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Solutions

Show all work legibly.

1. (20) Determine the general solution of y” + 2y’ = 3 + 4 sin 2.

The characteristic equations is 0 = 7% + 2r = 7(r + 2), with the roots 7; = 0 and r, = —2. The two

linearly independent solutions of the homogenious equation are yi(z) = 1, and yo(x) = e~ 2%.

3
A particular solution y,;(x) for the equation y” + 2y’ = 3 has the form y,(z) = Az, with A = 2

so that yp1(z) = §x

2
A particular solution ypo1(z) for the equation y” + 2y’ = 4sin 2z has the form y,o(z) = Asin 2z +
1 1
B cos2x with A = —5 and B = —3 Le. ypo(x) = —3 sin 2z — §cos2x.

The general solution is c1y1(z) + cay2(z) + yp1(x) + yp21(2).

3 1 1
the solution is: y(x) = ¢1 + cpe 2% + 2%~ 3 sin 2z — 5 cos 2x.



2. (20) Solve the initial value problem: y" — 6y’ + 9y = 0, y(0) = 0, ¢'(0) = 2.
The characteristic equation is 0 = r? — 6r +9 = (r — 3)2, and the fundamental set is y;(z) = €37,
yo(x) = we3®.

the solution is: y(z) = 2xe3®



3. (20) Solve the differential equation: 3" + 2y’ + 2y = 0.
The characteristic equation is 72 + 2r + 2 = 0, and the roots are 1 = —1 — i, 79 = —1 + 4. The

fundamental set is y;(z) = e *sinx and ya(x) = e % cos x.

the solution is: y(x) = cie”®sinz + coe”* cos x



xT

4. (20) Find the general solution y(t) of the differential equation: y” — 2y +y = T2
x

The characteristic equation is 0 = 72 — 2r + 1 = (r — 1)?, and a fundamental set is y;(z) = €7,
y2(x) = ze®. We are looking for a particular solution

Yp(x) = c1(z)y1(z) + ca(@)ya(z)

1%
with v} (z) = % and ub(z) = W/?((:f)) where
T 2z T
r xe 2 0 ze xe e 0
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So
/ x 1 2
uy(x) = “Tia and uq(z) = —5111(1 + )
and 1
uh(z) = 1122 and ug(x) = tan~ ! z.

1
the solution is: y(x) = c1€” + cowe” — 5 In(1 4 2?)e” + ze” tan ' z.




5. (20) Use the substitution # = e’ to transform the Euler equation 22y’ —3xy + 13y =4+ 3z to a
differential equation with constant coefficients and solve the original equation.

With z(t) = €' one has Z—f =e' =, and

dr  dt’ de?  dt2  dt’
The differential equation becomes
Ty 4B 3y gzl
— —4—= = e’
az a7

The characteristic equation is 72 — 4r 413 = 0, and a pair of linearly independent solutions is given
by
y1(t) = e* cos 3t, and yo(t) = e* sin 3t.

4
A particular solution for this equation is y,(t) = 13 + 1—Oet, and the general solution for the Euler
equation is
4 3
Clx2 Cos (3ln ‘x’) + 02-1'2 sin (3 In ’f]ﬂ") + E + 1—0.’,['

4
the solution is: ¢;2? cos (31n |z|) + coz? sin (31n |z|) + ' + %x



6. (extra credit) (20) Find a particular solution y,(t) of the differential equation: 2y” + 3y’ +y =
2 .
x° + 3sinzx.

3 1 1
The characteristic equation is 0 = 72 + 3" + 5= <r + §> (r+1). yp(z) = yp1(z) + yp2(x), where

yp1(z) is a particular solution of the equation 2y” + 3y’ +y = 22, and yp2(z) is a particular solution
of the equation 2y” + 3y’ + y = 3sinz.

yp1(r) = A12? + Ao + As, and substitution to the equation leads to yp1(x) = 22% — 12z + 28.

3 9
yp2(x) = Asinz + B cos z, and substitution to the equation leads to yp(z) = T sinx — 10 S5 %-

3 9
the solution is: y,(t) = 22 — 122 + 28 — 10 sinx — T



