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1.

Introduction

We are primarily concerned with asymptotics as T' — 0:

To what extent must controls be increasingly costly or ‘violent’
(large norm) as the available control time shrinks?

The answer, of course, depends on the control norm considered. The special
case in which one takes

L) 1 = Ol = [[ o]

(where |u(t)| denotes the usual Euclidean norm? on IR™) is certainly the
simplest to handle mathematically, since one then has available the powerful
tools associated with Hilbert space theory. Further, this is often the physi-
cally correct energy norm with which to measure the true cost of control. In
this setting, the question was already treated in [2].

On the other hand there are many problems for which (1.1) is a very artifi-
cial and distorted measure of the control cost and we now wish to treat some
other settings: in this paper we primarily assume that one may plausibly
model the cost of control more generally by some LP-norm (with p € [1, 00]),
given by

T 1/p
l/ lu(t)P dt] for 1 <p<oo
0

ess sup |u(+)| for p = c0.
(0,7]

(1.2) [u()llp =

Of course, the analysis is now slightly more difficult without the Hilbert space
structure used in [2] and this is especially true for the non-reflexive extreme
cases which seem particularly likely to correspond to realistic models: p = oo

2Remark: We are here fixing on the use of the standard Euclidean norm for control
values in IR™, but note that this is not very significant. The use of some other inner
product induced norm involves only a linear change of variables; the use of any other
uniformly convex norm for R™ only complicates the representation formula (3.9); even
the use of a norm which would not be uniformly convex — as, e.g., that of {; — would
involve only minimal modifications to the statement of Theorem 1. We further note that
for the targets the choice of norm for R™ is entirely a matter of convenience.



(bounded controls) and p = 1 (i.e., measuring ‘total amount’ in L', although
an essentially identical analysis includes impulses as well).
We are considering the standard autonomous linear control system

(1.3) & = Az + Bu, for 0<t<T

with z taking values in the state space IR™ and u taking values in the control
space R™. With x(0) = 0, this defines a linear map

(1.4) L=Lr:u()—2(T) = /OT eT=DABuy(t)dt.

We now consider the optimal control problem for a specified target £ € IR™:
(1.5) |lu|| = min,  subject to: Lyu = ¢

using some specified norm || - || — here primarily || - ||, — on the space

{u(-)} =U(T) of admissible R™-valued controls.

It has long been known that the reachable set — i.e., the range R(Lr) C
IR™ — is independent of 7" and, assuming [A, B] controllable and using (1.1)
as the norm in (1.5), that

(1.6) Cr:R" - U(T) : £ — ur € C(&T) = {u € L3 ¢ : ||lu|| = min}
is a well-defined linear map with the explicit representation

(1.7) Cr=L*(LL*)"" [L=Lg.

It was then shown in [2] that

(1.8) |Cr|| ~ T~ B2 £

as T'— 0, where K is the minimal exponent giving the Kalman rank condi-
tion for controllability: (see [3])

(1.9) rank (B, AB,---, A B) = n.

The argument of [2] was strongly tied to the specific norm (1.1) for U(T)
and to the explicit representation (1.7), depending on the controllability as-
sumption (1.9).

Our goal in this paper is to extend the analysis of [2] to consideration of
more general norms than (1.1) for (1.5) — in particular, we want our present
analysis to permit the use of an LP-norm (1.2) for 1 < p < oo; also, we will
not assume the controllability of the system [A, B]. In that context we will
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e extend the asymptotic analysis (1.8), in the process obtaining some-
what more detailed information, and

e generalize the representation (1.7).

To state our main result, let us introduce some additional notation. First,
we set U(T) =U,(T) := L?(0,T;R™), V :=U,(1) and, for any nonnegative
integer k, we define

(1.10) Xy = R(B) + -+ R(A"*B), (X1 :=0)

where R(-) denotes the range of an operator. We let Ej be the orthogonal
projection in IR™ on the orthocomplement in Xy of X1 — so [Eg+- -+ E|
is the orthogonal projection onto &j. Observe that

(1.11) E,A'B =0, when k£ > j > 0.

We write (suppressing the dependence on 1" or p where this is clear)

N(&) = N(&T,p) = nf{[Juf] : Lyu = &}

(1.12)
Cr(€) = C(&T,p) = {ucU(T) : Lyu = & with ||u|| = N(€) }.

