374 BESSEL FUNCTIONS OF INTEGER ORDER

There are n zeros of each function near the
finite curve extending from z=—n to z=n; the
asymptotic expansions of these zeros for large n
are given by the right side of 9.5.22 or 9.5.24
with y=n and {=e >3 "%3q, or {=¢ 211323/,

Zeros of Cross-Products

If » is real and X is positive, the zeros of the
function

9.5.27 J,(2) Y,(\2)—J,(\2) Y, (2)

are real and simple. If A>>1, the asymptotic
expansion of the sth zero is

—2 — 2 3
9.5.28 p4+244 Bf il e ST

B B
where with 4,2 denoted by p,
9.5.29
B=sw/(A\—1)
_wu—1 _ (=1 (=25 (N¥—1)
=R T ey —D

_ (e—1) (2~ 114u+1073) (\*—1)

g 5@ (1)

The asymptotic expansion of the large positive
zeros (not necessarily the sth) of the function

9.5.30 () Y,(\2) —J,(\2) Y, (2) >

is given by 9.5.28 with the same value of B, but
instead of 9.5.29 we have

9.5.31 ‘
_k#+3 _ (#+46p—63)(N—1)

PP T save—D

__ (4418542 —205341899) (\o—1)

- 5(4N)5(A\—1)

r

The asymptotic expansion of the large positive
zeros of the function

9.5.32 (&)Y, (\2)—Y [ (2)J,(\2)
is given by 9.5.28 with
9.5.33

B=(s—Pr/O—1)
_ 3 — (1)
8\(A—1)

_ (2 1+46p—63)N° — (u—1) (u—25)
6(4N)3(A—1)

(AN (\—1)r= (13 + 18542 —2053+-1899)\°
—(u—1) (*—114p+1073)

q

Modified Bessel Functions I and K

9.6. Definitions and Properties

Differential Equation
9.6.1 z? Cizi@—ltl-z dw_ (2% w=0
dz? ' " dz

Solutions are I.,(z) and K,(z). Eachis a regular
function of z throughout the z-plane cut along the
negative real axis, and for fixed 2(#0) each is an
entire function of ». When v=dn, I,(2) is an
cntire function of 2.

1,(2) (#v>0) is bounded as 2—0in any bounded
range of arg z.  [,(z) and I_,(z) are linearly inde-
pendent except when » is an integer. K, (2) tends
to zero as |zl in the sector |arg z|<im,
and for all values of », 1,(2) and K,(z) are linearly
independent. I,(z), K,(z) are real and positive
when v>—1 and 2>0.

Fioure 9.7. Lix), Ko(z), I;(z) and K,(z).
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9.6.5
Y, (2et") =tV (2)— (2/m)e~ P K, (2)

(—r<larg 2<3m)
9.6.6 I_,(2)=I,2),K_.(z)=K,(2)

Most of the properties of modified Bessel
functions can be deduced immediately from those
of ordinary Bessel functions by application of
these relations.

Limiting Forms for Small Arguments

x When v is fixed and z—0

Ficure 9.8. e *Iy(2),e *I(x), " K, (z) and K, (x). 9.6.7
L(2)~@G)/T+1) (p—1,—2,..)
" 4 9.6.8 K,(2)~—1In 2

L, ] 969 EMO~MTOG)”  (#>0)

ds Ascending Series

(329)F
14 9.6.10 I (2)——- ('Q'Z) Z m
1° 9.6.11

1" | Be=ta—E (kDY

k=0

+ (=)™ 1n (32)1a(2)

T om0 S B etk 5

2)7:

where ¥(n) is given by 6.3.2.

Figure 9.9. L(5) and K,(5).

6 ¢ I (122)2 (4 2)3+
9.6.12 Iy(2)= 1+(1')2, (an? + EIERERE
Relations Between Sclutions 9.6.13
I (2)—L(2) I (1 PR L
9,6,2 KV(Z)=—,%1|' —-S—ln—(—;;-rT—— KO(Z) {ln (72)+7} D(Z)+(1')2
3
The right of this equation is replaced by its +(14+d) ( (‘-*22‘))2 + 434D (32 ol )>
limiting value if » is an integer or zero.
9.6.3
I,.(Z)=e“*""‘J,,(ze*”) (—-7r<arg zg%'rr) 0.6.14 Wronskians
L(2) =32 ] (ze™3"¥%) Gr<largz<m) e :
X 9.6.4 ( ( ’ W{L(2), I_y(z)}=I,,(2)I_<,+1)(2)——I,,H(Z)I_y(z)

=—2 sin (ym)/(72)
K,(2)=%mieP™H " (2e¥™) (—r<larg 2<3m) | 9.6.15

K,(2)=—3%mie ¥ H® (ze ¥ (—Ir<larg 2<m) | W{K,(2), [,(3) V=1,(2) K, 11 (8) + 1,11 (2) K. (2) = 1/z
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Integral Representations

