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Photon-number resolution using time-multiplexed single-photon detectors
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Photon-number-resolving detectors are needed for a variety of applications including linear-optics quantum
computing. Here we describe the use of time-multiplexing techniques that allow ordinary single-photon detec-
tors, such as silicon avalanche photodiodes, to be used as photon-number-resolving detectors. The ability of
such a detector to correctly measure the number of photons for an incident number state is analyzed. The
predicted results for an incident coherent state are found to be in good agreement with the results of a
proof-of-principle experimental demonstration.
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I. INTRODUCTION pulse is no longer a limitation.
Our implementation of such a time-multiplexed detector

There has been considerable interest recently in the deveis illustrated in Fig. 1. An incident pulse propagating in a
opment of photon detectors that are capable of resolving theingle-mode optical fiber was divided equally into two paths
numbern of photons present in an incident pulse. Photonusing a 50-50 coupler. The differentein path lengths was
number-resolving detectors of this kind are needed for sufficiently large that the propagation times differed by more
linear-optics approach to quantum computfig?], for ex-  than the detector dead time. The two pulses were then re-
ample, and they may have other applications as W&l combined at a second 50-50 coupler and split equally into
such as conditional state preparat[drb]. Here we describe two more paths differing in length byl2 which results in
a simple time-multiplexing technique that allows ordinary four pulses all separated in time kyt. This process was
single-photon detectors to be used as photon-numberepeated once more with a path-length differencelaf dfter
resolving detectors. The achievable performance of these dehich a fourth 50-50 coupler split the pulses again and di-
vices is comparable to that of cryogenic devifés 8| that  rected them into one of two silicon APDs. The net result was
are being developed specifically for number-resolving applithe creation oiN=16 pulses of approximately equal ampli-
cations. Detectors based on an atomic vapor have also be&mde. Unlike earlier approaches involving detector arrays
proposed9,10]. [11-14, this technique requires only two detectors, and it

Photon-number-resolving detectors can be characterizealvoids the need for optical switches and a storage [65p-
in part by the probabilityP(m|n) that m photons will be  17].
detected in a pulse that actually contaimsphotons. For The remaining paper is organized as follows. In Sec. I,
linear-optics quantum computing, it is essential tRah|n) we present a theoretical analysis of the expected performance
be as close to unity as possible. As one might expect, thisf a time-multiplexed detectofTMD) as a function of the
requires the single-photon detection efficiengyto be as detector efficiency and photon losses. The analysis makes
large as possible in order to maximize the probability ofclear that high detector efficiency is needed for any photon-
detecting all of the photons present in a pulse. Silicon avanumber-resolving detector, including the TMD and various
lanche photodiode§APDs) operating in the visible have a cryogenic detectors under developméft-8]. Section IlI
relatively large value ofy and a small dark count rate, but describes an experimental implementation of a TMD and the
they only produce a single output pulse regardless of the
number of incident photons. The time-multiplexing tech-
nique described here avoids that limitation while retaining
the large value ofp and other potential advantages associ-
ated with the use of commercially available APDs.

The basic idea of the time-multiplexing technique is to
divide the incident pulse intdl separate pulses of approxi-
mately equal amplitude that are displaced in time by a time
interval At that is larger than the detector dead timeThe ~
probability that one of the divided pulses contains two or
more photons becomes negligibly small fée=n, in which
case the fact that an APD can only produce a single output FIG. 1. Implementation of a time-multiplexed detec{@MD)

for photon-number-resolving applications. An incident pulse is di-
vided intoN weaker pulses separated by a time intetvalusing a
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'Electronic address: bryan.jacobs@jhuapl.edu large values oN andAt, this allows two ordinary silicon avalanche
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results obtained using coherent-state inputs. Summary and 0.5 T g T ;
conclusions are presented in Sec. IV. i i ’ i
PR [ 1 EA S—
Il. THEORETICAL ANALYSIS : ; i i
In the most likely application of a time-multiplexed de- B9 6 L i I |
tector, an incident pulse will contain an unknown number g ’ i i i E
of photons and the TMD is intended to measure the value of § . : : .
n. Since the measurement process destroys any coherence E 1) 3 EES— s o -