[If C(&;T,p) may be empty (i.e., if the min in (1.5) is not attained, as may
happen for p = 1), we may introduce

C(§) =C(&T,p) :={ucU(T) : Lyu = § with [lu]| < N(£) +¢}

to work with the limit as e — 0.]
It is known that there exists a minimal integer K > 0 such that X is
the reachable set, i.e., for £k > K and all T" > 0 we have

(1.13) X = Xk = R(Ly).
For any reachable £ € R(Ly) = Xk and any T > 0, we then set
(1.14) UET) ={uecl(T): Lru=E}.

In the present case we take U(T') = U,(T') := LP(0,T;R™) with p € [1, 0],
using the LP-norm (1.2); note that for 1 < p < co) the norm ||- ||, is uniformly
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convex® whence C(£) = C(&;T,p) is a singleton for any reachable £ € R™;
while C'(&; T, 00) is always nonempty for reachable ¢ (i.e., the minimum is
attained), it may contain more than one element; for p = 1, the minimum
in (1.5) may not be attained and we must then use C* (¢ — 0) instead of
ClE:T,1).

Our principal result for the asymptotics, now using the LP-norm above
with p € [1,00] and without assuming controllability, is that for each reach-
able £ € X one has

(1.15) N(&T,p) ~ (1/T) Y7 with k = k(€) := min{j : £ € A}

Note that this shows that ‘some reachable states are more reachable than
others”: States in X; require far less violent controls (asymptotically for small
T) than is generally needed for those only in X}, with k& > j. More precisely,
we have the following, our principal result:

THEOREM 1: For each k = 0,1,..., K there is a norm vi(-) =
vk(+;p) on X} such that one has
(1.16) lim T VPN (& T, p) = vi(Beé)

for each & € X. For 1 < p < oo, C(&§T) = {ur} is a singleton and
T*up(T — T-) converges in V to a well-defined “limit control” diy(-) as
T — 0.

Proof of Theorem 1

The key to our approach here is to fix the target £ and then to relate any
function y = y(t) on [0, T'] to the corresponding function § = g(s) = y(T'—T's)
on the fixed interval [0, 1]. With such a relation between y and g, we have
21 ylleory =T gl ey, 1<p<oo  [TV*:=1].

In what follows, we fix k € {0,---, K} and, following [2], introduce the
(T-dependent) (n X n) matrix
e =1E(T) =k T E,

(2.2)
= k!E), + TT®=D(T).

3This remains true if, within the integral, one replaced the Euclidean norm |- | by some
other uniformly convex norm on R™.



Note that [H)¢ = TE=FTKR)E for € € Aj,. Let us compute

k

THTOIAR S ar-ig [SC LY 4l B
e = ZZ. i Z j'
=0 7=0 :
o~ ol - J ¢ ¢
_ZT [Z ' z+ EA1+ B]
z:O
which we write as
(2.3) TFr® e AR = My(s) + TRy(T, s)

where My, Ry are the (n x m) matrices

k
=> s'E;A'B
=0

Ri(T,s) = T [ ‘ sZ“EZ-Az”B] .
g Z:l ;0 (i +0)!

(2.4)

Note that, uniformly for 0 < s,7 < 1, we have a bound

k oo
| Bx(T, 5) ZZ LA B

(25) =0 /=1 Z + é
< (T ALY [1BI (-1)

since (i + £)! > dld!.
We may define operators My, and Ry, = Ri(T') : V — IR™ in terms of the
matrix functions My, Ry, by

26) M= | CMi(s)i(s)ds,  Ru(T)i = / Re(T, )i(s) ds.

From (2.4) we see that R(Mj) C X and from (2.5) we see that Rg(T) is
bounded, uniformly in 7" € [0, 1], for each p € [1, cc].

LEMMA 2.1: Each My, is right-invertible — i.e., there exists a linear
bounded operator K : X, — V, such that

(2.7) MK & =€, VEE A,



PROOF: For arbitrary & € R", by the definitions of &X; and FE;, we have
E;§ = A'Bn + ¢ for some n € R™ and some ¢ € X;_; whence, as E;( = 0
then,

|Ei£]? = (A'Bn+ ¢, Ei€) = (n, B A" Ei€).

