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4.4.69
. d 2n+1 1 2n+1
fz arctan z z—n—H arctan z——m f@ dz
(n=—1)
4.4.70

fz arccot z dzz% (1+2% arccot 2-{—%

G

4.4.71
d Zn+1 1 Zn+l d
fz arccot z z—m arccot z+mfw 2
(n%—1)
4.5. Hyperbelic Functions
Definitions
. ef—e™? .
4.5.1 sinh z= 3 (z=x+1y)
4.5.2 cosh z=¢ “;e*
4.5.3 tanh z=sinh z/cosh 2
4.5.4 csch z=1/sinh z
4.5.5 sech z=1/cosh z
4.5.6 coth z=1/tanh 2
y
“\cashx 3.5
\\\ 2.8
. 1.5
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coth X5\ sinh x
N\ A-LS e cosh x
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o COth X
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sinh x i
s
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Ficure 4.6. Hyperbolic functions.

Relation to Circular Functions (see 4.3.49 to 4.3.54)

Hyperbolic ' formulas can be derived from
trigonometric identities by replacing z by ¢z

4.5.7 " sinh z=—1 sin 12

4.5.8 cosh z2==cos iz
4.5.9 tanh z= —1 tan z
4.5.10 csch z=1¢ ésc 12
4.5.11 sech z=sec iz
4.5.12 coth z=1 cot iz
Periodic Properties
4.5.13 sinh (z-+2kwi)==sinh z
(k any integer)
4.5.14 cosh (z+42kni)=cosh z
4.5.15 tanh (z+kwi)=tanh 2
Relations Between Hyperbolic Functions
4.5.16 cosh? z—sinh?® 2=1
4.5.17 tanh? z-+sech? z=1
4.5.18 coth? z—csch? z=1
4.5.19 cosh z4sinh z=¢*
4.5.20 cosh z—sinh z=¢*
Negative Angle Formulas
4.5.21 sinh (—z)=—sinh 2
4.5.22 cosh (—z)=cosh 2
4.5.23 tanh (—z2)=—tanh z
Addition Formulas
4.5.24 sinh (2} 2z;)=sinh 2, cosh 2,
-+cosh 2z, sinh 2z,
4.5.25 cosh (2,4 2;)=cosh z, cosh z,
+sinh 2, sinh z,
4.5.26 tanh (z;+2;) = (tanh z,-tanh 2,)/
(1+tanh 2, tanh z,)
4.5.27 coth (z;+2)=(coth 2, coth z,-+1)/
(coth z,-+coth z,)
l-lalf-Angle Formulas
4.5.28

. hgﬂ(cosh z———l)%
sinh 5=( ——5—
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4.5.29
X z__(cosh z-4+1\}
cosh 5-—("'—“—’*’“‘2 >
4.5.30

tanh g_(cosh z—~l>%_cosh #2—1 sinhz
9 \coshz+1/  sinhz  coshz+1

Multiple-Angle Formulas

4.5.31 sinh 2z=2sinh z cosh Z::_gﬂnh_z_
1—tanh? 2
4.5.32 cosh 22=2 cosh? z2—1=2 sinh? z-+1

=cosh? z-+sinh? z

2 tanh z
4.5.33 tanh 22——m

4.5.34 sinh 32=3 sinh z-}4 sinh?® 2
4.5.35 cosh 32=—3 cosh z--4 cosh?® 2
4.5.36 sinh 42=4 sinh® z cosh z-+4 cosh® z sinh z

4.5.37 cosh 4z=rcosh* 246 sinh? z cosh? z-}sinh! z
Products of Hyperbolic Sines and Cosines

4.5.38 2 sinh z, sinh z;=cosh (z;+2,)

—cosh (z,—zz)
4.5.39 2 cosh 2z, cosh z,=cosh (z,-+2;)

~+cosh (2,—2,)
4.5.40 2 sinh z; cosh z,=sinh (z;-}2;)

-+sinh (zl——zz)

