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Design and Control Degrees of Freedom
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One of the central problems in developing a steady-state process flowsheet is finding the number
of variables that must be specified to completely define the process. This number is called the
design degrees of freedom. Once this number has been found, the number of design optimization
variables can be calculated by subtracting all variables that are set by specifications on production
rate, product qualities, safety constraints, and environmental limitations. In principle, the design
degrees of freedom are easily calculated by simply subtracting the number of equations from
the number of variables. However, for typically complex industrial processes, there are many
hundreds of variables and equations, and it is not a trivial job to make sure that the correct
variables and equations have been defined. In addition, this conventional variables-minus-
equations approach requires that a detailed model of the process be available. Once the plant
has been specified, the design of a control structure requires that the control degrees of freedom
be known. This is the number of variables that can be controlled. It is very easy to calculate
this number, even for quite complex processes, because it is equal to the number of manipulated
variables (the number of control valves in the process). These variables are different than the
design optimization variables. This paper illustrates that the number of design degrees of
freedom is equal to the number of control degrees of freedom for an important class of processes.
For a much broader class of processes a slight modification of this equality must be used. Several
progressively more complex recycle process case studies are used to demonstrate these results.
The practical significance of this approach is that we do not need a model and we can avoid the
tedious and error-prone procedure of accounting for all variables and equations.

Introduction

A. Design Degrees of Freedom: Competitive pres-
sures have resulted in chemical process flowsheets that
are increasingly complex and multivariable. It is often
difficult to determine the design degrees of freedom of
the process, i.e., the number of parameters or variables
that must be specified to completely define the system
(to yield a square set of equations). This number is
important because subtracting one for production rate
and subtracting the number of product-quality, safety,
and environmental constraints from the degrees of
freedom gives the number of design optimization vari-
ables available to the designer for maximizing some
appropriate measure of profitability. Typical design
optimization variables are reactor sizes, number of
reactors, number of column trays, recycle flow rates, and
recycle purities.

Conceptually, the determination of the design degrees
of freedom is a simple job of subtracting the number of
chemical and physical equations describing the system
from the total number of variables. In very simple
systems, this is easy. However, typical industrial
chemical processes have many hundreds of variables
and many hundreds of equations. It is quite easy to
not do the accounting precisely and to calculate an
incorrect number. Equations can be written that are
not independent. Variables can be forgotten. Since we
are taking the difference between two very large num-
bers, any small error in either the number of variables
or the number of equations can produce a large error
in the degrees of freedom.

Of course this variables-minus-equations approach
also requires that a detailed steady-state model of the
entire process be available. Deriving such models for a
complex, multiunit plant can be quite difficult.
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Modern steady-state flowsheeting and optimization
software packages provide some assistance in finding
the degrees of freedom, but they do not eliminate all of
the problems in determining how many design optimi-
zation parameters are available and what variables are
appropriate.

B. Control Degrees of Freedom: The discussion
above applies to the steady-state design of a process.
The concept of steady-state design degrees of freedom
is different than the concept of dynamic control degrees
of freedom. The control degrees of freedom are the
number of variables that can be controlled in the
process, and it is important to know this number when
developing a control system for the process. Some of
the variables that can be chosen to satisfy the control
degrees of freedom are different than those chosen to
satisfy the design degrees of freedom. At the design
stage, we can set equipment sizes (number of trays in
each column section and reactor size) in addition to
setting stream flow rates, compositions, temperatures,
and/or pressures. At the control stage (operating an
existing plant), we can only set stream flow rates
(change control valve openings).

In satisfying the control degrees of freedom we use
one to set production rate. All liquid levels (except in
recycle systems) and all gas pressures must be con-
trolled, so these controlled variables consume an equiva-
lent number of degrees of freedom. Additional degrees
of freedom are used to control product qualities and to
satisfy safety, environmental, and regulatory con-
straints. Any remaining degrees of freedom can be used
to achieve optimum operation (e.g., minimize energy
consumption, maximize yield, etc.) or to improve dy-
namic performance (e.g., maintain purities in recycle
streams, hold pressures or temperatures at intermediate
locations in the flowsheet, etc.).
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Unlike the design degrees of freedom, which are
difficult to calculate, the control degrees of freedom are
easily determined. Since all variables are stream flow
rates, we simply count up the number of control valves
in the plantwide process. Of course it is vital that good
engineering practices are followed in installing all
control valves. For example, there should never be two
control valves in series in a liquid-filled line.

C. Design and Control Experience: During a
number of plantwide studies dealing with a large variety
of processes over the last decade, an interesting obser-
vation has been made: the number of design degrees
of freedom seemed to be equal to the number of control
degrees of freedom in many of these processes. Since
the latter is so easy to calculate compared to the former,
it would be very useful to know for what class of
processes this relationship is true and how can it be
modified to handle a more general class of chemical
processes.

The purpose of this paper is to demonstrate that this
equivalence of design and control degrees of freedom
does hold in many processes and that it can be extended
to a broader class of process. Many different cases have
been studied, but only 11 cases are reported here. They
span the range from simple ideal systems with two
components, one reactor, and one column up to systems
with seven chemical components, nonideal vapor—Iliquid
equilibrium, nonequilmolal overflow, three columns, and
three reactors.

Previous Work

One would think that the literature on the subject of
design degrees of freedom would be extensive. However,
there have been relatively few discussions of these
concepts. If we look at the standard undergraduate
textbooks for process design, we find that Peters and
Timmerhaus (1991) devote one page to it, while Douglas
(1988) and Ulrich (1984) do not even mention it. The
books by Rudd and Watson (1968) and Westerberg et
al. (1979) discuss the conventional variables-minus-
equations approach. The book on material and energy
balance by Reklaitus and Schneider (1983) use degrees
of freedom extensively. A very general mathematical
approach is given by Georgiou and Floudas (1989).

The book by Henley and Seader (1981) discusses
degrees of freedom for individual units of increasing
complexity, starting from simple mixers and building
up through individual trays to complete distillation
columns, absorbers, liqguid—liquid extraction columns,
etc. The basic approach is the conventional variables-
minus-equations technique.