Thus, E;£ = 0 if (and only if) B*A*'E;{ =0, i.e.,
(2.8) N(B*A*E;) = N (E;), V0 <i < k.

where N (-) denotes the nullspace (kernel) of an operator.
We next wish to show that My, is surjective to X so

(2.9) R(My) = X

If not, then we could find 0 # £ € &}, (so E;§ # 0 for some 0 < ¢ < k) with
¢ L R(My). This would give

0= <g, | "M ()i(s) ds> -/ LM (s)E, B(s)) ds

for o € ¥ whence M} (s)¢ = 0. From (2.4), we would then have B*A*'E;£ = 0
for i = 0,...,k, contradicting the assumption that 0 # & by (2.8) and so
proves (2.9).

Finally, let {1, -} be any orthonormal basis for X;. By (2.9), for each
J there is some ¥; such that M0, = §;; we define K, : &, — V by

(2.10) Kif = S (6.6)0;,  YEE X

j>1

Clearly, this K, is bounded with

(2.11) IKeélly < (X161 Iolv) el VE€ X
j=21
(where || - ||y denotes the norm for V) and satisfies (2.7). |

Next, we define
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Since both V/N(M) and A} are Banach spaces, (2.9) ensures that we can
define a linear operator My : V/N(My) — X, which is continuous and
bijective, and hence continuously invertible. More precisely, we have

(213)  Mi(@+N(My)) = Mo,  MpH(Md) = 0+ N (My,).
It is not hard to see that (2.12) is just the definition of the quotient norm:

ve(C) = [[KM ¢ lvaovy)

SO 1} 1s a norm on Aj,.
The following estimate is the key to Theorem 1.

LEMMA 2.2: For p € [1,00] and any ¢ € X, (k € {1,...,K}), one
has
TN (G T p) = vl Eikip) + O(D).

More precisely, for small T' > 0 one has

v(Er€) — T KL * Vel

Tk-‘r].—* T
L T KRy N&T.p)

vi(Er€) + T|| K L* ey,
- 1 — T KRyl

(2.14)

PROOF: Recall the operator L = Ly defined by (1.3) and note that

Lu:=z(T) = /DT eT=9ABy(t) dt = T/01 eT*ABa(s) ds,
Thus, by (2.3), (2.6) and (2.7), with T' = T®)(T), we have
7= kD ) (Y, / T=*T M T4 Bi(s) ds
(2.15) _ / [My(s) + TR(T, s)] a(s) ds

= [My, + TR(T)] & = My [1 + TK, Ry @

for arbitrary corresponding w, @ in U(T), V.



Now suppose Lu = £ for some fixed ¢ € A} with corresponding @ € V.
We set
0= Trq,
0= T* 1+ TK Ry @ — TK, " V¢
= [1+ TK Ry 4 — TK, V¢,
Then (2.15) becomes, noting (2.2),
(2.16) M0 =TW¢ — Trk-Ye = EIE€.
Consequently, we have
vi(ExE) = 1inf{||o]|y : Myv = klERE}
< |lolly < [+ TIKeRe] llally + TIKL® Vel
and this yields the first inequality in (2.14) since, by (2.1),
(2.17) T full, = T fall, = il
Next, from (2.12), for any € > 0, there exists some zZ = Z. € V such that
M,z = kI EyE, 12y < vk (Ek) +e.
Since KR (T') is bounded uniformly in 7' € [0, 1], we can define
(218) =y, = [1+ TKRu(T)] " [2 4+ TKI* ]
w(t) =T "%Vl —¢/T), tel0,T]
for small enough 7" > 0. By (2.15), we then have
T®(TYLpw = My, [1 + TK Ry (T)] 0 = M2 + TT*D(T)¢ = TR(T)€.