Addition and Subtraction of Two Hyperbolic Functions

4.5.41

sinh z;-sinh 2,=2 sinh (#) cosh <21;ZL’>
4.5.42

sinh z,—sinh 2,=2 cosh (ZI;%) sinh <21"2‘22)
4.5.43

cosh z;+4-cosh z,=2 eosh (2];22) cosh (_“_zl—;zz>

4.5.44
cosh z;— cosh z,=2 sinh <§d2‘_3_g> sinh (ﬁ;—il)
4.5.45 .
tanh z,+tanh 22=w
cosh z; cosh 2z,
4.5.46

sinh (z,-+z,)

coth z,-+coth z,=-= -
sinh z, sinh z,

Relations Between Squares of Hyperbolic Sines and
Cosines

4.5.47
sinh? z;—sinh? z,=sinh (z,+2,) sinh (z;—2)
==cosh? 2,—cosh? z,
4.5.48
sinh? z,-+cosh? z,=cosh (z;-+2,) cosh (z,—2;)
=cosh? z,-}+sinh? 2,

Hyperbolic Functions in Terms of Real and Imaginary
Parts

(z2=2+1y)
4.5.49 sinh z=sinh z cos y+7 cosh z sin y
4.5.50 cosh z=cosh z cos y+isinhzsiny

sinh 2241 sin 2y

4,5.51 tanh z= cosh 2zt cos 2y

sinh 2z—1 sin 2y

4.5.52 coth 2= s 2y

De Moivre’s Theorem
4.5.53 (cosh z-+sinh z)"=cosh nz+4sinh nz

Modulus and Phase (Argument) of Hyperbolic
Functions

4.5.54 |[sinh z|==(sinh? z--sin? y)*
=[%(cosh 2z—cos 2y)}}

4.5.55 arg sinh z==arctan (coth z tan y)

4.5.56 |cosh z|= (sinh? z--cos? y)*
=[%(cosh 2z} cos 2y)}}

4.5.57 arg cosh z=arctan (tanh x tan y)

cosh 2z—cos 2y\}

4.5.58 [tanh le(cosh 2z-+cos 2y

4.5.59 arg tanh z=arctan ( S 22/)

sinh 2z
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4.5.60 Relations Between Hyperbolic (or Inverse Hyp;rboli(:) Functions
sinh 2=a cosh r=a tanh v=a esch z=a sech x=u coth z=a
sinhz____* a (a*—1)* a(l—a?~t at a~ Y (1—a?t (a®—1)"4%
coshx____. (14a®t a (1—a® 3 a"H(14a?)t a! a(a®*—1)"%
tanh .. ___ a(l+a?)~? a"(a*—1)} a (1+a?)—t (1—a?)t a™!
eschx_____ a~! (a*—1)7} a~(1—a*)t a a(l—a®* (@*—1)}
sechx_____ (14a®—? a™! (1—a?)?t a{l+a?)~# a e Ha?—1)4
cothe___._ a~(a®+1)3 a(a*—1)"4 a! (1+a?)? (1—a?—t a
IMustration: If sinh a=a, coth z=a"'(a®+ 1)}
arcsech a=arccoth (1—a?) %
4.5.61 Special Values of the Hyperbolic Functions | 4.5.66
22 5 61 E2
: sech z=1—-"F " pt——— 204 42y
) o L mi |l o | 3. | o 27247720 @n)!
2 2 .
(1e1<3)
sinh z_______ 0 ) 0 —1 © 4.5.67 '
22" By pne
cosh 2. 1 0 1 1o o coth z= —+3 45—{—945 R Ml ! gn—ly
tanh z______ 0 | wi [0 —wi |1 (IZK")
where B, and F, are the nth Bernoulli and Euler
eschz._____. @ = @ v 0 numbers, see chapter 23.
sech z_______ 1 @ —1 © 0 Infinite Products
thz _____. 0 1
coth 2 ® ® 0 4.5.68 sinh z=2 II 1+k27r?>
Series Expansions — ut 42° ]
. 4.5.69 cosh z kI=11 [1+(2k—1)21r2
4.5.62 sinh Z:2+3_'+5—'+7'+ o ('Zi< ) Continued Fraction
2 2t 20 anh z=2 2 2 2
4.5.63 cosh e=ltgtgtgt - (al<x) 4.5.70 tanh 2 1L 3557+ "
m . N
= tnr
s 9 17 (Z 2 )
4.5.64 P A B LY
tanh z=z¢ 3 +1 157
Differentiation Formulas
* 22n(22n_1)B2
EEN R MY _
+ (2n)! T 4.5.71 c% sinh z=cosh z
(lel< ’2“) )
4.5.65 4.5.72 1 cosh z=sinh 2
31 '
csch z~“——+ 24
2 360 15120 4.5.73 c% tanh z=sech? 2z
2(2271 1_1)B2n Zen—1
(2n)! " 4.5.74 a4 csch z=-csch 2z coth 2
(lzl <) - dz

