�2ðs1; rÞ ¼
ðsT

1 rÞ2

jjs1 � Efs1gjj2
>  ðs1; rÞ ð11Þ

where �ð	Þ is the correlation measure. By setting a

proper threshold � , any solution of the second

problem yields one constrained estimate s1 close to

the target as given by the orthogonality measure, and
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also implies a high correlation with the target. For

example, if  ðs1; rÞ � � ¼ 0:45, the absolute corre-

lation between s1 and r is greater than
ffiffiffi
�
p ¼ 0:67. As

shown in Section 3, the detection scheme in this case

can be made based on the divergence of the

Lagrangian multiplier.

For comparison, we use a augmented penalty

method to solve Case 1 and Lagrangian method to

solve Case 2.

3.1. NMFOC Based on KL Divergence
with Multiplicative Updates (NMFOC-KLM)

We define the following measure as the new

objective function for Case 1 given in Section 3:

DaðXjjYÞ ¼
X

i;j

xij log
xij

yij
� xij þ yij

� �

þ � ðs1; rÞ ð12Þ

where Y ¼ AS and � is a positive number, which

determines the weight given to the orthogonality

measure. Since the first term of Eq. (12) is close to

zero after convergence, � ¼ 1 provides satisfactory

performance for most cases.

A local solution to the above minimization

problem can be found by using the following update

rules: Given X and r, initialize A and S by a random

matrix with non-negative entries, then update the

entries of A and S such that:

S ¼ S� ATðX� ASÞ
� �

� ðATJþ EÞ; ð13Þ

s1 ¼ s1=jjs1jj; ð14Þ

A ¼ A� ðX� ASÞST
� �

� ðJSTÞ; ð15Þ

A ¼ A� ðPAÞ; ð16Þ

where P is an n� n matrix of 1s, E is an k � m
matrix with entries eij ¼ 2�ðsT

1 rÞrj1�ði� 1Þ: To de-

rive the update rules given in Eqs. (13), (14), (15),

and (16), we use auxiliary functions as in [10].

If GðSÞ is an auxiliary function of FðSÞ, then FðSÞ
is nonincreasing under the update

Stþ1 ¼ arg min
S

GðS; StÞ: ð17Þ

Update of S: S is updated by minimizing FðSÞ ¼
DaðXjjASÞ with A fixed. An auxiliary function is

constructed for FðSÞ as:

GðS; StÞ ¼ G
0 ðS; StÞ þ � ðs1; rÞ ð18Þ

where

G
0 ðS; StÞ ¼

X

i;j

ðxij log xij � xijÞ þ
X

i;j

yij

�
X

i;j;k

xij

aikst
kjP

b aibst
bj

� logðaikskjÞ � log
aikst

kjP
b aibst

bj

 !

is an auxiliary function defined for Eq. (3). As in

[10], we can verify that GðS; SÞ ¼ FðSÞ and

GðS; StÞ � FðSÞ.
To minimize FðSÞ with respect to S, we can thus

update S using Eq. (17). Such a matrix S can be

found by setting the gradient to zero for all v and u,

i.e., by writing

@GðS; StÞ
@svu

¼�
X

i

xiu
aivst

vuP
b aibst

bu

1

svu

þ
X

i

aiv þ 2�ðsT
1 rÞru1�ðv� 1Þ ¼ 0

ð19Þ

where ru1 is the uth entry in the reference spectrum

vector r. Thus, the update rule for Eq. (17) takes the

form

stþ1
vu ¼ st

vu

P
i aivxiu=yiuP

i aiv þ 2�ðsT
1 rÞru1�ðv� 1Þ : ð20Þ

which is Eq. (13) if written in a compact matrix

form. To obtain Eq. (19), we assume that s1 has unit

energy which is guaranteed by Eq. (14). Since there

Non-negative Matrix Factorization with Orthogonality Constraints



is no other constraint on A except non-negativity, we

obtain the same update rule as in [10] for A, which is

given in Eq. (15).

From the above analysis, we conclude that the

updates given by Eqs. (13), (14), (15), and (16) result

in a sequence of non-increasing values of DaðXjjASÞ,
and hence converges to a local minimum. After

convergence, the correlation value between s2 and r

is calculated. If it exceeds a certain threshold, the

hypothesis that the target is present is accepted.