The conventional approach has two problems. First,
it is complex and prone to errors. Second, it requires
that a model of the process be explicitly known. For a
complex multiunit plantwide design, the modeling can
be quite difficult, as we will demonstrate in some of the
cases considered in this paper.

The pioneering work by Hanson et al. (1962) is in
spirit similar to the approach used in this paper. They
proposed the use of The Description Rule, which at-
tempts to avoid the complexities of developing a model
and counting variables and equations. The Description
Rule states that, for any multistage contacting unit, the
number of independent variables is equal to the number
of variables that can be set by construction or controlled
by external means. The construction variables are items
like the number of trays in a section of the column. The
variables that can be externally controlled are streams
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like the feed rate, the heat input to the reboiler, the
pressure in system, etc. This paper can be considered
an extension of this approach. We desire a quick way
to calculate degrees of freedom that avoids all the
complexities of the rigorous conventional approach.

Most process control textbooks discuss control degrees
of freedom (Seborg et al. (1983), Marlin (1995)) but most
use the variables-minus-equations approach. Steph-
anopoulos (1984) uses the concept of dynamic degrees
of freedom to account for nonzero derivatives during
transients. This is different than the control degrees
of freedom used in this paper.

Scope of This Paper

The case-study approach is used to illustrate the
calculation of the design degrees of freedom and the
control degrees of freedom for a number of increasingly
complex processes. We begin with the simple reactor/
stripper binary process with the A — B reaction, making
all the usual simplifying assumptions: constant relative
volatility, equimolal overflow, etc. Next we remove
these assumptions one by one to see the effect of each
on the degrees of freedom. Then we explore more
complex flowsheets: multiple columns, multiple re-
cycles, etc. Three quite complex processes conclude the
study:

1. Luyben Challenge Process (Luyben and Luyben,
1995) involving three reactors, three columns, two
recycles, three fresh feed streams, and six components.

2. Eastman Plantwide Problem (Downs and Vogel,
1993) involving a two-phase reactor, a condenser/
separator, a stripper, a gas recycle stream, four fresh
feeds, and seven components.

3. Vinyl Acetate Process involving a vaporizer, a gas-
phase reactor, a condenser/separator, an absorber, an
inert-removal unit, a gas recycle, two liquid recycles,
and a heterogeneous azeotropic distillation column with
a decanter.

The first part of the paper presents a restricted but
important class of process in which design and control
degrees of freedom are shown to be equal. The second
part of the paper extends the approach to a broad
spectrum of chemical processes.

Processes with Simple Columns and
Liquid-Phase Reactors

Case 1: Figure 1 shows the process flow sheet. The
chemistry consists of the reaction A — B taking place
in a continuous liquid-phase stirred-tank reactor. The
fresh feed stream is fed into the reactor along with a
recycle stream from the top of a stripping column.
Reactant A is not completely converted in one pass
through the reactor, so the reactor effluent, which is
binary mixture of A and B, is fed into a stripping
column. The volatility of A is higher than that of B, so
product B is removed from the bottom and reactant A
is taken out the top for recycle back to the reactor.

We make as many simplifying assumptions as pos-
sible so as to strip away all but the essential parameters.
We assume equimolal overflow in the stripper, which
means that neither energy balances nor total balances
are needed in the stripper (steady-state liquid and vapor
rates are the same on all trays). Other assumptions
are constant relative volatility (so there is only one
vapor—liquid equilibrium equation per stage in this
binary system and pressure and tray temperatures do
not have to be explicitiy listed as variables), isothermal



2206 Ind. Eng. Chem. Res., Vol. 35, No. 7, 1996

Recycle \'}

Fresh Feed
FO

Z,

Reaction: A = B

B
Xg

Figure 1. Reactor/stripper binary process.

operation of the reactor (specific reaction rate Kk is
constant), theoretical trays, saturated liquid feed to the
stripper, and partial reboiler. We will relax most of
these in later cases.

There are many alternative ways of counting vari-
ables and equations. For example, if there are Nc¢
chemical components in the process, we could consider
that there are Nc — 1 component composition variables
for each stream in the system, implicitly using the
relationship that the sum of mole fractions must be
unity. Alternatively we could use N¢c component com-
position variables for each stream, but then we would
add to our list of equations the relationship that the sum
of mole fractions must be unity. Since the number of
variables and the number of equations are both reduced
by using the implicit sum-of-mole-fraction relationships
for both vapor and liquid phases, we adopt this account-
ing system. In all our cases we try to use as few
equations as possible so that we do not lose engineering
insight about the problem variables and equations.

For similar reasons, in most of the cases studied we
assume constant temperatures in all reactors and
constant pressures in all columns. These temperatures
and pressures and the corresponding heat transfer rates
could be added to the list of variables, but then ad-
ditional energy balance equations could also be added.
The degrees of freedom would increase by one for each
temperature and each pressure. Reactor temperatures
and column pressures are important design optimiza-
tion variables, but we do not include them in our
accounting system in most of the cases.

We also do not include chemical reaction rates ex-
plicitly in the list of variables. They could be included,
but then additional kinetic equations could be added,
showing the dependence of reaction rates on composi-
tions, temperature, and pressure. The degrees of free-
dom would remain the same.

A. Design Degrees of Freedom: Let the number
of trays in the stripper be Ns. Assuming the fresh feed
composition z, is given, we can list the variables and
equations shown in Table 1.

The design degrees of freedom for this process are 4.
Typically one of these is set by production rate (e.g.,
setting fresh feed flow rate Fg). A second would be
consumed by specifying product purity (xg, the mole
fraction of component A in the stripper bottoms). This
leaves two remaining variables for design optimization.

Table 1. Case 1: Binary Reactor/Stripper

Variables
compositions reactor z 1
tray liquid Xn Ns
tray vapor Yn Ns
base liquid XB 1
base vapor VB 1
flows fresh feed Fo 1
reactor effluent F 1
vapor boilup \Y 1
bottoms B 1
holdup reactor VR 1
number of trays Ns 1
total number variables = 2Ns + 9
Equations
component balances reactor 1
trays Ns
base 1
total balances reactor 1
base 1
VLE trays Ns
base 1

total number equations = 2Ns + 5

Common choices are reactor holdup Vg and number of
trays in the stripper Ns.