*See page II.
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4.5.75 g—z sech z==—sech z tanh 2

d
4.5.76 —— coth z=-—csch? z

dz

Integration Formulas

4.5.77 fsinh zdz=cosh z
4.5.78 fcosh zdz=sinh z
4.5.79 ftanh z2dz=In cosh 2
4.5.80

fcsch zdz=In tanh —;—

4.5.81 f sech z dz=arctan (sinh z)

4.5.82 fcoth zdz=In sinh 2

4.5.83

fz" sinh zdz=z" cosh z_nfz"“ cosh zdz
4.5.84

fz" cosh zdz=2" sinh z—nfz”“‘ sinh z dz

4.5.85
fsinh’" z cosh™ zdz=

m*li-n sinh™*! 2z cosh®~! 2z
n—1 c Tm .
+7~n-+—n sinh™ z cosh®? zdz

1
m-+n

sinh™~! z cosh™*! 2

1—n:1fsinh"“2 z cosh™ zdz
m-+n

(m-+n0)

dz —1 1
4.5.86 . = -
8 fsmh"‘ z cosh™ 2z m—1 sinh™ 7T z cosh™ 1 2

__m+n—2f dz

m—1 sinh™? z cosh™ z (m #1)
1 1
"~ n—1sinh™ ! z cosh™ ! 2
m-+n—2 dz
+ n—1 fsinh"’ 2 cosh™ 2 2z (1)

(See chapters 5 and 7 for other integrals in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions

Definitions
. S/ .
4.6.1 arcsinh z= , AL (z=z-+1y)
: o dt
4.6.2 arccosh z—fl =1
4.6.3 arctanh z=fz j—t——z
0 I“t

The paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from —io to —7 and ¢
to 1

4.6.2 real axis from — ® to +1

4.6.3 real axis from — o to —1 and +1 to

+ @

Inverse hyperbolic functions are also written
sinh™ 2, arsinh 2, &/r sinh 2, etc.

4.6.4 arcesch z==arcsinh 1/z
4.6.5 arcsech z=arccosh 1/z
4.6.6 arccoth z==arctanh 1/z
iy iy iy
+i
X =—oo +1 X X
o 0 =1 {0 +1
bt}
arcsinh z arccosh z arctanh z
iy Wy iy
oy e +H e o |4 x
- o 0 X 0
arcesch z arcsech z arccoth z

Freure 4.7. Branch cuts for inverse hyperbolic

functions.

4.5.87 ‘
ftanh" 2 dzx—-ga—j}i_n——l—l—z—}—ftanh”"’ zdz
(n51)
4.5.88
fcoth" 2z dzzu%%l—?—-{-fcoth”“ﬁ z dz
(n#1)
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4.6.7 arctanh z=arccoth 24 ix¢

(see 4.5.60) (according as #2=0)
Fundamental Property

The general solutions of the equations

z=sinh ¢
z=cosh ¢t
z=tanh ¢

are respectively

4.6.8 t=Arcsinh z=(—1)* aresinh z+krs
4.6.9  t=Arccosh z= +arccosh z+2kni
4.6.10 t=Arctanh z=arctanh z-+kmri
(k, integer)
Functions of Negative Arguments
4.6.11 arcsinh (—z)=-—arecsinh z
*4.6.12 arccosh (—z)=ni—arccosh z
4.6.13 arctanh (—z)= —arctanh 2

Relation to Inverse Circular Functions
4.4.25)

(see 4.4.20 to

Hyperbolic identities can be derived from trig-
onometric identities by replacing z by iz.

4.6.14 Arcsinh z=—{ Aresin 72
4.6.15 Arccosh z= 417 Arccos z
4.6.16 Arctanh z=—14 Arctan iz
4.6.17 Arcesch 2=1 Arcese iz
4.6.18 Arcsech 2=+ Arcsec 2
4.6.19 Arccoth z=1 Arccot 52
Logarithmic Representations
4.6.20 arcsinh z=In [z+ (22-+1)}
4.6.21 arccosh z=In [z+ (22—1)}] (x>1)
4.6.22 arctanh z=1 In ;—HC (0<221)
4.6.23 arcesch r=In [:91_5—{_(;17*—1)5:] (x5£0)
1, /1 4
4.6.24 arcsech z=In §+ 55——1) (0<z<1)