3.2. NMFOC Based on KL Divergence
with Additive Projected Gradient
Updates (NMFOC-KLA)

The gradient of cost defined in Eq. (12) with respect

to S is calculated as

rSðDaÞ ¼ ATJþ E� ATðX� ASÞ: ð21Þ

It is noted that the orthogonality constraint is also

lower bounded by zero, as is the KL divergence, and

is a quadratic function of S. Based on Eq. (21) and

using Eqs. (5) and (8), we can easily obtain Eq. (13)

without the need to use an auxiliary function. This

argument provides a promising way to heuristically

obtain a fixed-point update rule for any problem

similar to NMF. Furthermore, if we exchange the

position of the numerator and the denominator in Eq.

(13), the KL divergence will keep increasing to

infinity since it is not upper bounded.

For the implementation of projected gradient meth-

od in this case, we adopt the scheme, given in [12]:

Given 0 < � < 1, 0 < � < 1, initialize S to any

feasible value

for k ¼ 1; 2; :::;K
Skþ1 ¼ maxðSk � �rSðDaÞ; 0Þ;

where � ¼ �t; and t is the first non-negative

integer for which

DðSkþ1;AÞ � DðSk;AÞ � �rSðDaÞðSkþ1 � SkÞ
end(for)

The scheme above is used for updating S by treating

A as constant. Repeating the same procedure, A can

be updated similarly, this time by treating S as

constant. Thus, the update procedure alternates

between the updates of A and S.

Compared with the multiplicative updates, the

main shortcoming of the projected gradient method

is that it requires the selection of an optimal stepsize.

However, if we compare the number of total

iterations to achieve a local minima, multiplicative

updates may be not as efficient as projected gradient

updates as observed in the simulations.

3.3. NMFOC Based on Euclidean Distance

If the Euclidean distance metric is used instead of

using generalized KL divergence, the cost function

with an orthogonality constraint is given by

DaðXjjYÞ ¼
X

i;j

xij � yij

� �2þ� ðs1; rÞ: ð22Þ

Its gradient with respect to S and A can be calculated

as

rSðDaÞ ¼ ATASþ E� ATX;

rAðDaÞ ¼ ASST � XST :
ð23Þ

As shown in the previous section, based on this

gradient, we can easily write the multiplicative

update rules as:

S ¼ S� ðATXÞ � ðATASþ EÞ;
A ¼ A� ðXSTÞ � ðASSTÞ;

ð24Þ

without constructing any auxiliary functions for

NMFOC-EUM (NMFOC based on Euclidean dis-

tance with multiplicative updates). NMFOC based

on Euclidean distance with additive projected gradi-

ent updates (NMFOC-EUA) can be derived by

following the scheme presented in Section (3.2) by

using the gradient equations given in Eq. (23).

3.4. NMFOC using Augmented Lagrangian
(NMFOC-L)

In this case, the constrained optimization problem is

defined as in Eq. (4) by adding the constraint cðSÞ ¼

Li et al.



 ðs1; rÞ � � � 0, where cðSÞ represents the constraint

imposed on S and � is a given threshold. Here we

only consider the generalized KL divergence as an

example of using the Augmented Lagrangian ap-

proach. The extension to the Euclidean distance is

straightforward. Also the projected gradient method

is not considered here.

Using Lagrangian multiplier method, the augment-

ed Lagrangian function is defined as [14]:

LðA; S; �; �Þ ¼ DðXjjASÞ

þ
��cðSÞ þ 1

2� c2ðSÞ if cðSÞ � �� � 0

� �
2
�2

otherwise:

(
ð25Þ

and the following procedure is used to find the

solution [14]:

Given �0 > 0, starting points (As
0; S

s
0) and �0;

for k ¼ 0; 1; 2; :::;K
Find an approximate minimizer (Ak,Sk) of

LðA; S; �k; �kÞ, starting at (As
k,Ss

k)

If final convergence test is satisfied

STOP with approximate solution (Ak,Sk);

Update Lagrangian multipliers using \indent

\indent �ðk þ 1Þ ¼ maxð�ðkÞ � cðSkÞ
�k
; 0Þ;

Choose new penalty parameter �kþ1 2 ð0; �kÞ;
Set starting point for the next iteration as

(As
kþ1,Ss

kþ1)=(Ak, Sk);

end(for)

Generally the approximate minimum of Eq. (25) is

searched by using a gradient type algorithm. Here we

propose an update rule that guarantees non-negativ-

ity as in [10] and can obtain the minimum of Eq. (25)

for a given � and �.

3.5. Convergence Properties of NMFOC-L

In the above algorithmic framework, within each

iteration k; S is updated by minimizing the augmented

Lagrangian function FðSÞ ¼ LðA; S; �; �Þ while A is

fixed.