9.6.16
Io(z)=1f e*? °°”d6=lf cosh (z cos 6)df
T Jo TJo

9.6.17 Kokz)=—71—rf' e+t 050 (o L n (22 sin? §) } df
0

9.6.18

L=y ),

(32)”
T (v+3)

T
e+ 0gin2v g dp

= (1—t2) —tgxudy (Bv>—1%)
9.6.19 I,L(z)=% f T 600 cos (n6)dB

4]
9.6.20

L(z)=" f 2080 0o (40)d6
0

__sm’fwr) fm e”? cosh l‘vtdt (Iarg 2,<%ﬂ_)
0

9.6.21

“.cos (xf)

0 \/t2+1

Ko(x)=‘£m cos (z sinh t)dt=

(=>0)
9.6.22

K, (x)=sec ($vr) fw cos (z sinh ¢) cosh (vt)dt
0

—ese (dvm) f " sin (zsinh £) sinh ()t
0

(1%v|<1, x>0)
9.6.23
_.WQ(%Z)V ® ~zcosht L3 204
K'(z)“p(,,_*_.%) ) sinh®¢ dt
_m) (L
TO+D e~ (t—1)4 dt

] (%v>—}, larg 2|<jr)

9.6.24 K,(2) =J; e~ cosh (vt)dt (Jarg 2| <3n)

9.6.25

_T+3)(22)" = cos (xt)dt
K,(xz) = .n.;;;v 0 (t2+22) vt

('@V>_%y l‘>0, [arg ‘2|<%7">“<

Recurrence Relations

9.6.26
Z )= Z o (V=2 Z.(2)
LU= ,1(2) =% Z(2)
L s+ Z () =221(2)
ZU)=Z i)+ Z,(2)

*See page 11.

Z',denotes I,, e K, or any linear combination of
these functions, the coefficients in which are
independent of z and ».

9.6.27 Ii(2)=1,(2), Ki(2)=—K,(2)

Formulas for Derivatives

9.6.28

Ga)irz.@)=2. .0

Co) e z@) = 2ne (=012,

9.6.29

g(k)(z)_____lx

{2, (2) +(lf)3"y_k+2(2)
+<12c) ZwrsD)+ . F o 0(2)}
(k=0,1,2,..)

Analytic Continuation
9.6.30 I.(ze™)=em™"'],(2)
9.6.31

K,(zemy=¢~™"'K (2)—mi sin (myr) cse (vr)],(2)
(m an integer)

(m an integer)

9.6.32 L(5)=I(2), KG)=K(2)  (vreal

Generating Function and Associated Series

9.6.33 ev<t+1/t>~_—k§3 tI(z)  (£520)

9.6.34 ¢ =], (2) -2 kfg 1.(2) cos (ko)
=1

9.6.35
eF o O—T (2)+2 L-;o (=) 41(2) sin{ (2k+1)8}

+9 gj (=) p(2) cos(2ko)

9.6.36 1=1Iy(2)—2L,(2)+21,(2)—21,(2)+ . . .
9.6.37 e*=1Iy(2)+21,(2)+2L,(2)+2L(2)+ . . .
9.6.38 ¢=*=1I,(2)—2L(2) +21,(2)—2L,(2)+ . . .

9.6.39
cosh z=1y(2)+20,(2) +21,(2) +21(2)+ . ..

9.6.40 sinh z=21(z)+2L(z)+2[;(2)+ . ..

e
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Other Differential Equations

The quantity N in equations 9.1.49 to 9. 1.54
and 9.1.56 can be replaced by —\? if at the same
time the symbol % in the given solutions is
replaced by Z.

9.6.41

2w’ +2(1 £22)w + (£z2—Pw=0, w=e"Z,(2)

Differential equations for products may be
obtained from 9.1.57 to 9.1.59 by replacing z by
12.

Derivatives With Respect to Order

9642

2 L=16) In ()~ 5 Bt G

9.6.43

K(z)—-—zr csc(wr){ I_v(z) 5 I(z)}

—x cot(vm) K, (2) (»£0,+1,42,...)
9.6.44
SR CIN
ENPNEECIS AN, 0
9.6.45
_nlGz) " (32)°Ki(2)
[ox0] 58 e
9.6.46

[%Iy(z)l=o=——K0(z), [Bb‘v K"(z)],= _

Expressions in Terms of Hypergeometric Functions

9.6.47
Iv (Z) — (—% 2) !

ofi (v+1; £29)

I'{»-+1)
_(32)e . 273M, , (22)
—1‘2(1; +1)M (v+3%, 2v4+-1, 22>=2m2v+%1“(y+1)

9.6.48 KV(5)=(212)*W0,,(22)

(oF is the generalized hypergeometric function.
For M(a, b, z), M, .(z) and W, ,(2) see chapter 13.)
Connection With Legendre Functions

If 1 and z are fixed, #z>>0, and v—>» through
real positive values

9.6.49  liin {wP (cosh :’;1)} —1,(2)

377
9.6.30 Lim {yre~ri Qs (cosh »f-)} —K.(2)

For the definition of P;* and %, see chapter 8.