B. Control Degrees of Freedom: Now if we look
again at Figure 1 and count the number of control
valves, we find that the control degrees of freedom are
also 4. So for this simple process, the design and control
degrees of freedom are equal.

A typical control structure for this process would use
Fo to set production rate, V to hold product quality (xg),
F to hold reactor level, and B to hold base level. This
consumes all of the control degrees of freedom.

C. The Effect of Surge Tanks: Note that the vapor
from the stripper shown in Figure 1 is sent directly into
the reactor. The reactor temperature is assumed con-
stant, so the energy balance in the reactor would have
to account for the vapor recycle stream. Suppose we
make an equipment modification to the process, adding
a condenser and a liqud surge drum at the top of the
stripper and returning liquid to the reactor instead of
vapor. We have added more variables (condensate
composition and flow rate), but we have added exactly
the same number of equations. Since the condenser is
a total condenser, the compositions and flow rates of
the vapor stream and the liquid stream are exactly the
same under steady-state conditions. So the degrees of
freedom remain the same.

However, we have added a control valve in the liquid
line to the reactor. This valve would typically be used
to control drum level. It appears that this now gives
us a process in which the control degrees of freedom (5
from the five control valves) differ from the design
degrees of freedom (4). Exactly the same dilemma
would occur if we placed a surge tank between the
reactor and the stripper.

Therefore, whenever we encounter a tank that serves
only as surge with no flow splitting of its exiting stream,
we do not count the control valve on this stream in our
calculation of the net control degrees of freedom. The
design degrees of freedom are equal to the net control
degrees of freedom (with surge-drum valves not counted).
We discuss the effects of liquid level control for more
complex plants later in this paper.

Case 2: In the next series of case studies we want to
see the effects of relaxing some of the simplifying
assumptions. In Case 2 we remove the constant relative
volatility assumption and use the appropriate bubble-



Table 2. Case 2: Nonconstant Relative Volatility

Variables
compositions reactor z 1
tray liquid Xn Ns
tray vapor Yn Ns
base liquid XB 1
base vapor VB 1
flows Fo, F,V,B 4
temperatures trays Th Ns
base Te 1
holdup reactor Vr 1
number of trays Ns 1
total number variables = 3Ns + 10
Equations
component balances reactor 1
trays Ns
base 1
total balances reactor 1
base 1
VLE trays 2Ns
base 2
total number equations = 3Ns + 6
Table 3. Case 3: Nonequimolal Overflow and
Nonconstant Relative Volatility
Variables
compositions reactor z 1
tray liquid Xn Ns
tray vapor Yn Ns
base liquid XB 1
base vapor VB 1
flows Fo, F, B 3
tray liquid Ln Ns
tray vapor Vn Ns
reboiler vapor Ve 1
heat transfer rate reboiler Qr 1
temperatures trays Th Ns
base Ts 1
holdup reactor VR 1
number of trays Ns 1
total number variables = 5Ns + 11
Equations
component balances reactor 1
trays Ns
base 1
total balances reactor 1
trays Ns
base 1
VLE trays 2Ns
base 2
energy balances trays Ns
reboiler 1

total number equations = 5Ng + 7

point calculations (whatever their degree of complexity)
to relate vapor and liquid compositions. The only
restriction we place on the VLE is that there is only
one liquid phase. The model that we are using assumes
only one liquid phase in equilibrium with a vapor phase.
If the system is highly nonideal and multiple liquid
phases are present, we need a different model.

Now we have more variables (tray temperatures and
base temperature), but there are also more equations.
There are two VLE equations per tray instead of only
one in this binary system (one equation for each
component that equates chemical potentials in the two
phases). As mentioned earlier, we assume a constant
and known pressure throughout the column. This
would usually be held by condenser cooling. We con-
tinue to assume equimolal overflow.

As shown in Table 2, the design degrees of freedom
are still 4 even though we have increased the number
of variables and the number of equations. Thus we have
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Figure 2. Reactor/column binary process.

illustrated that the complexity of the vapor—liquid
equilibrium does not affect the degrees of freedom
(provided no new phases are produced). Since the
number of control valves remains unchanged, the
control degrees of freedom are also still 4.

Case 3: Now we drop the equimolal overflow assump-
tion.

A. Design Degrees of Freedom: Nonequimolal
overflow means that each tray has its own liquid and
vapor flow rates and energy balances must be used. We
choose to not add vapor and liquid enthalpies to the list
of variables because there are physical property equa-
tions relating temperatures and compositions to enthal-
pies. Accounting implicitly for these variables and
equations reduces the numbers. Table 3 lists variables
and equations. Once again the degrees of freedom
remain at 4. Even though we now have many more
equations and variables, the difference between the two
remains the same.

B. Control Degrees of Freedom: Once again, the
number of control valves remains unchanged, so the
control degrees of freedom are still 4. We see clearly
from this example that the use of the control degrees of
freedom is much easier than the use of the design
degrees of freedom, particularly as we make our models
more and more complex and rigorous.

Case 4: Now we illustrate the effect of increasing the
complexity of the flowsheet. Instead of using a stripper,
we use a full distillation column with both stripping and
rectifying sections and with reflux.

A. Design Degrees of Freedom: Figure 2 gives a
sketch of the process. We have added a rectifying
section, overhead condenser, and reflux drum. Reflux
is pumped back to the top of the column, and distillate
is recycled back to the reactor. We assume saturated
liquid reflux and feed to the column. We assume a total
condenser, so we need no VLE relationship in the reflux
drum. For simplicity, we go back to the very simple
model of equimolal overflow and constant relative
volatility. The cases considered above illustrate that
these simplifying assumptions do not change the de-
grees of freedom.