An auxiliary function is constructed for FðSÞ as

GðS; StÞ ¼ G
0 ðS; StÞ

þ ��cðSÞ þ 1
2� c2ðSÞ if cðSÞ � ��

� �
2
�2 otherwise

�

The inequality cðSÞ � �� indicates that the constraint

imposed on S is active. As in NMFOC, it is easy to

verify that GðS; SÞ ¼ FðSÞ and GðS; StÞ � FðSÞ.
To minimize FðSÞ, we can update S using Eq. (17).

Such a matrix S can be found by setting @GðS;StÞ
@svu

¼ 0
for all v and u. When cðSÞ � �� > 0, we obtain the

same update rule for S as in [10]. If not, we obtain:

@GðS; StÞ
@svu

¼�
X

i

xiu
aivst

vuP
b aibst

bu

1

svu
þ
X

i

aiv

� � @cðSÞ
@svu

þ cðSÞ
�

@cðSÞ
@svu

¼ 0

ð26Þ

where

@cðSÞ
@svu
¼ 2ðsT

1 rÞru1

jjs1jj2
� 2ðsT

1 rÞ2

jjs1jj4
svu

 !
�ðv� 1Þ: ð27Þ

Assuming that the effects of svu on sT
1 r and jjs1jj are

not significant, we approximate Eq. (27) by treating

sT
1 r and jjs1jj as constant for current estimate svu .

After some straightforward algebraic manipulations,

for the first row of S (v ¼ 1), on which the constraint

is applied to, we can rewrite Eq. (26) as

	1s2
vu þ 	2svu þ 	3 ¼ 0 ð28Þ

where

	1 
 ��� ðs
T
1 rÞ2

jjs1jj2
þ �

 !
2ðsT

1 rÞ2

�jjs1jj4
;

	2 

X

i

aiv � ��� ðs
T
1 rÞ2

jjs1jj2
þ �

 !
2ðsT

1 rÞru1

�jjs1jj2
; and

	3 
 �
X

i

xiu
aivst

vuP
b aibst

bu

:

Non-negative Matrix Factorization with Orthogonality Constraints



Thus, the update rule for S takes the form

stþ1
vu ¼

�	2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	2

2 � 4	1	3

p

2	1

: ð29Þ

Since 	1 � 0 and 	3 � 0; stþ1
vu will always be

nonnegative. If v 6¼ 1, the update rule for S reduces to

stþ1
vu ¼

X

i

xiu
aivs

t
vuP

b aibst
bu

ð30Þ

when
P

i aiv ¼ 1.

Since there is no other constraint on A except

nonnegativity, we obtain the same update rule for A

(given in Eq. (15)). From the above analysis, we

conclude that these update rules, Eqs. (15) and (16)

for A , and Eqs. (29) and (30) for S , result in a

sequence of non-increasing values of LðA;S; �; �Þ ,
and hence converges to a local minimum.

Test simulations indicate that a solution can be

found to satisfy the constraint even when the target is

not present, which means further analysis is needed

for the subsequent detection stage. By constraining

all the rows of S to satisfy sT
i r � 0; 8i, it is shown

next that the final divergence DðXjjASÞwill be lower

bounded by some non-zero value if the target is

absent.

In the case of two sources, we assume that the

observation matrix X ¼ ½x1x2�T is generated by X ¼
A*S*, where

A* ¼ � 1� �
� 1� �

	 

and S* ¼ s�1

T

s�2
T

	 

:

Here we assume that the total contribution of all

spectra are constant, and is equal to one. NMFOC-L

approximates X by Y ¼ ½y1y2�
T ¼ AS , where the

sum of each column of A is constrained to be unity.

If DðXjjYÞ ¼ 0 and X ¼ Y , we have x1 þ x2 ¼
y1 þ y2 and thus obtain


s*
1 þ ð2� 
Þs*

2 ¼ s1 þ s2 ð31Þ

where 
 ¼ �þ �. Assuming s*
i

T
r � 0 and jjs*

i jj
2 ¼

1 for all i, we define  i 
 ðs*
i TrÞ2 and write

 ðs1; rÞ ¼
ðsT

1 rÞ2

jjs1jj2

� ð

ffiffiffiffiffiffi
 1

p
þ ð2� 
Þ

ffiffiffiffiffiffi
 2

p
Þ2

jjs1jj2

� 4 max ð 1;  2Þ
jjs1jj2

¼ � ð32Þ

by using Eq. (31) and assuming sT
i r � 0 for all i. To

simplify the subsequent discussions, we assume that

jjs1jj2 ¼ 1. This can be achieved by simply normal-

izing s1 after iterations in Eq. (29).