From (2.2), we see easily that T'®(T) is one-to-one on &}, so the construction
(2.18) gives Lw = &. Hence, w € U(&;T) and

_1 . _1 ~
A e ully < T 5 lwl, = [ldly
= |1+ TRR(T)] " [2+ TR0 ()] |

2]y + TIKL* ey

v

- 1 — T KRy
Ui(ER) + € + T|| K, DEDe|ly,
- 1 — T|KyRy|| '
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Since € > 0 is arbitrary, we obtain the other inequality of (2.14). |

Now, we are able to return to Theorem 1.
Proof of Theorem 1. By Lemma 2.2, we immediately obtain (1.16).
Next, for p € (1, 00) the LP-norm ||- ||, is uniformly convex so C(&;7T") = {ur}
is a singleton. Similarly, we have a unique vy € V with Moy = k!ELE, such
that

Next, we define d7(s) = T* up(T — T's). By Lemma 2.2, we have

vi(Er€) — TIKTEDe|y

< vi(ER) + T|| KD * D¢y
- 1-— THKkRkH 7
for T > 0 small so
(2.19) lim [Jar|ly = vk (Ex€) = [|9o]lv-

This, in particular, yields the boundness of 47 in V and we may assume, as
T — 0, that 4 converges to some g weakly in V with

(2.20) o |ly < liminf ||dz|ly = ||o]|y-
On the other hand, we have
Myip = TO(T)E — TR (T) iy — k!ELE, as T — 0,

strongly in V so, by continuity, we must have Muo = k! E,¢. Consequently,
by (2.20) and the uniqueness of 7y, we obtain 49 = 09. Then, by the weak
convergence in V of 4r to 1o, by (2.19), and noting the uniform convexity of
V, we must actually have the asserted strong convergence. [

Representation Formula

In this section, assuming some familiarity with convex analysis (cf., e.g.,
[1]), we will give a representation formula for the (nonlinear) operator C = Cr
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defined by (1.6) with (1.12) using || - ||, for 1 < p < co. We first consider a
more general situation, involving a minimization problem

(3.1) ©(u) = min, subject to Lu = &

where L : U — X, ¢ : U — R (i.e., including +oo, although not —oo),
and £ € X are to be given. Fixing L, ¢, we let D denote the set of £ € X
for which the minimum in (3.1) is attained and, for & € D, let C(£) be the
corresponding set of minimizers.

LEMMA 3.1: Let U, X be Banach spaces and let L : U — X be a
densely defined closed linear operator with closed range; let ¢ : U — IR be a
proper (p # +00), lower semicontinuous, convex function with subdifferential
Op. Then one has the optimality condition:

min{(u) : Lu = £} is attained at u = 4 € L7(¢)

3.2
(3.2 < there exists n € X* with L*n € 0p(a).

for each € € X.

PROOF: To prove (3.2), assume first that Lu = £ and that L*n € 0p(a).
For any v € U with Lu = £, we have L(u — u) = 0 and the definition of
subdifferential gives

o(u) — () > (L'n,u —a) =0

so the minimum in (3.2) is then attained at @ — i.e., £ € D and @ € C(§).
We must now prove the converse and so assume that u € C(&), which
means Lu = ¢ and

o(t) < (i +v) YveN(L).

It is convenient to introduce @(v) := p(u + v) for v € U and to let @y be the
restriction of ¢ to N'(L). Thus, ¢ attains its minimum at 0 € N (L) whence
0" € 9po(0) where 0/ is the 0-element of A/(L); this just means that (0',1)
is a support functional on N (L) x R to the epigraph of ¢y. We can extend
(0',1) to a support functional (¢, 1) for the closed convex set epip CU x R
and so have ¢ € 99(0) = dp(@). That ¢ is an extension of 0 just means that
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¢ € N(L)*. By our hypotheses and the Closed Range Theorem (cf., e.g.,
[4]), we have N'(L)* = R(L*) so ¢ = L*n for some n € X*. N

Setting A = L(dp)~'L* : X — X*, the optimality condition (3.2) immedi-
ately gives the representation

D=R(A),  C©)

HONR ((99)'L7)

(3.3)
HON0p) LA,

L
L

If one has

L'n; € 9p(uy) =121 = (w1 —u) € N(L),
then A will be a function (single-valued) and we have simply
(3.4) C(&) = (99)'L"AT',

since u € (0p)'L*n with An = £ then automatically implies Lu = &.
We can apply this with ¢ : u — 3||ul|?, giving the (Lumer) duality map
Op =J:ur ¢ €U" such that

(3.5) IS = Nl and (¢, u) = [lul®

In the case of L” with 1 < p < o0, it will be more convenient, instead, to
take ¢ =, 1 u %||u||p.