between states with different values mfit is sufficient to

consider an incident number stafeock state with a specific

value ofn and then calculate the response of the detector in 0.1

the form of the probability distributiorP(m|n). The re-

sponse to an incident coherent state will be considered in the

following section. 0 1 2 3 4
It is therefore assumed that a number state=(1/y/n!) Number m of detection events

x(a")" 0} is incident on the initial 50-50 coupler, where the
(@) | ) P FIG. 2. The calculated probability distributid®(m|n) for ob-

"T . . . .
operatora’ creates a photon in the |nc!dent mode éﬁ}d IS servingm detection events given thatphotons were incident on a
the vacuum state. The effects of the first coupler can be de'tl'me-multiplexed detector. These results correspond to the case of

scribed by the operator transformation two incident photonsr(=2) and a detector efficiency=0.7 with

~ oA [ =1).
a1 @l aNIE, @ Y

upon it. (This ignores any possible correlations between the

where the operatora! anda/ create photons in the shorter effects of multiple photonsThe probabilityP, that a detec-
and longer paths, respectively. Similar transforms can be agor will detect at least one photon and produce an output
plied to represent the remainder of the 50-50 couplers. Aftepulse is then given by,=1—P,. Having determined the
these transformations, the state vector will invalvghotons ~ values ofP, andP 4 for each of the detectors, it was straight-
distributed over 16 different modes. forward to calculate the probability of obtainimgdetection

It is important to include the effects of photon loss, whichevents and add that contribution to the probability distribu-
will degrade the performance of the device in a way that igion P(m|n) for each term in the state vector.
similar to the effects of limited detector efficiency. The larg-  This analysis includes the fact that each of the 16 pulses
est source of loss is absorption and scattering in the opticatill have different probabilities of reaching the detector,
fiber. This can be described by the fractibaf the incident  since they all travel through different lengths of optical fiber.
power that is transmitted through a lendtlof fiber. (In the  In the limit of no loss (—1) and perfect detection effi-
experiments described in the following sectiéias an ap- ciency (y—1), the TMD is mathematically equivalent to a
proximate value of 0.97 The transmission through the fiber lossless multiport device, whose output properties can be ob-
section of length R is thenf?, and so on. In order to sim- tained analytically[12]. Our numerical calculations agree
plify the analysis, it was assumed that the short sections ofith the analytic results in that limit.
fiber have negligible length and that losses in the fiber con- Figure 2 shows the results of this analysis for the case of
nections are also negligible. two incident photons {=2), which is a case of interest

Losses in the optical fiber were included in the analysis byf1,2,18—-20 in linear-optics quantum computing. The detec-
inserting an additional fiber coupler into each of the longertion efficiency was taken to be=0.7, which is typical of
loops. The reflection and transmission coefficients of theseommercially available silicon APDs, while the losses were
couplers were adjusted to give a transmission probabilify of assumed to be zerd € 1) in this example. The limited value
(or the appropriate power df) for each of the sections of of N=16 reduces the probability of detecting the correct
fiber. An additional field mode corresponding to the photonsnumber of photons to 15/16, while the limited detection ef-
removed from the loop by these couplers for each of thdiciency further reduces the probability of a successful mea-
pulses was included in the state vector, which increased theurement to~45%. It can be seen that a detection efficiency
total number of modes from 16 to 23. The effects of photonof 0.7 substantially limits the ability of a TMD to resolve the
loss could then be taken into account by applying operatonumber of photons present in a pulse, even for the simple
transformations analogous to Hd). case ofn=2, and higher detection efficiencies will be re-