Table 4 lists variables and equations. The number
of trays in the stripping section is Ng, and the number
in the rectifying section is Ng. The more complex
flowsheet gives us 6 degree of freedom. After specifying
production rate (Fo) and product quality (xg), we have
four design optimization variables. These typically
would be the number of stripping trays, the number of
rectifying trays, the recycle flow rate (D), and the reactor
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Table 4. Case 4: Full Distillation Column

Variables
compositions reactor z 1
tray liquid Xn Ns + Ngr
tray vapor Yn Ns + Ngr
reflux drum XD 1
base liquid XB 1
base vapor VB 1
flows fresh feed Fo 1
reactor effluent F 1
vapor boilup \Y 1
distillate D 1
bottoms B 1
reflux R 1
holdup reactor Vr 1
no. of stripping trays Ns 1
no. of rectifying trays Nr 1
total number variables = 2Ns + 2Ngr + 13
Equations
component balances reactor 1
trays Ns + Ngr
base 1
reflux drum 1
total balances reactor 1
base 1
reflux drum 1
VLE trays Ns + Ngr
base 1

total number equations = 2Ns + 2Ngr + 7

holdup (VRr). A four-dimensional search is required to
optimize the steady-state design.

Since trays are integer variables, the rigorous solution
of this type of problem uses mixed-integer nonlinear
programming. It is often possible to greatly simplify
the optimization problem by using heuristics for the
design of the column. Two degrees of freedom can be
removed by assuming that the optimum column design
uses some multiple of the minimum number of trays
(typically twice) and uses the optimum feed tray (the
feed tray location that minimizes energy consumption).
Then we are left with just a two-dimensional optimiza-
tion problem with continuous variables (reactor holdup
and recycle flow rate).

B. Control Degrees of Freedom: As Figure 2
shows, the new flowsheet has 6 control valves. This is
exactly the number we found from our rigorous account-
ing of variables and equations. Thus, the control
degrees of freedom give the increase in the number of
degrees of freedom as the flowsheet becomes more
complex.

These 6 control degrees of freedom would typically be
used in a control structure in the following way.

1. One degree of freedom would set production rate
by flow controlling Fo.

2. One would hold product quality (xg controlled by
V).
3. There are three liquid levels, so three manipulated
variables must be used (Vg controlled by F, Mp con-
trolled by D, and Mg controlled by B).

4. The one remaining degree of freedom could be used
to control recycle composition (xp controlled by reflux
flow rate R).

Case 5: All the preceding cases considered only a
binary system with components A and B. Now let us
look at a process in which we have three components.
An isothermal reaction A + B — C occurs in a reactor.
There are two fresh feed makeup streams that contain
mostly reactants A (Foa) and B (Fog). We assume the
compositions of the fresh feed streams (zoa;j and zog )
are known.

- Recycle
FOA
Zoa
— e
VR
FOB
z, Zp
e 2. 2 §
F 0
'
MB
Reaction: A+B » C
B
Xgs Product

Figure 3. Reactor/column ternary process with one recycle.

Table 5. Case 5: Ternary Reactor/Column with One
Recycle

Variables
compositions reactor Zj 2
tray liquid Xnj 2(Ns + Ng)
tray vapor Ynj 2(Ns + Ng)
reflux drum XDj 2
base liquid Xgj 2
base vapor VB 2
flows fresh feeds Foa, Fos 2
reactor effluent F 1
vapor boilup \Y 1
distillate D 1
bottoms B 1
reflux R 1
holdup reactor VRr 1
no. stripping trays Ns 1
no. rectifying trays Nr 1
total number variables = 4Ns + 4Ngr + 18
Equations
component balances reactor 2
trays 2(Ns + Ng)
base 2
reflux drum 2
total balances reactor 1
base 1
reflux drum 1
VLE trays 2(Ns + NR)
base 2

total number equations = 4Ns + 4Ng + 11

The reactor effluent is fed into a distillation column
to separate product C from unreacted reactants A and
B (see Figure 3). We assume the relative volatilities
are in the following order: aa > og > ac. This means
that components A and B both go overhead together in
the column, and the single recycle stream D contains
essentially all the A in the reactor effluent stream F
and most of the B. Some small amount of B goes out in
the bottom product stream B as an impurity (xgg). The
concentrations in the reactor are za, zg, and zc.

Since there are three components, the implicit ac-
counting system has two compositions for each stream
in the process. For simplicity, we assume constant
relative volatilities and equimolal overflow; but as we
demonstrated above, these assumptions do not affect the
degrees of freedom.

A. Design Degrees of Freedom: Table 5 lists
variables and equations. There are 7 degrees of free-
dom. Comparing these results with case 4 we see that
increasing the number of components by one has
increased the degrees of freedom by one. The process
equipment looks essentially the same: one reactor and



one column. Does this imply that if we added a fourth
component, the degrees of freedom would increase to
8? The answer is no. Suppose one of the fresh feed
streams contained a fourth component D that had a
volatility less than C. What would happen to this
component? It would run through the reactor and drop
out the bottom of the column in the bottoms product as
an additional impurity. There is no way to regulate the
amount of D anywhere in the process. Thus the degrees
of freedom are unchanged. The presence of D would
increase temperatures in the stripping section and base
of the column, and it would affect concentrations in the
reactor. Of course if D were a very light component, it
could not get out of the system, so this flowsheet is an
unworkable one in this situation. We will demonstrate
this effect in case 9 considered later in this paper.

What has led to the increase in the degrees of
freedom? Note that Figure 3 shows there are two fresh
feed streams. This is what gives the additional degree
of freedom.

One of the design degrees of freedom would be used
to specify the purity of the product stream B. If A is
much more volatile than B, this impurity specification
is xgg. If the volatilities of A and B are close, the
impurity specification could be on the sum of xg A and
xgg. Note that we cannot use 2 degrees of freedom by
specifying both xga and xgg because the column is
separating between B and C. There is no way the
separation between A and B can be independently
changed if only one simple column is used in the
flowsheet.

One of the degrees of freedom can be used to set
production rate. One of the fresh feeds, either Foa or
Foe, can be used, but not both. The other fresh feed
must be used to satisfy the reaction stoichiometry and
component losses in product streams.

This leaves 5 degrees of freedom, so there are five
design optimization variables. These might be reactor
holdup Vg, recycle flow rate D, recycle purity Xpc,
number of stripping section trays Ns, and number of
rectifying section trays Ng.