Multiplication Theorems

9.6.51

7,0 = xivzu—(ﬁzﬂ@ (N—1]<1)

If %=1 and the upper signs are taken, the re-
striction on A is unnecessary.

9.6.52

LO=55Twe), T =2 () G L)

Neumann Series for K.(z)
9.6.53
K. (2)=(—)"""{In (32) —¢(n+1) }].(2)

RO PG R
Z( ) Ein —k)k!

(n4+-20) L 0(2)
+(—)" Z—Wk(n +,j)

9.6.54 Ko(z)=—{In (32)+v}Io(z)+2 Z Izk(z)

Zeros

Properties of the zeros of I,(2) and K,(z) may
be deduced from those of JJ,(z) and H{ (z) respec-
tively, by application of the transformations
9.6.3 and 9.6.4.

For example, if » is real the zeros of I,(2) are all
complex unless —2k< y<—(2k—1) for some posi-
tive integer k, in which event I,(z) has two real
ZET08.

The approxunate distribution of the zeros of
K,(2) in the region —3§r <arg z<3mis obtained on
rotating Figure 9.6 through an angle — 3 so that
the cut lies along the positive imaginary axis.
The zeros in the region — 3w <arg z<$w are their
conjugates. K,(z) has no zeros in the region
larg 2| <im; this result remains true when n is
replaced by any real number .

9.7. Asymptotic Expansions
Asymptotic Expansions for Large Arguments
When » is fixed, |2 is large and p=4»*
9.7.1 '

L~ —1 (D=9

‘/T{l_ z+ 2!1(8z)?
_ (p—= D) (p—9) (u—25)
31(82)3

(jarg z|<jm)

+ )
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9.7.2

T —z u—1
KV(Z)N\/zz € {1+ 82 +

(r—=1) (u—9) (u—25)
31(8z)3

(b—1)(u—9)
21(82)

+..)

+ (larg 2| <gn)
9.7.3

, e’ +3, (u—=1) (u+15)
L)~ e =+ S

_ (=1 (u—9) (u+35)
31(82)3

2wz

+ ...} (larg 2| <3m)

9.7.4
KU~y e (14204 (o Dt15)

21(8z)?
+(u-l)(u-Q) (u+35)
31(82)®

+ .} (larg 2[<$m)

The general terms in the last two expansions
can be written down by inspection of 9.2.15 and
9.2.16.

If » is real and non-negative and z is positive
the remainder after % terms in the expansion
9.7.2 does not exceed the (k+1)th term in absolute
value and is of the same sign, provided that
k>y—1,

9.7.5
LK, (2) ~21_z{1~% ‘(ifz%lé
1-3 (u—1) (u—9)
+ﬂ W—- N
(fang 2|<4n)
9.7.6
LOKE) ~—g (143 4
1-1 (u—~1)(u—45)
574 %—“(224)4 + ...}

(larg z|<3m)

The general terms can be written

down by
inspection of 9.2.28 and 9.2.30.

Uniform Asymptotic Expansions for Large Orders

L)
9.7.7 L(v2) 2o (1+22)1/4{1+§~1 v }
9.7.8
ST e
K. (v2) 2 o () 2

OF INTEGER ORDER

9.7.9 I'(vz) ~\73—.._ (U

2wy 2

enf143 20,
k=1 V
9.7.10

K;(VZ)N_JE (_1%22)_1./5

z {143 (el

When »—-+w, these expansions hold uniformly
with respect to z in the sector larg z| <ir—e,

where ¢ is an arbitrary positive number. Here
2
9.7.11 ¢=1//1+22, =+1+42'4In — =
/ " 1++1122

and wu(t), v.(¢) are given by 9.3.9, 9.3.10, 9.3.13
and 9.3.14. See [9.38] for tables of 7, w(t),
u(?), and also for bounds on the remainder
terms in 9.7.7 to0 9.7.10.

9.8. Polynomial Approximations *

In equations 9.8.1 to 9.8.4, t=2/3.75.

9.8.1 —3.76<2<3.75
Lo(x)=1+3.51562 29¢2-+3.08994 241 4-1.20674 9218
+.26597 32654-.03607 68¢°+.00458 13t24-¢

e]<<1.610~7

9.8.2 3.75<a< o

wheIo () =.39894 2284 .01328 592¢-!
+.00225 319¢~2— 00157 5653
+.00916 281¢4—.02057 706¢-5
+.02635 537¢~5— 01647 633¢~7
+.00392 377¢84-¢

le]<<1.9X 107

—3.75<x<3.75

27, () =34 87890 594£2+ 51498 8607
+.15084 934£° +-.02658 73318
+.00301 532£°4-.00032 411121

le]<<8 10~

9.8.4 3.75 <z

ol I, (z) =.39894 228 — 03988 024¢1
—.00362 018t724.00163 8013
—.01031 555¢*4.02282 967¢-5
—.02895 312¢t°4-.01787 654¢~7
—.00420 059t-84-¢

le|<<2.2 X107

9.8.3

e st

4 Bee footnote 2, section 9.4.