LEMMA 3.2: Suppose (3.5). If u € U = L>®(;R™) and if ( €
LY(Q;R™) C U*, then (a.e. on Q)

<(s).

(3.6)  u(s)= {“<<s>

any where ((s) = 0 (NB: require |u| < 1)

where ((s) # 0

with 0 < p:= |[¢|;. Ifu e U = L' (4 R™) and ¢ € L>®(Q; R™) = U*, then

(3.7) u(s) =0 where |((s)] # [[Cll

PROOF:  In either case (p = 1,00), we have [, Cu =: ((,u) = p? = ||C]]%.
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This is only possible if, pointwise a.e., one has (3.6), (3.7), respectively. W

LEMMA 3.3: Let U = LP(;R™) with 1 < p < o0 (so q == z% gives
% + % =1) and let ¢ : u %fQ |u|P for u € U. Then ¢ is differentiable so
dp = {¢'} and one has

(3.8) i(s) = 1¢(s)["*¢(s)  aeon Q.

where ¢ = ¢'(1).

PROOF: Note, first, that U is reflexive with U* = LI(2; IR™) and ¢ = ¢,
is differentiable, so 0p(u) = {¢'(u)} for each u. Direct computation of the
derivative ¢’ gives (3.8) pointwise on 2. |

THEOREM 2: Let 0 # & € R™ be reachable for (1.3) and consider
(1.5) withd = U, = LP(0,T;R™) for 1 < p < o0; set q := ﬁ for 1 <
p < oo and ¢ = 1 for p = oco. Then the minimum is attained (uniquely for
p < oo) and u = ur € C(§) has the form

q—2

(3.9) u(t) =p ‘B*e(T_t)A*n Bre=94" te0,T]

for some n € R". For 1 < p < oo we take u =1 and n is determined by the
requirement that (3.9) then gives Lu = £. For p = oo there will be a unique
number p > 0 such that

(3.10) M/ LB * ptA® Z,] dt=¢

is solvable for n and we use this p and corresponding 1 in (3.9), obtaining
[@lloe = p2-
PROOF: We have L = Ly as in (1.4) and one easily computes

(3.11) [L*n) (t) = B*%'n  (0<t<T).

Note that our hypotheses imply that (1.5) is solvable — uniquely where the
U-norm is uniformly convex.
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For 1 < p < oo we note that (1.5) is equivalent to minimization of
QU %||u||p so Lemma 3.1 gives existence of ( = L*n € dp(u) with this
. Then we may use this ¢, given by (3.11), in (3.8) to get precisely (3.9)
with = 1.

For p = oo we note that (1.5) is equivalent to minimization of ¢ : u +—
$l|lul[* so Lemma 3.1 gives existence of ¢ = L*n € dp(u) with this ¢, whence
(3.5). Noting that (3.11) gives ¢ € L'(0,7T;R™), we may apply Lemma 3.2
to get (3.6), which now reduces to (3.9) with p = ||ul|ec = [|C]|1; this charac-
terization of p as the minimum value for (1.5) gives its uniqueness. |

For p = 1 we could proceed similarly — if it would happen that the
minimum in (1.5) were attained. Now Lemma 3.1 gives ( = L*n and, noting
that (3.11) gives ((-) analytic, we see that the set {s: |((s)] = ||(]|s} would
be a finite set (contradictorily giving u = 0 ae by (3.7)) unless (3.11) gives
|C(+)| = constant, which is impossible except under restrictive conditions on
the system (e.g., 0 an eigenvalue of A, etc.); we do not pursue this in further
detail.

Further Remarks

In this section we will sketch the asymptotics as T" — 0 for the nullcontrol
problem and then return to the target problem above when the control cost
is modelled not precisely by (1.2), but for some related settings.

We begin by considering an alternative version of our problem (1.5) in
which the control system (1.3) is considered with a specified initial state
z(0) = & and we seek an optimal nullcontrol, i.e., v € U minimizing ||u||
subject to

(4.1) z(T) = e™¢& + /OT eT=94By(t)dt = 0.