B. Control Degrees of Freedom: Counting control
valves in Figure 3 gives 7 degrees of freedom. One is
used to set production rate (for example, flow controlling
reactor effluent F). One is used to control product purity
(the amount of B in the bottoms product, xgg). There
are three liquid levels, so 3 degrees of freedom are
needed: hold Vi with Fgg, hold Mg with B, and hold
MD with D.

There are 2 degrees of freedom left. One must be used
to satisfy the chemical stoichiometry; for example, Foa
can be manipulated to control the concentration of A in
the reactor za. The final degree of freedom can be used
to control recycle purity xp c by manipulating R.

Case 6: If the volatilities of the components are
changed such that aa > oc > ag, we get a more complex
flowsheet. Two columns are needed to separate the two
reactants from the intermediate-boiling product. Figure
4 shows one possible flowsheet using the indirect
separation sequence (“heavy-out-first”). The heaviest
component B is recycled from the bottom of the first
column in stream B;. The lightest component A is
recycled from the top of the second column in D,. The
design and control of this process has been studied in
several papers: Tyreus and Luyben (1993); Luyben et
al. (1996).

The alternative separation sequence (the direct or
“light-out-first”) recycles A from the top of the first
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Figure 4. Reactor/two-column ternary process with two recycles.

Table 6. Case 6: Two Distillation Columns, Two
Recycles

Variables
compositions reactor zj 2
tray liquid Xnj 25Nt
tray vapor Ynj 25Nt
reflux drums XDj 4
base liquid XBj 4
base vapor YBj 4
flows fresh feeds Foa, Fos 2
reactor effluent F 1
vapor boilups Vn 2
distillates Dn 2
bottoms Bn 2
refluxes Rn 2
holdup reactor VR 1
no. stripping trays Ns1, Ns2 2
no. rectifying trays Nr1, Nr2 2
total number variables = 4y Nt + 30
Equations
component balances reactor 2
trays 25Nt
bases 4
reflux drums 4
total balances reactor 1
bases 2
reflux drums 2
VLE trays 25Nt
bases 4

total number equations = 4y Nt + 19

column and B from the bottom of the second column.
The degrees of freedom of these two processes are the
same, so we only consider the first.

A. Design Degrees of Freedom: Table 6 lists
variables and equations. The total number of stripping
and rectifying trays in both columns is defined as Y Nr.
Since there are two columns, there are many more
variables, but there are also many more equations. The
degrees of freedom have increased from 7 in case 5 with
one column to 11 in this case, which has two columns.
The degrees of freedom increase by 2 for every column
section and reflux drum or column base added. This is
exactly what we found in the binary system when we
changed from a stripper (case 1) to a full column (case
4).

There are many alternatives for choosing these 11
design degrees of freedom. Those used by Tyreus and
Luyben (1993) were as follows:

1. Production rate (1 degree of freedom): Foa.
2. Product quality (2 degrees of freedom): xg2s and
XB2,A.
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Figure 5. Luyben challenge process.

3. Light recycle flow rate and purity (2 degrees of
freedom): D, and Xp2c.

4. Heavy recycle flow rate and purity (2 degrees of
freedom): B; and Xg1c.

5. Total trays in each column set equal to twice the
minimum (2 degrees of freedom).

6. Optimum feed tray locations in both columns (2
degrees of freedom).

B. Control Degrees of Freedom: Figure 4 shows
there are 11 control valves in this two-column process,
which again matches the more difficultly calculated
design degrees of freedom.

As Tyreus and Luyben (1993) demonstrated, there are
a large number of control structures for this process,
many of which do not work. One of the control struc-
tures they found to work (CS1) had the 11 control loops
listed below. The first two fix the production rate. The
next five control liquid inventories. The next two control
product quality. The final two improve dynamic per-
formance by ratioing reflux flow rates to column feed
flow rates. Note that both fresh feeds are brought in
on level control with this control structure.

Total B recycle flow controlled (B; + Fog).

Total A recycle flow controlled (D, + Foa).

VR controlled F.

Mp: controlled by D;.

Mp2 controlled by Foa.

Mg controlled by Fog.

Mgz controlled by B,.

Impurity of B in product (xg2g) controlled by Vi,
using a cascade Xp1,s to V1 secondary loop.

9. Impurity of A in product (Xg2,4) controlled by V.

10. Reflux flow rate R; ratioed to F.

11. Reflux flow rate R, ratioed to D;.

Case 7: A recent paper (Luyben and Luyben, 1995)
discusses a chemical process containing two reaction
steps, three distillation columns, two recycle streams,
and six chemical components. Figure 5 shows the
flowsheet. The overall effect of the process is to feed A
and E and make products C and F. This is ac-
complished in two reaction steps with intermediate
components B and D circulating around inside the
process. Component relative volatilities are aa > ag >
Oc = Op = O = OF.

In the first reaction step, the reaction A+ B — C +
D takes place. Fresh feed of A and two recycle streams
are fed into this first reactor. The reactor effluent is
separated in a distillation column that produces a
mixture of A and B overhead and recycles this stream
back to the reactor. The bottoms stream from this

ONouh,wNRE

Table 7. Case 7: Luyben Challenge Process

Variables

compositions reactors Znj 15
tray liquid Xn,j 55Nt
tray vapor Yn,j 55Nt
reflux drums XDj 15
base liquid XBj 15
base vapor VB 15

flows fresh feeds FOA, FoB, FOE 3
reactor effluents Fp 3
vapor boilups Vn 3
distillates Dn 3
bottoms Bn 3
refluxes Rn 3

holdups reactors VR 3

no. stripping trays 3

no. rectifying trays 3

total number variables = 10y Nt + 87

Equations

component balances reactors 15
trays 55Nt
bases 15
reflux drums 15

total balances reactors 3
bases 3
reflux drums 3

VLE trays 55Nt
bases 15

total number equations = 10y Nt + 69

column, containing mostly C and D, is fed to another
column that takes a product stream of mostly C over-
head.

