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THE EFFECTS OF CLUSTERED IDEAL POINT CONFIGURATIONS 
ON THE LOCATION AND SIZE OF THE YOLK

The yolk is the set of points bounded by the smallest circle that intersects every median line
in a two-dimensional spatial voting game.  While the character of such a voting games clearly
depends critically on the location and size of the yolk, until recently it has been difficult make useful
generalizations about these matters.  When the concept was first propounded in the early 1980s, there
was a widespread intuition that the yolk would be centrally located and would tend to shrink in size
as the number of voters increases.  However, it was difficult to confirm these intuitions or even to
state them in a theoretically precise fashion.  Tovey (1990) showed that, if ideal points are randomly
drawn from a “centered” continuous distribution, the expected yolk radius decreases as the number
of voters increases, approaching zero as the number of voters increases without limit.  This result
leaves open the important question of “non-random” spatial clustering of voter ideal points (such as
we would expect to see in any real-world legislature) on the size (and location) of the yolk.  Using
CyberSenate spatial voting software, we are can conveniently address this question.

I refer to the horizon dimension 1 as L-R (left-right) and the vertical dimension as N-S
(north-south).  However, the axes may be rotated without affecting the kind of analysis conducted
here.  References to “median lines” should be understood as referring to the “limiting” median lines
(passing through two ideal points) displayed in the graphics.  The number of voters is always odd.
All figures are graphics produced by CyberSenate, the spatial modelling software being developed
by Joseph Godfrey of the WinSet Group.  References are made to figures presented in William T.
Bianco, Ivan Jeliazkov, and Itai Sened, “The Uncovered Set and the Limits of Legislative Action,”
Political Analysis, 12/3, Summer 2004 (BJS).  

The location and size of the yolk are affected by the following variable characteristics of
configurations of ideal points: (i) the number of clusters, (ii) their cohesion, (iii) their spatial
configuration, and (iv) their relative sizes.  Sections I through IV deal with two through five clusters
respectively.  The cohesion of clusters is considered only the two-cluster case considered Section I..
The spatial configuration of clusters can vary relevant ways once the number of clusters is greater
than two.  The size of the clusters is relevant only in so far as different size profiles imply different
simple weighted majority voting games among the clusters.  If we suppose that voting outcomes
typically lie in the vicinity of the center of the yolk, we can address the question of which clusters
will find voting outcomes to be more or less satisfactory.  A cluster whose size and location has little
affect on the location and size of the yolk may nevertheless voting outcomes very satisfactory,
because the yolk is centered on the cluster.



Effect of Clusters page 2

I. Two Clusters (e.g., a majority and minority party), differentiated with respect to the L-R but
not N-S dimension (as is approximately true in most  figures produced by BJS).  The general
pattern is that almost all median lines are more or less  horizontal and intersect between the
two clusters to form a “bow-tie” pattern, but at least one median line is approximately
vertical and passes through the centrist face of the majority cluster.  In Figures 1-7, the
majority and minority clusters differ in size by only one ideal

Figure 1. Ideal points are compressed in the N-S dimension, so we have essentially the
one-dimensional L-R case.  The yolk is small and nestled against the centrist
face of the majority cluster.  This general pattern is essentially independent
of the relative sizes of the majority and minority, though as the majority
cluster increases in size (and/or in L-R dispersion) the yolk (without
substantial change in its size) penetrates the majority cluster more deeply.
The L-R cohesion of the minority cluster and the distance (degree of polariza-
tion) between the majority and minority clusters have essentially no impact
on either the location or size of the yolk.



Effect of Clusters page 3

Figure 2. Same as above but majority vs. minority status is reversed (e.g., at least one
ideal point in Figure 1 shifts sides). The location of the yolk shifts accord-
ingly (and radically), though its size is unchanged.  Note: this provides the
simplest illustration of BJS’s observations concerning the possible sensitivity
of the location of the yolk to small changes in the configuration of ideal
points (and effectively contradicts their footnote 28); the same point (and
with respect to the size as well as the location of the yolk) is illustrated many
times below.



Effect of Clusters page 4

Figs. 3 & 4. Each cluster has about the same dispersion on the N-S dimension as on the
L-R.  The bow-tie pattern of median lines becomes wider but essentially the
same conclusions hold as for Figures 1 and 2.



Effect of Clusters page 5

Figure 5. The minority cluster becomes highly dispersed on the N-S dimension.  The
bow-tie pattern becomes asymmetric (much wider on the dispersed minority
side). The yolk shrinks slightly and is pushed even closer to the centrist face
of the majority.



Effect of Clusters page 6

Figure 6. Reversal of majority-minority status (one point shifts sides), so majority is
more dispersed in the N-S dimension.  The yolk shifts sides (as in Figure 2)
and becomes much larger, so part of the yolk is actually closer to the (new)
minority than to the (new) majority cluster.



Effect of Clusters page 7

Figure 7. Both clusters become dispersed in the N-S as well as L-R dimension.  The
yolk becomes much larger than in Figure 5 (but not as large as in Figure 6)
but remains entirely on the majority side of the midpoint between the two
clusters.



Effect of Clusters page 8

II. Three clusters (e.g., Northern Democrats, Southern Democrats, and Republicans in the pre-
Civil Rights era or a three party system) centered on the vertices of a triangle.  In Figures
8-11, the triangle is approximately equilateral.  