1, xz+1
4.6.25 arccoth z==2 In (x2>1)
2 Lx—1
y
4.5 ’
4.0 ;
35- I
30-‘\ !
25~ A *
204 \ }‘l T
[EX BN
1o \'/ ) o
54 / ’Y:\\\
50 40 3.0 -20 -10 0 ," ;\m\\-\*
-.ra_'»‘,\_'_ém\m“ o 20 30 4.0 50 "X
o:ccalh\x'\\\ 7 2
-0 e Orcsinh x
\./’ \ 15 - .- @rccoshx
\. \ — -~ orctonh x
arcsinh x ( =0 T orceschax
i \}2s arcsech x
\L a0 —. - orccoth x
! \ 3%
arctonh x | .40
I' -a5
F1Gure 4.8. Inverse hyperbolic functions.

Addition and Subtraction of Two Inverse Hyperbolic
Functions

4.6.26
Arcsinh z, 4 Arcsinh z,
=Arcsinh [2,(1+422)}+ 2,(1422)3]

4.6.27
Arccosh z,+ Arccosh z,

=Arccosh {22, [(2]—1) (23— 1)]}}

4.6.28

Arctanh z,4 Arctanh z,=Arctanh ( ’i2;>
I 2

4.6.29
Aresinh z;4 Arccosh z,
=Arcsinh{z2, 4 [(1+2}) (22— 1)1

=Arccosh [2,(142}) 4 2, (22—1)})
4.6.30

Arctanh z, 4 Arccoth z,=Arctanh (2122:}: 1)

. 2,2
=Arccoth <“2122:h1>

*See page 1.

e e
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Series Expansions

4.6.31
1 1.3,
arcsinh g=r—g 2 —{—2 3.5 7
1-3.5
5.4.6.7°
(l2I<1)
1 1-3
= 2t s g 4
1-3-5
T i 662
(I2I>1)
4.6.32
1 1-3
arccosh z=In 22-—2 92 5 4 4
_1.3.5
2-4.6-62°
(I >1)
23 25 27
4.6.33 arctanh 2=2+§+B~+—7—+ o (lz]<<1)
1.6.34 arccoth 2==-2+ e 5+ b
(J2/>1)

Continued Fractions

z 2 422 922
4.6.35 arctanh z= =3 5—7= "

(z in the cut plane of Figure 4.7.)

4.6.36
arcsinh z 2z 1-2221.2223.4223. 42

Vit 1+ 3+ 5+ 7+ 9+

Differentiation Formulas

4.6.37 4 arcsinh z==(1+4-22)"}
dz
d _
4.6.38 o arccosh z=(z2—1)"#
4.6.39 4 arctanh z==(1—z2)-1
dz
4.6.40 i arcesch e =F 1
dz ) z(1422)4
(according as #z=0)
d . 1
4.6.41 (,75 arcsech z=F m

*See page 11.

4.6.42 gl arccoth z==(1- z2)-!
dz
Integration Formulas
4.6.43 farcsinh zdz=2z arcsinh z— (1422)}
4.6.44 farccosh zdz=2z arccosh z— (22— 1)}

4.6.45 farctanhzdz———z arctanh z-+31In (1—22)

4.6.46 farccsch zdz=z arccsch z+arcsinh 2 *

(according as #z=0)
4.6.47 f arcsech z dz=z arcsech 24 arcsin 2 *
4.6.48 farccoth z dz=z arccoth z-+% In (22—1)
4.6.49

2
fz arcsinhzdz=22 1 arcsinh z——i (224-1)¢

4.6.50
. zntl . 1 gt
fz” arcsinh zdz=n+1 arcsinhz— (H—zz)*
(ns—1)
4.6.51

2__
fz arccosh z d2=22

1 arccosh z—Z(zL—l)*

4.6.52
h Zn-H h 2n+l
fz arccos zdz=n+1 arccoshz— +1 o dz
(n#—1)
4.6.53
2?2—1 z
fz arctanh z dz= 5 arctanh z+§
4.6.54
N 2n+1 h Zn-H d
fz arctanh z dz——m arctanh z— +1f 2
(n#—l)

4.6.55

2
fz arcesch z dz:% arccsh z:t% (1424 *

(according as #2=0)
4.6.56

2+
fz “atl

n+1f(22+1)*
(n#—1)

dhen L