Since r is centralized, a non-negative vector s can

not have same direction as r, thus  ðs; rÞ is strictly

less than 1 . Under additional assumption that all

constituent spectra have same variance, it can be

shown that the target chemical spectrum achieves the

maximum of  ðs; rÞ. For subsequent discussions, we

let �0 or �1 denote the upper bound � corresponding

to the case that the target is absent or present,

respectively. Now assuming target is absent, we

know that DðXjjASÞ ¼ 0 implies  ðs1; rÞ � �0 . In

this case, we set a threshold � with �1 > � > �0 . If

NMFOC-L can still find a pair ðA; SÞ satisfying

 ðs1; rÞ � �, this implies DðXjjYÞ > 0 as the upper

bound is violated. Also since  ðs1; rÞ � � > �0 , we

have sT
1 r > 


ffiffiffiffiffiffi
 1

p
þ ð2� 
Þ

ffiffiffiffiffiffi
 2

p
and ðy1 þ y2 �

x1 � x2ÞTr � ffiffiffi
�
p � ffiffiffiffiffi

�0
p

. By Cauchy–Schwarz in-

equality, we also have jjy1 þ y2 � x1 � x2jj � ðy1 þ
y2 � x1 � x2ÞTr. Finally we obtain

jjy1 þ y2 � x1 � x2jj �
ffiffiffi
�
p � ffiffiffiffiffi

�0
p ð33Þ

Hence, given that the observation matrix X is

generated by two sources, we can have either of the

following two conclusions for the detection problem:

(1) If the target is absent, the orthogonality con-

straint can not be satisfied or it can be satisfied

but with a non-zero DðXjjASÞ which implies Eq.

(33). Thus the Lagrangian multiplier diverges

when the threshold can not be satisfied.
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(2) If the chemical is present, the orthogonality

constraint can be satisfied with a very small

DðXjjASÞ which can be approximately zero

since � < �1 and the upper bound in Eq. (32) is

not violated.

4. Experiments

4.1. Augmented NMFOC Algorithms on Multiple
Sources Mixture

To demonstrate feasibility and performance of the

four augmented NMFOC algorithms (NMFOC-

Figure 1. Raman spectra used in the simulation.

Table 1. Correlations and orthogonality measure values for the

spectra of four chemicals and the target spectrum.

r (TMeS)

Chemicals Correlation, � Orthogonality,  

TMeS 1 0:47

Sand 0:52 0:038

Asphalt 0:6 0:11

Cyclohexane 0:23 0:027

Figure 2. ROCs of four augmented NMFOC and NMF counterparts for 10 dB.
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KLM, NMFOC-KLA, NMFOC-EUM, NMFOC-

EUA) and the Lagrangian NMFOC (NMFOC-L)

algorithms, we conduct experiments using artificial

mixtures of Raman spectral data. Given an n� m
observation matrix X , where n is the number of

spectra and m is the dimension of Raman spectrum,

we choose between the two competing hypotheses:

H0 and H1 , i.e., the target spectrum is absent or

present. The target in our experiments is the Raman

spectrum of the chemical, TMeS.

In the first simulation, the mixtures are generated

by asphalt, sand, cyclohexane, and with or without

TMeS. In the experiments, only the spectra with

bandwidth of 509 to 1,805 Raman shift (cm�1) have

been considered and are shown in Fig. 1. The

similarity between the Raman spectra of the three

non-target chemicals and the target spectrum is

quantified by both correlation and the orthogonality

measure in Table 1.

To generate the mixture under each hypothesis, we

use random non-negative square mixing matrix A

and Gumbel distributed noise N [19]. The signal to

noise ratio SNR ¼ 10 logðES=ENÞ is defined in terms

of the energy of constituent chemical spectra and the

energy of the noise.

After generating mixture X, we estimate the latent

Raman spectra using NMF and the four Augmented

NMFOC algorithms. The dimension of X we

generated is 3� m when the target is not present

and 4� m when the target is present. For all the

algorithms, the number of maximum iterations is set

to 80. For the additive versions, the related param-

eters are set as � ¼ 0:9; � ¼ 0:8, and K ¼ 100. The

selection of these parameters may affect the speed of

the convergence, however in our simulations we did

not note significant sensitivity to different selections.

For each method, if the largest absolute correlations

between their estimates and the target spectrum

exceed a certain threshold � 2 ð0; 1Þ, we accept H1.