After all of the operator transformations had been appliedquired in order to improve the performance.
the state vector contained a large number of terms corre- Similar results are shown in Fig. 3 for the case »f
sponding to all of the ways in which photons can be dis- =0.2, which is comparable to the estimated external effi-
tributed over the 23 modes. As a resWTHEMATICA was  ciency of the superconducting detector in H&f. Detectors
used to add the contribution of each term in the state vectawf that kind are mathematically equivalent to taking the limit
to the probability distributiorP(m|n). In doing so, it was of largeN, which would increase the probability of obtaining
assumed thaP,=(1— 7)9, wherePy is the probability that the correct photon number by 6% (1/16) above that shown in
a detector will detect no photons df photons are incident Fig. 3. Nevertheless, it is apparent that further increases in
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FIG. 3. Calculated probability distribution for observingde- Detector Efficiency

tection events when two photons are incident and the detection

efficiency is 0.2 with no lossf 1), as in Fig. 2. FIG. 5. Calculated probabilit?(n|n) of detecting alh incident

photons as a function of the effective detection efficiemcyThe
points were calculated numerically using the operator transforma-
the detection efficiency will be required. tion technique of Eq(1), while the lines correspond to the analytic

Larger numbers of incident photons give a correspondformula of Eq.(2).
ingly smaller probability of measuring the correct valuenof
As an example, Fig. 4 shows the probability distribution 16!
P(m|n) for the case oh=5, f=0.97, andyp=0.43. These P(njn)=—————9

; 16"(16—n)!
parameters correspond to the experimental apparatus de-
scribed in the following section, where the reduced value of
7 includes the combined averaged effects of input and outpy
coupling losses, connector and splice losses, and exceg
losses in the fiber couplers.

More generally, the probabilit?(n|n) of measuring the
correct number of photons is plotted in Fig. 5 as a function o
the detector efficiency. For simplicity, the losses were as
sumed to be zero here, in which ca@|n) has the analytic

" for n<16, (2)

s shown in the Appendix. In addition to the effects of lim-
ed detector efficiency, it can be seen that the limited hum-
2r of secondary pulsedE& 16) also has a significant effect
as the value oh increases, even for perfect detector effi-
fciency. At telecom wavelengths, the losses in optical fibers
are much smaller and it should be possible to use much
Targer values of.

result
Il. EXPERIMENTAL RESULTS
o 5 l ' 5 ; In order to perform a proof-of-principle demonstration of
(1YL e——— E— L A— — S - a time-multiplexed detector, we implemented the TMD of
’ Fig. 1 using single-mode optical fiber andk2 fiber cou-

03 frosssmns — HE S e N plers designed to give 50-50 reflection and transmission at a
Y1 : o : | wavelength of 702 nm. Since a source of number states is not
B 5 ; ; i 5 currently available for large values aof, the experiments
§ 02 feeeeeeeees oo b . were performed using a weak coherent state. This was in-
é : tended to allow a comparison of the theory with experiment

L I T N and a demonstration of the basic feasibility of the TMD ap-
P I - S i proach.
The input and output ports of the TMD had FC fiber con-
0.05 H oo . nectors while all of the other connections were made using a
i ; i i fusion splicer in order to minimize the losses. The two de-
o L, s 4 s tectors were commercial silicon APD single-photon detectors
. (Perkin-Elmer model SPCM-AQR-13vith measured dead
Number m of detection events times of ~60 ns. The length_ of the first long loop was