By the linearity of (1.3) we immediately see that this is equivalent to (1.5)
with & := —eT4&,, but our previous argument cannot be applied directly with
this T-dependent target. Alternatively, however, we may consider (1.3) ‘in
reversed time’ and observe that if z, u satisfy (1.3) with z(0) = ¢, 2(T") =0,
then setting x~(t) := z(T — t) gives

(42) @~ =—-Ax" +Bu (0<t<T)withaz (0)=0, 2~ (T) =¢,
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using the reversed control u~(t) := —u(T —t). As this corresponds precisely
to (1.5) with, simply, A replaced by —A in defining Ly, our previous analysis
applies. As X = A&}, for each k, this gives exactly the same asymptotics
for the nullcontrol problem as we had before in Theorem 1 — although one
would not expect the same constant: in general v, (-;p) # vi(-;p).

We next comment on the effect of using a weighted LP-norm

(4.3) () s 2= VoT Ju(t)Pw(t) dt} - ot P,

with a specified positive weight function w(-). If w is continuous at 0+ with
w(0) = a # 0, then ||ur||w, is bounded above and below by (a + &)'/?|jur||,
with ¢ — 0 as T' — 0. Thus, we (obviously) continue to have Theorem 1
in this setting as well — only with the insertion of the factor a/? on the
right hand side of (1.16); one has a similar modification for p = co. We may
also consider cases in which the weight is either degenerate or singular as
t — 04+ — say, w(t) = tPwy(t) for some (positive or negative) p € IR with
wy(0) =: @ # 0. In such a situation it is T7?/?||ur||,, which is bounded
above and below as earlier. Again we continue to have Theorem 1 in this
setting, now with (1.16) replaced by
%ig}o Tk+17(p+1)/pN<§; T,p) = Oél/pvk(Ekﬁ)-

Finally, we consider the use of a W™P-norm (r = 1,2,...) instead of the

L? setting we have been treating. We consider a number of variants of this:

[a] U=W:=W"(0,T;R™) with the norm | - ||z = || - ||, where

T 1/p
(1.4 Oy = ([ o + 0] )

for 1 < p < oo and [|u|y.ee = max{||tloe, |t |0 };

[b] U =W, minimizing [|u||, (just a seminorm);

c] U=Wy ={ueW:u,..  ,uY =0att =0} with the norm
1 flee = 11 1l

[dl U=Wy:={ueW:u,...,u" =0at t =0} with the norm given
by [fullee = [[ut]l,;
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e] U=Woo={ueW u,...,u" Y =0att=0,T} with the norm
[l = 1[ut ],

We will get the most complete results for [e] and treat that case first.

THEOREM 3: For the case [e] above (1 < p < 00) and any £ € R"
which is reachable® for (1.3), one has

(4.5) lim TP inf{[u®], - u € U = Wao, 2(T) = €} = vi(Eg)
with k = k(&) and

vp(Q) == (k4 )t inf{[Jo], - My(s"0) = C}

(4.6)
= (k+r)!inf{||s™"v, : Myv = (}.

For1 < p < oo, C(&T) = {ur} is a singleton in Wy o and T* " ug (T —T)
converges in V := W)y ¢(0,1; R™) to a well-defined “limit control” t(-).

PROOF: We start with the subcase r = 1, where we will proceed by
reformulating the problem so we may apply Theorem 1 to an augmented
system. Thus, we rewrite (1.3) as

(4.7) i=Av+Bu, =i

and modify our viewpoint to take this « — i.e., & — as the control while
treating u as a component of the state so (4.7) becomes

o G

This, of course, has the same form as the original problem with A B,r,u,§
now replaced by A, B, z, 1, where

A::(A B),B::(O), andi::(x),é::(g)elfimrm.
0 0 1 U 0

40ur argument will show en passant that the reachability, with this most restricted of
our spaces of admissible controls, is the same as originally for the LP case.
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Note that the original formulation, now applied to this augmented system,
gives u(0) = 0 as well as 2(0) = 0, while the choice £ of the target state gives
u(T) = 0 as well as z(T) = ¢, and we are taking @ = u in LP(0,7;R™).
Thus, we obtain u € U := Wy = WP(0,T;R™) and the minimization of
|||, is just the the minimization of ||ully = ||u?|, required for the problem
[e]. For the augmented system it is easy to see that