By adjusting the threshold, we obtain a sequence of

detection rates for each method. The probability of

false alarm (PFA ) and the probability of detection

Figure 3. Convergence behavior of multiplicative updates and additive updates.
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(PD) are estimated as the ratio of detection rates and

the number of trials. Here we provide the results

based on 500 independent trials.

In Fig. 2 the Receiver Operating Characteristic

(ROC) curves corresponding to different methods are

plotted for SNR ¼ 10 dB case. In all the cases, the

four Augmented NMFOC algorithms provide much

better performance than the original NMF counter-

parts. Thus the NMFOC algorithms significantly

improved the performance of NMF when used for

detection.

The results also show that for the purpose of

recovering the underlying spectra, the Euclidean

distance may provide a better measure than the

generalized KL divergence. Within each measure,

there is no significant difference in performance

between the multiplicative and additive methods.

However, as shown in Fig. 3, the additive

projected gradient updates require much smaller

number of iterations to converge than the multi-

plicative counterparts. It is observed that NMFOC-

EUA typically converges within ten iterations,

which is similar to what have been observed in

[7]. One possible reason is that the factorization

becomes more and more inflexible as the con-

straints imposed on A and S are increased.

4.2. Application to Field Raman Data

In this case, the data are generated by the Laser

Interrogation of Surface Agents (LISA) system [8].

In this real application, the target chemical TMeS

was dropped on glass and the Raman spectra were

collected using LISA detecting system. There are

100 measurements for each given drop size. Using

the NMF and NMFOC-KLM algorithms, each time

we analyze ten pulses and estimate two spectra. As

shown in Fig. 4, the highest correlation between the

estimated components and the target chemical

increases as the drop size increases since the drop

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
0

0.2

0.4

0.6

0.8
NMF

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
0

0.02

0.04

0.06

0.08

diameter(mm)

NMF

Figure 4. The real application of NMFOC algorithms.
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size indicates the amount of signal contribution

contributed by the given chemical. The NMFOC-

KLM algorithm shows smaller variation than the

standard NMF algorithm, most likely due to the

decrease in the possibility of converging to undesir-

able local minima. Obviously, this is a very desirable

property for a data analysis algorithm that needs to be

employed in real-time as in this application.

4.3. Lagrangian NMFOC Algorithm
with a Two-Source Mixture

The detection scheme for NMFOC-L discussed at the

end part of Section 3.5 can be simplified to just

observing the behavior of the Lagrangian multiplier

� . The dimension of X is 2� m in this case. The

related parameters are set as K ¼ 10; �0 ¼ 1; �0 ¼

Figure 5. Examples for convergent and divergent behavior of �.

Figure 6. ROCs of NMF-KLM (dashed), NMFOC-KLM (solid), and NMFOC-L (dotted) for 10 dB (left) and 5 dB (right).
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0:7, and �iþ1 ¼ 0:8�i. Compared with the augmented

NMFOC algorithms, K is much smaller because the

computational cost of Lagrangian NMFOC shows a

significant increase within each iteration compared

to NMFOC algorithms. When the threshold can be

satisfied, � will converge to zero. If not, � will

diverge. In the second example, we generated

observations with the sand and asphalt spectra for

H0, and TMeS and asphalt spectra for H1 and used

the initial values for the variables as �0 ¼ 1 and

�0 ¼ 0:8. A typical behavior of � for this example is

shown in Fig. 5. Similarly as in the multiple sources

case, by adjusting the threshold � , we obtain a

sequence of detection rates and estimate the PD and

PFA based on 100 independent trials.

As shown in Fig. 6, NMFOC-L is almost as good

as NMFOC-KLM for SNR ¼ 10 dB case. As noise

increases, the performance of NMFOC-L degrades,

but it still outperforms NMF-KLM.

5. Discussion

In this paper, we propose five variations of the

NMF algorithm, NMFOC-KLM, NMFOC-KLA,

NMFOC-EUM, NMFOC-EUA and NMFOC-L, to

solve a detection problem. An important element

of our approach is the explicit use of a priori

information in a generative model framework. It is

incorporated through an orthogonality constraint to

guide the matrix factorization. NMFOC-L can use

the change in 4� as a clear detection index at the

expense of increased computational cost. In con-

trast, the other four NMFOC algorithms we

derived using two distance metrics-KL divergence

and Euclidean distance-and two types of update

rules-multiplicative and additive-provide good de-

tection performance without sacrificing the speed

of NMF. Also important to note is that additive

updates provide faster convergence provided that

an appropriate stepsize is chosen.
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