FIG. 4. Calculated probability distribution fom detection ~ chosen to be 22 m, which gave a delay between adjacent
events for a Fock state with=5. Here the parameter values were pulses ofAt=110 ns, which was substantially larger than
7=0.43 andf =0.97 which correspond to the experimental condi- the dead time. Short puls€S0 ps durationwere generated
tions of Sec. Il when the additional losses in the connections andising an externally triggered fiber-coupled diode laser at 680
couplers are included. nm. A custom-made electronic circuit was used to count the
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FIG. 6. Histogram of the number of events in whithphotons FIG. 7. Comparison of the theoretical prediction and experimen-

were detected for an incident coherent-state pulse with a relativeltal results for an incident coherent state with a smaller intensity than
large intensity. The light bars correspond to the theoretical predicin Fig. 6. Here the best fit corresponds #bu,= 2.65.
tion of Eq.(4) based on a least-squares fit wifhu,=13.1, while
the dark bars correspond the experimental measurements. average total loss in the systémeasured value=0.55), »

is the APD detection efficiencftypically 0.7, andu, is the
total number of photon detections in a specified time windowmean number of photons incident upon the TMD. The prob-
following each trigger. The triggering rate was kept suffi- ability P(m) of obtaining exactlym detection eventsfor
ciently small so that there was no overlap of the sequence afi<16) is then given by the binomial distribution
N pulses from two different triggering events.

The optical fiber used for the delay loops had quir+

core, which supported single-mode propagation of visible P(m) = 16! (Po)16-M(1— Pg)™ @)
light (610 nm—730 nm The attenuation at 700 nm was (16-m)im! * ° o
specified by the manufacturer to be 6 dB/km, which corre- A comparison of the theoretical predictions of Ed)

sponds to a transmission factorfof 0.97. Small but signifi-  with the experimental results from a relatively intense coher-
cant losses also occurred in the input and output couplergnt state are shown in Fig. 6. The data correspond to a his-
fusion splices, and excess loss in th& 2 fiber couplers togram of the total number of events in which photons
(typically 3% each The total transmission of the fiber mul- were counted in an arbitrary data collection interval, which is
tiplexing device was measured to be 0.55, averaged over giroportional to the probability distributio®(m). The theo-
N pulses. retical results correspond to a least-squares fit ta[Equith
The photon-number distribution of the coherent state atwo free parameters, a normalization constavttich reflects
one of the outputs of the TMD is given by a Poisson distri-the length of the data collection interyaind the value of
bution ', which corresponded to a best-fit valugu,=13.1. It
can be seen that the data are in relatively good agreement
with the theoretical predictions. The small discrepancies be-
' (3) tween the theory and experiment are probably due to the
approximation that all 16 pulses are subject to the same loss.
Similar comparisons of the theoretical predictions and the
where u is the mean photon number. For a perfect detectoexperimental results are shown in Fig. 7 for a less intense
(n=1), P(«,0) would give the probability?, of detecting coherent state +fl u,=2.65) and in Fig. 8 for a relatively
no photons. It can be shown from the linearity of the systenweak pulse ¢l u,=0.57). It can be seen that a TMD can
that this result can be generalized to the case of an imperfegtovide reliable estimates of the mean number of photons in
detector by replacinge with x’=nu. (The limited detec- a coherent-state pulse, but it can also be seen that the ob-
tion efficiency is equivalent to placing an attenuator in frontserved peak in the data is substantially less than the true
of the detectoj.ThusPy=exp(—u') andP,=1—P,, where = mean number of photons.

P, is defined once again as the probability that a detector
will detect at least one photon and produce an output pulse.
For values off close to 1, the losses for @l pulses can

be taken to be approximately the same without significantly In summary, we have described the use of time-
affecting the distribution of the total number of counts. In multiplexing techniques that allow ordinary silicon ava-
that caseu’ = 5l /16 for each of the pulses incident on the lanche photodiodes to be used as photon-number detectors.
detectors, where the transmission fackaccounts for the Although silicon APDs have high efficiencies and low dark

ule
n!

P(u,n)=

IV. SUMMARY
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40 T g T T I g a multiport beam splitter when the path lengths are matched,
? i : 3 5 i and to describe such effects, a quantum formalism must be
used(as in Sec. Il above In contrast, the path lengths in the
TMD are far from matched, with relative delays»fL00 ns.
As this is two or three orders of magnitude longer than the
coherence length, the possibility of photon interferences can
be neglected, and the relevant detection probabilities can be
calculated from classical probability theory.