The bottoms stream from this second column is fed
into a second reaction section (two reactors in series)
in which the reaction D + E — F + B occurs. A fresh
feed stream of component E is also fed into this reaction
step. Reactor effluent is separated in a third column
into a bottoms product of mostly F and a distillate
stream that is recycled back to the first reaction section.
There is a small makeup stream (Fgg) of component B
that is added in the reflux drum of the third column. In
theory, B and D just recycle around inside the process.
However, there are small losses of these components,
so there must be some makeup of at least one of these
components to satisfy the overall component material
balances.

A. Design Degrees of Freedom: Table 7 lists
variables and equations. With six components and
three columns there are large numbers of equations and
variables. We define YNt as the total number of
stripping and rectifying trays in all three columns.

The degrees of freedom are 18. In moving from case
6 (which has 11 degrees of freedom) to this case, we have
added two columns (4 degrees of freedom) and two
reactors (2 degrees of freedom). These account for 6 of
the 7 additional degrees of freedom. We have also added
another makeup fresh feed stream, which gives us the
final degree of freedom.

The design degrees of freedom used by Luyben and
Luyben (1995) in their heuristic design were one for
production rate (Foa), four for product purities (Xp2,g,
Xp2,D, XB3,D, XBS,E), three for recycle purities (XDl,Cn XB2,c,
Xp3,F), Six for the number of trays (twice minimum) and
feed trays locations (optimum) in the three columns, and
one from the assumption of equal volumes in the second
and third reactors. The remaining three degrees of
freedom were used as design optimization parameters:
first reactor holdup Vg, recycle flow rate from the first
column D4, and recycle flow rate from the third column
D..
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Figure 7. Westerberg process.

B. Control Degrees of Freedom: Counting control
valves in Figure 5 quickly gives us the 18 degrees of
freedom. Luyben and Luyben (1995) demonstrated that
there are many control structures that do not work in
this complex process, and they presented two that do
work. Figure 6 shows one of these control schemes.

Extended Class of Processes

In the seven cases considered above, the design
degrees of freedom are equal to the control degree of
freedom. All of these processes had liquid-phase reac-
tors and simple distillation columns (single-feed, two-
products). In the sequence of cases given below we
consider processes with other unit operations: gas-
phase reactors, condenser/separators, sidestream col-
umns, etc. We show that a modified, but still very
simple procedure, is needed to calculate design degrees
of freedom.

Case 8: A somewhat different ternary system dis-
cussed by Westerberg et al. (1979) is shown in Figure
7. The fresh feed stream F, contains a reactive com-
ponent A and some inert component |, which is not
involved in the reaction A — B. Fresh gaseous feed and
a gas recycle stream R are fed into a gas-phase reactor,
and reactor effluent F is cooled in a condenser and
flashed into the separator. Liquid product L leaves from
the bottom of the drum and the vapor stream from the
drum is split into a purge stream P, which is necessary
in order to prevent the buildup of the inert component,
and the recycle stream R, which is compressed and
returned to the reactor inlet.

The reactor is adiabatic and reactor temperature Tr
is a variable in this example. The pressures in the
reactor (Pr) and in the separator (Ps) are also variables.
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Table 8. Case 8: Westerberg Process with Inert
Component

Variables
compositions reactor z; 2
separator liquid Xj 2
separator vapor Yi 2
flows fresh feed Fo 1
reactor effluent F 1
separator liquid L 1
separator vapor \Y 1
purge P 1
recycle R 1
holdup reactor Vr 1
temperatures reactor Tr 1
separator Ts 1
heat transfer rate condenser Qcondenser 1
pressures reactor Pr 1
separator Ps 1
total number variables = 18
Equations
component balances reactor 2
separator 2
total balances reactor 1
separator 1
purge splitter 1
VLE separator 3
energy balances reactor 1
condenser 1

total number equations = 12

Energy balances for the reactor and around the cooler/
separator are included.

Note that this process is similar to case 1. The
reaction is the same, and the flowsheet looks somewhat
similar, but now there is an inert component, and we
have two streams exiting the process. Table 8 lists
variables and equations. The design degrees of freedom
are 6. The number of control valves is also 6. So it
appears that this type of process can be analyzed in the
same way. However, as we will show in later cases, we
need to modify our method.

A. Reactor Effects: A liquid-phase reactor has 3
degrees of freedom: throughput, holdup, and temper-
ature. Pressure is usually not a factor. A liquid-phase
reactor also has three control valves: inlet, exit, and
coolant. A gas-phase reactor has the additional degree
of freedom of pressure, but it has the same number of
valves. Therefore, we can take the number of valves
and add one to get degrees of freedom for a gas-phase
reactor.

B. Liquid Surge Effects: The liquid level in a
liquid-phase reactor is a degree of freedom because
holdup in reactive systems affects the steady-state
conditions in the process. The liquid holdups in all
nonreactive vessel have no effect on the steady state,
and therefore they should not be included in the design
degrees of freedom. Surge tanks were mentioned earlier
in the paper, but reflux drums, column bases, separa-
tors, decanters, and vaporizers are in the same cat-
egory: their sizes do not affect the steady state. Yet
we need control valves to hold these liquid levels.
Therefore, we should take the total number of control
valves and subtract the number of nonreactive liquid
holdups. If we did this in the first seven cases, we would
not get the correct design degrees of freedom, so we
must correct our number by considering the number of
column sections.

C. Column Section Effects: For a single-feed, two-
product column there are two sections: rectifying and
stripping. The number of trays in each section is a
design degree of freedom. There are also two nonreac-
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Recycle

Reaction: A+B - C

Product

Figure 8. Reactor/sidestream column process.

tive liquid inventories in this plain-vanilla column:
reflux drum and column base. These two numbers
fortuitously compensate for each other in our degrees
of freedom count. In a more general case the simple
relationship does not hold.

Let us return to Case 8 and use the new accounting
system. There are six valves in the process. There is
one gas-phase reactor, which increases the count by one,
and one nonreactive liquid holdup, which decreases the
count by one. The following equation predicts the
degrees of freedom (DOF) for a broad class of chemical
processes, as the remaining cases demonstrate.