Figure 8. The three clusters are of approximately equal size.  Many median lines pass
through each pairs of clusters, so the yolk is very large and is centered in the
triangle.



Effect of Clusters page 9

Figure 9. One cluster becomes much larger than the other two (but still has less than
half of the ideal points).  At least one median line passes through the smallest
pair of clusters, so there is no substantial change in location or size of the
yolk relative to Figure 8.



Effect of Clusters page 10

Figure 10. One cluster becomes much smaller than the other two (but each has less than
half of the ideal points).  There is at least one median line passing through the
smallest cluster and each of the others, so there is still no substantial change
in the location or size of the yolk relative to Figure 8.



Effect of Clusters page 11

Figure 11. One cluster achieves majority size.  All median lines pass through the
majority cluster (and no median line passes through both smaller clusters), so
the yolk collapses to a small area nestled against the centrist face of the
majority cluster.  Provided that one cluster forms a majority, the relative sizes
of the clusters has essentially no impact on the location or size of the yolk.



Effect of Clusters page 12

Figure 12. The triangle is deformed in the obtuse direction making one cluster relatively
centrist.  The yolk becomes smaller as the triangle becomes more obtuse and
is it is nestled against the centrist face of the centrist cluster.  Provided no
cluster is of majority size, this effect is independent of the size of the centrist
cluster, which is of minimum size in Figure 12.



Effect of Clusters page 13

Figure 13. The triangle is deformed in the opposite fashion, so that two “near clone”
clusters are close to each other while the third “extremist” cluster is distant
from both of them.   The yolk becomes moderately large, lying generally
between the two clones but pulled somewhat in the direction of the extremist
cluster.  Provided no cluster is of majority size, this effect is independent of
the size of the extremist cluster, which is of minimum size in Figure 12.



Effect of Clusters page 14

IIIA. Four clusters, one of which is “interior” and the others of which are “exterior.”  That is,
three clusters form a triangle as in Section II and the fourth cluster lies inside the triangle.

Figure 14. No pair of exterior clusters constitutes a majority.   Every median line passes
through the interior cluster, so the yolk is small and centered on the interior
cluster.  Given the stipulation that no pair of exterior clusters constitutes a
majority, this effect is independent of the size of the cluster.



Effect of Clusters page 15

Figure 15. Precisely one pair of  exterior clusters constitutes a majority.  (This implies
that the third exterior cluster is smaller than the interior cluster and that each
larger exterior cluster combined with the interior cluster also constitutes a
majority.)  Some median lines pass through both of the larger exterior
clusters, some pass through each larger exterior cluster and the interior
cluster, and all median lines that pass through the smallest exterior cluster
also pass through the interior cluster.  The yolk is of moderate size and is
located within the triangle formed by the three larger clusters.  The location
or size (within the stated stipulation) of the smallest exterior cluster has no
impact on the location or size of the yolk.  



Effect of Clusters page 16

Figure 16. Every pair of “exterior” clusters constitutes a majority (so the interior cluster
is a dummy).  At least one median line passes through each pair of exterior
clusters, so the yolk is very large resembling Figure 8 with the size (within
the stated stipulation) of the interior cluster having no impact on the location
or size of the yolk.  (While the interior cluster is a dummy, its members will
find voting outcomes very satisfactory.)



Effect of Clusters page 17

IIIB. Four clusters, all of which are “exterior,” i.e. centered on the vertices of a four-sided
polygon.  In the figures, this polygon is approximately square, but little changes if it is
irregularly shaped.

Figure 17. All clusters are of approximately equal size; however, one must be smallest
(with the result that the combination of any two of the larger clusters
constitutes a majority and the smallest is a dummy).  All median lines pass
through at least one of the three largest clusters, so the yolk is large and
centered in the triangle formed by the three largest clusters.  (This is
independent of the relatives sizes of the larger clusters, provided each pair
constitutes a majority.)  The size and location of the smallest cluster has no
impact on the location or size of the yolk. 



Effect of Clusters page 18

Figure 18. One cluster is substantially large than the others; it does not constitute a
majority by itself but does when combined with any other cluster.   All
median lines pass through at least one of (i) the largest cluster (ii) either
smaller cluster adjacent to the largest, so the yolk is large and centered in the
triangle formed by these three clusters.  (This is independent of the relatives
sizes of the larger clusters, provided each pair constitutes a majority.)  The
non-adjacent smaller cluster has no impact on the location or size of the yolk.



Effect of Clusters page 19

V. Five clusters, one of which is interior.

Figure 19. The four exterior clusters  are of approximately equal size and there is a
(perhaps very small) fifth interior cluster such that any two exterior clusters
together with the small interior cluster constitutes a majority.  The interior
cluster is sufficiently centered that every median line passes through it. The
yolk is very small and centered on the interior cluster. 



Effect of Clusters page 20

Figs. 20-21. The four exterior clusters are of approximately equal size and there is a
(perhaps very small) fifth interior cluster such that any two exterior clusters
together with the small interior cluster constitutes a majority.  The interior
cluster is sufficiently off-center that some median line fails to pass through
it.   The yolk is quite large and lies between the off-center interior cluster and
the center of the polygon formed by the exterior.