Let the input mode be evenly distributed b output
modes, so that a single photon on the input has a probability
1/N of reaching any given output mode. We further assume
there are no losses, correspondingftel above, so this
model describes a balanced, losslbsgort. At each output
mode, there is a detector with efficiengy Suppose than
photons are sent to the input. Let the probabilitymofletec-
Number m of detection events tion events (6= m<n) be writtenP (m|n) In the case of

zero detectionsP™ (O|n) is given by
FIG. 8. Comparison of the theoretical prediction and experimen-

tal results for weak coherent-state input, as in Fig. 6. Here the best
fit corresponds tayl u,=0.57. Pg(0| n)=(1-»", (A1)
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counts, they only produce a single output pulse regardless of
the number of photons that are incident. This difficulty canwhich assumes that each photon fails to be detected with an
be avoided by splitting the incident pulse into a time se-independent probab|||ty of t %. For the case where all pho-
quence ofN weaker pulses, provided thhi>n. The use of tons are detected? (n|n) must include a probability of
time multiplexing does lengthen the effective detector re{»/N)" for each of the ways in which a photon can be de-
sponse time, which may also be of importance depending otected. Since alh photons must have gone to distinct output
the intended applicatiofil2,21-23. modes, there is a combinatoric factor which counts the num-
A proof-of-principle experiment was performed using op- ber of different ways to distribute objects amond\ bins, so
tical fiber loops for the case di=16 and a coherent-state that
input pulse. Good agreement was observed between the the-
oretical predictions and the experimental results.
The calculated response of a TMD to an incident number N _[»\" N _
state makes it clear that high detection efficiencies will be P,I(nln)— N (N—n)! for n<N. (A2)
required in order to truly resolve the number of photons in an
incident pulse. But the same comment applies to any other
detector intended for photon-number-resolving applicationsEquation (A2) reduces to Eq(2) for the special case in
such as the cryogenic detectors that are being developed farich N= 16.
that purpose. The results of our analysis suggest that the For detectors of unit efficiency(=1), Paulet al. [12]
most important requirement for true number-resolving detecQave a recursion relation fdin our notation P _,(m[n),
tors is a high single-photon detection efficiency; an intrinsicalong with a closed form solution. Their results can be ex-
ability to resolve photon numbers may be of lesser importended to include nonunit detection efficiency by using the
tance, since that capability can also be achieved using ordiecursion relation
nary single-photon detectors.
Finally, we would like to note that a similar device has
been independently demonstrated and analyzed by Achilles N N
et al. [24]. P (m[n+1)=P(m[n)

7m
(1_77)+W
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funding. where the first term on the right-hand side describes an ad-
ditional photon failing to be detected or else exiting in a
APPENDIX previously occupied output mode. The second term on the
right-hand side describes the detection of an additional pho-
In this appendix, we provide a derivation of H), and  ton in a previously unoccupied output mode. In the limit
generalize it to arbitrary numbers of detected photons. —1, the recursion relatiofA3) agrees with that given by
Nonclassical photon statistics have been obsef26tiat  Paulet al. [see Eq.9) in Ref.[12]].
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Using the boundary conditions of Eq#\1) and(A2), the  for m=n=<N, where the binomial coefficient is m

recursion relatiofA3) can be solved, with the result =N!/[m!(N—m)!]. The derivation of Eq(A4) is lengthy,
o but it can be verified that it satisfies the recursion relation.
(m—j)n Although Egs. (A1) through (A4) were derived using

N\ O m
N — — 1) —
Pn<m|n>—(m>j§0< 1>J(j) 1=+ —y

classical probability theory, they give exactly the same nu-
(A4) merical results as the field operator approach of Sec. Il.
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