N

+ N + N

gas reactors

N

valves sections

DOF

nonreactive levels —

Case 9: Figure 8 shows a flowsheet in which a
sidestream column is used for separation. The chem-
istry is the same as in case 8: two reactive components
A and B and one inert I. The column has three sections
with Ns stripping trays, Ngr rectifying trays, and Ny
trays between the feed tray and the sidestream drawoff
tray. The column separates the reactor effluent into a
bottoms product stream B (most component B), a
sidestream recycle stream S (mostly component A), and
a purge stream D (mostly component I). Table 9 lists
variable and equations, giving 8 degrees of freedom.
There are seven control valves, three column sections,
and two nonreactive liquid holdups. The equation above
gives

DOF=7+3-2=38

Case 10: The Eastman Plantwide Control process
presented by Downs and Vogel (1993) contains seven
components, a liquid-phase reactor (with only a vapor
stream leaving the reactor), a stripper, and a gas recycle
stream. Figure 9 gives a sketch of the process. There
are four reactions occurring: A+C+D—G,A+C+
E—H, A+ E—F, 3D — 2F. Four gas fresh feed
streams enter the process. One of these is fed into the
bottom of the stripper. The vapor stream leaving the
reactor is cooled before entering a separator. Liquid
from the separator is fed into a stripper, which produces
a bottoms product stream. Vapor from the separator
is split between a gas purge and a recycle stream back
to the reactor. The vapor from the stripper is also fed
into the reactor. The reactor is cooled by manipulating
cooling water flow rate to cooling coils.

In our analysis we use nonideal VLE and do not
assume equimolal overflow. Reactor temperature and

Recycle v

Compressor Purge

Foa — 52—
Foo o
Foe ——»f

Separator

Reactor —
F cw
oc

=

A+C+D » G
A+C+E *> H

- F
?SE > 2F Product

Figure 9. Eastman process.

Table 9. Case 9: Sidestream Column

Variables
reactor Zj
tray liquids Xn,j
tray vapors Ynii
reflux drum XD,
base liquid XB,j
base vapor VB,
flows fresh feed Fo
reactor effluent
bottoms
purge
reflux
vapor boilup
sidestream
reactor
three section

N

compositions

N N
zz
9

<OL<TWTW@T

holdup
number of trays

WRRPRRPRPRPRPRPRPNONN

Ns, Nm, Nr
total number variables = 4Nt + 19

Equations
reactor
trays
reflux
base
reactor
base
reflux drum
VLE trays

base

component balances

P4
1

total balances

NNRRPRPNNNN
4
for

total number equations = 4Nt + 11

pressure are not assumed constant. Pressure drops
around the gas loop are neglected, so there is only one
pressure in the system. Since there are seven chemical
components, there are six composition variables for each
stream. The compositions of the separator vapor and
purge and recycle streams are the same.

Table 10 lists variables and equations for this process.
The design degrees of freedom are 10. The number of
control valves in the process is 11. The number of
separators and column bases is two. The number of
column sections is one. Applying the DOF equation
gives 10 degrees of freedom.

DOF=11+1-2=10

Case 11: As our final case we consider the vinyl
acetate process sketched in Figure 10. This process
contains seven components. The chemistry consists of
two reactions, which produce vinyl acetate (C4HgO2)
from ethylene, oxygen, and acetic acid (C,H40,) and
form byproducts of water and carbon dioxide.

C,H, + C,H,0, + *,0, — C,H:0, + H,0

C,H, + 30, — 2CO, + 2H,0

Fresh acetic acid and a liquid acetic acid recycle
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Figure 10. Vinyl acetate process.

Table 10. Case 10: Eastman Process

Variables
compositions reactor liquid XR)j 6
reactor vapor YR,j 6
stripper liquids Xn,j 6Ns
stripper vapors Yn,j 6Ns
base liquid XB,j 6
base vapor YB,j 6
separator liquid Xsj 6
separator vapor Ys,i 6
flows fresh feeds Fon 4
reactor vapor V'reactor 1
tray vapors Vh Ns
tray liquids Ln Ns
reboiler vapor Ve 1
bottoms B 1
separator vapor Vs 1
separator liquid Ls 1
purge P 1
recycle R 1
heat transfer rates reactor Qreactor 1
condenser/sep. Qcond 1
reboiler Qreboiler 1
holdup reactor Vr 1
number of trays Ns 1
temperatures trays Ns
base 1
reactor 1
separator 1
pressure P 1

total number variables =15Ns + 56

Equations
reactor
separator
stripper trays
stripper base
reactor
separator
purge splitter
stripper trays
stripper base
VLE reactor
separator
stripper trays
stripper base
reactor
condenser/separator
stripper trays
stripper base

component balances

oo
Z
%)

total balances

1]

pe
n

energy balances

RPZRPNNNNPRPZRREPO
2]

total number equations = 15Ns + 46

stream are fed into a vaporizer along with a gas recycle
stream and fresh ethylene feed. Oxygen is added after
the vaporizer, and reactions occur in a gas-phase
reactor. Reactor effluent is cooled and fed into a
separator. Vapor from the separator is compressed and
fed into an absorber to recover vinyl acetate. Recycled
acetic acid is used as lean oil in the absorber. Exit gas
from the absorber is sent to a CO»-removal unit, which
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Table 11. Case 11: Vinyl Acetate Process

Variables
compositions vaporizer x and y 12
reactor 6
separator x and y 12
absorber x and y 12Na
CO3 unit streams 12
column trays x and y 12Nt
base x and y 12
decanter x's and y 18
flows fresh feeds
recycle gas

recycle acetic acid
vaporizer exit

reactor exit

separator liquid and vapor
absorber liquids and vapors
absorber lean oil and bottoms
CO; purge and exit

purge

column reflux and bottoms
column liquids and vapors
column reboiler vapor
decanter vent

decanter liquids

vaporizer and reactor
separator and decanter
absorber trays

column trays

column base

separator, absorber, column
vaporizer, reactor, cooler
reboiler, condenser
absorber, stripping, rectifying
reactor