- Ak AF1B
A% = SO
0 0

5 ({0} xR™ fork=0 5 . [ Ex& ).
Xk_{?(k_lx{()} for k > 0, B = 0/’

note that k(€) = k(€) + 1. We then have
Ve (Bierd) = v (Brot)

with v} defined as in (4.6) — since, by (2.4), the upper component of
Mk+1(8)é is Y8 s E;A'B = sMy(s)¢. Thus, application of Theorem 1
to this situation just gives (4.5) for » = 1. Of course, the convergence of ur
inld = W&’ﬁf to a limit control (for 1 < p < oo) here follows from the LP-
convergence of the derivative G together with the constraint that fOT udt =0
imposed by the terminal condition.

At this point we note that the situation for r = 2, ... could be handled
similarly, augmenting the state by [u, e ,u(r_l)} and interpreting the result-
ing system. Instead, we simply observe that we may proceed inductively in
r: the situation for WP may, as here, be treated through taking the
derivative of the relevant control u(" for the W7 situation to be the new
control (e.g., to treat r = 2 we further augment the system (4.8), etc.) so the

argument above successively gives the result (4.5) for each succeeding value
of r. [

We have just shown that, as T" — 0,
(49)  f{lu, :ue U, o(T) =&} = O ((1/T)F 1)

ford = Wy . Since Wy o C Wy C W = W"P(0,T;R™), we may immediately
conclude that (4.9) also holds (as an upper bound, now) for the cases [b] and
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[d]. We consider the norm ||-||,.,, initially in the context of W, where the initial
condition gives u = D™ u( with D : u — 4. An immediate computation
gives a bound |lu||, < T'||4||, with ¢ = ¢, so

||u||r,p S (]— + CpTT) ||U(r)||p for u € WQ
and it follows from (4.9) that one has
(4.10) inf{||ul|,p,:uel, z(T)=¢, =0 ((1/T)k+?“+l—l/p)

as T'— 0 with U = W, and so, a fortiori, for U = W D W, i.e., for both
the cases [a] and [c].

To put these results in perspective, it is interesting to compute the various
optimal controls for the (trivial) scalar example & = u where n = m = 1,
A=0, B=1,&=1,and r = 1; we take p = 2 so we can easily do the
minimization explicitly. We thus have

(4.11) 1 = € = 2(T) = Tu(0) + /OT(T —Dalt) de

with u(0) = 0 for cases [c], [d], [e] and also the constraint u(T") = 0 for [e].

[e] Here we have the constraints (1,4) = 0 (to give u(7") = 0) and then
(t,u) = —1 to give (4.11); thus minimization of |||y requires @ € span{1,¢}.
We easily find that a(t) = 67 3(T — 2t) gives the minimum norm N =
2/3773/2,

[d] Here we have the single constraint (1" — ¢,4) = 1 from (4.11) so we
just take @ € span {T —t}. The minimum — attained with @ = 3T73(T —t)
— is now reduced to N = +/373/2, still of the same order in T as for [e].
[b]  Here (4.11) can be obtained with @ = 0 by taking u(0) = 1/T (so
u=1/T).

[a]  For this norm the inner product is (f,g)1 := fOT[fg + fg] dt and the
constraint z(7) = £ := 1 can now be written: (1,u); = 1 so minimization

occurs with u =const. With v = 1/T, we now attain the minimum N =
T2 50 (4.10) holds but is not sharp.

[c]  We first compute L*. Letting z be the solution of

—242z=1o0n (0,T) with 2(0) =0 = 2(T")
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(so z(t) = {1 +e?T — el — eZT_t} / [1 - eQT} for 0 < ¢ < T), an integration by

parts shows that (v, 2); = [ vdt =: Lv for v € W, whence L*n = nz(-). As
optimization gives u = L*n with € R! determined so Lu = 1, we obtain

(t)_ 62T+1_€t_€2T—t || | B \/<€2T+1)2T—€4T+1
Y _(62T+1)T—62T+1’ Ul = (2T +1)T —e?T + 1

This gives ||ul|12 ~ v3T73/? so (4.10) is sharp here.
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