NNREFNNMNNNRRRPRP®W
Z
>

z
4

temperatures

>

pressures
heat transfer rates

number of trays
holdup

RPWONWWRZZNNNR P
5

total number variables = 15(Na + Nt) + 109

Equations
vaporizer
reactor
separator
absorber
COy unit streams
column trays
base
decanter
vaporizer
reactor
separator
absorber trays
CO3 unit
column trays
column base
decanter
purge split
acetic acid split
vaporizer
separator
absorber trays 7Na
column trays 7Nt
column base 7
decanter 14
COy unit
COy unit
vaporizer
reactor
cooler/separator
absorber trays
column trays
column base
condenser/decanter

component balances

oo N NoNoNe)
Z
>

P4
1

total balances

>

far}

phase equilibrium

N~NRPRPRPPRPZRZRRPRPOO

component splits
pressure drop
energy balances

>

PRrRZZPRPPPRPPEPN
=

total number equations = 15(Na + Nt) + 92

produces a CO; purge stream and gas recycle. Another
purge stream is used to remove the small amount of
ethane that is in the fresh ethylene makeup feed.

The liquid streams from the separator and the bottom
of the absorber are combined and fed into a distillation
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column. The bottoms from the column are split into two
streams: absorber lean oil and recycled acetic acid. The
overhead vapor condenses into two liquid phases be-
cause of the nonideality of the phase equilibrium. The
aqueous phase from the decanter (mostly water) is
removed as product and sent to further processing,
which we do not consider here. Some of the organic
phase (mostly vinyl acetate) is refluxed back to the
column, and some is removed for further processing.

The CO,-removal unit is modeled as a simple com-
ponent splitter with the recoveries of all seven compo-
nents specified. The pressures in the vaporizer and
reactor are assumed to be the same as the pressure in
the separator. The pressure in the absorber is calcu-
lated from the pressure drop through the CO,-removal
unit.

Table 11 gives the very long list of variables and
equations. The degrees of freedom of this complex
process are 17. There are 19 control valves, one gas-
phase reactor, six nonreactive levels (vaporizer, separa-
tor, absorber base, column base, aqueous phase in the
decanter, and organic phase in the decanter), and three
column sections (one in the absorber and two in the
column). The DOF equation gives

DOF=19+3+1-6=17

Conclusions

This paper has demonstrated that there is an easy
way to determine the design degrees of freedom. For a
certain class of processes, we just count the number of
control valves in the process. The design and the control
degrees of freedom are same in number, but different
parameters are used to satisfy them. For a broader
class of processes, we must modify the procedure to
account for nonreactive liquid levels, column sections,
and gas-phase reactors.

Several case studies of increasing complexity have
been presented to show the effects of various types of
flowsheets and physical properties. The complexity of
the phase equilibrium and the physical properties does
not affect the degrees of freedom. The structure of the
flowsheet is what determines the design degrees of
freedom.

As a qualitative explanation of why there is an
equivalence between design and control degrees of
freedom, consider the following simple processes.

(1) Distillation: Separation in a distillation column
is affected by both reflux ratio and number of trays. In
design we fix the reflux ratio (at 1.1 times the minimum)
and calculate the number of trays. In control, since the

number of trays is fixed, we use reflux ratio to affect
separation (a control valve on the reflux, distillate, or
steam line).

(2) Reactor: Reaction rates in a reactor are affected
by holdup, concentrations, and temperature. In design,
we fix temperature and concentrations and calculate the
required reactor size. In control, with reactor size fixed,
we use temperature and/or concentrations to affect
reaction rates (a control valve on reactor cooling water
or a reactant recycle stream).

Literature Cited

Douglas, J. M. Conceptual Design of Chemical Processes;
McGraw-Hill: New York, 1988.

Downs, J.; Vogel, E. A Plantwide Industrial Process Control
Problem. Comput. Chem. Eng. 1993, 17, 245—255.

Georgiou, A.; Floudas, C. A. Optimization Model for Generic Rank
of Structural Matrices. Int. J. Control 1989, 49, 1633—1644.

Hanson, D. N.; Duffin, J. H.; Somerville, G. F. Computation of
Multistage Separation Processes; Reinhold Publishing: 1962.

Henley, E. J.; Seader, J. D. Equilibrium Stage Separation Opera-
tions in Chemical Engineering; Wiley: New York, 1981.

Luyben, M. L.; Luyben, W. L. Design and Control of a Complex
Process Involving Two Reaction Steps, Three Distillation Col-
umns and Two Recycle Streams. Ind. Eng. Chem. Res. 1995,
34, 3885—3898.

Luyben, M. L.; Tyreus, B. D.; Luyben, W. L. Analysis of Control
Structures for Reaction/Separation/Recycle Processes with Sec-
ond-Order Reactions. Ind. Eng. Chem. Res. 1996, 35, 758—771.

Marlin, T. F. Process Control; McGraw-Hill: New York, 1995.

Peters, M. S.; Timmerhaus, K. D. Plant Design and Economics
for Chemical Engineers; McGraw-Hill: New York, 1991.

Reklaitus, G. V.; Schneider, D. R. Introduction to Material and
Energy Balances; Wiley: New York, 1983.

Rudd, D. F.; Watson, C. C. Strategy of Process Engineering;
Wiley: New York, 1968.

Seborg, D. E.; Edgar, T. F.; Mellichamp, D. A. Process Dynamics
and Control; Wiley: New York, 1989.

Stephanopoulos, G. Chemical Process Control; Prentice-Hall: En-
glewood Cliffs, NJ, 1984.

Tyreus, B. D.; Luyben, W. L. Dynamics and Control of Recycle
Systems: Part 4 - Ternary Systems with One or Two Recycles
Streams. Ind. Eng. Chem. Res. 1993, 32, 1145—1162.

Ulrich, G. D. A Guide to Chemical Engineering Process Design and
Economics; Wiley: New York, 1984.

Westerberg; Hutchison; Motard; Winter Process Flowsheeting;
Cambridge University Press: New York, 1979.

Received for review January 25, 1996
Revised manuscript received April 19, 1996
Accepted April 22, 1996®

IE960038D

® Abstract published in Advance ACS Abstracts, June 1,
1996.



